Advanced Structural Analysis
Prof. Devdas Menon
Department of Civil Engineering
Indian Institute of Technology, Madras

Module No. # 7.2
Lecture No. # 39
Analysis of Elastic Instability and Second-Order Effects

Good morning. This is lecture number 39, module 7. The topic is analysis of elastic
instability and second order effects.

(Refer Slide Time: 00:31)

Module 7:
Analysis of elastic instability and 2" order effects

Introduction
Effects of axial force on flexural stiffness

Slope-deflection method of analysis v

Matrix method of analysis

We started this module in the previous class and we had covered basic background; the
introduction and the effects of axial force on flexural stiffness.

There are two types of problems that we will try to solve. The first is we would like to
know the critical buckling load in any given structure when some elements are subject to
axial loading because you need to have that information to do second order analysis.

Why do you need that information?

[Not audible] (Refer Slide Time: 01:04)



No. That is to judge whether you need to do second order analysis, but to actually do it,

you need P critical. Why do you need P critical?
[Noise — not audible] (Refer Slide Time: 01:14)

We will see that. You need to know the critical buckling load in order to do second order

analysis.
P byPE.

Yes because P by P E comes into play. We will take a look at that. Now, we are
attempting a kind of manual method of analysis, which is the slope deflection method.
However, in the next session, tomorrow, we will look at more sophisticated computer

oriented matrix method of analysis.

(Refer Slide Time: 01:46)
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This is covered in the last chapter in the book on Advanced Structural Analysis.
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Typical intermediate span in a continuous beam
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Let us go back to the old slope deflection method, which you are familiar with; goes
back to 1915, George Maney.

Typically, we look at any intermediate beam in a continuous beam system. We are trying
to write down slope deflection equation. That is, we are trying to write the end moment
equations M AB, M BA, assumed clockwise positive here in terms of slopes and
deflections. The slopes are theta A and theta B for that element and the deflections are
delta A and delta B. However, we know that what is of relevance is not the absolute
values of delta A and delta B, but the chord rotation which is phi equal to delta B minus
delta A divided by L.



(Refer Slide Time: 02:58)

Slope-deflection method

Typical intermediate span in a continuous beam

We can easily extend the classical slope-deflection method (George Maney,
1915) to systems involving beam-columns, by modifying the expressions for
the various stiffness measures to include the effect of the axial force in the
deflected configuration. The fixed-end moments also need to be suitably
modified to include the effect of the axial force.

_For convenience in the analysis, beam-column behaviour in some elements of
¢ the structure (such as beams in portal frames with low axial forces) may be
“ignared.

NPTEL

What we are interested in is to understand how these slope deflection equations get
affected when you have an axial force. We did this in the last class. Now, we want to
extend the same slope deflection method from beams to beam columns by modifying the
expressions for stiffness. We also need to modify the fixed-end force effects. This is the
basic element in slope deflection method.

Now, we are going to apply an axial compression P and we are going to see how it
effects the stiffnesses. What are the conventional stiffnesses? 4 El by L, 2 El by | and so
on. So, this is how it gets affected. It is very simple. That parameter capital S is the basic
stiffness measure. When you do not have an axial force P, what is that value equal to? 4
El by L for a prismatic beam element. What is the value of the r? r is the carryover
factor; 0.5. So, you will find that the general form of that equation does not change. It is
only now we have generalized it so that we can include the effect of axial force P.

For convenience in the analysis, the beam column behavior in some elements of the
structure, let us say you have a multi-storied frame. You need not take the beam column
effect in all of them. You need to worry only in those elements, where the P is
significant. So, P by P E of that element should be large and we suggested more than 15
percent. For the others, you can ignore this value.
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Stability functions (axial compression) Stiffness
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If you recall in the last class, this is how those parameters S and r vary. You can see that
s starts with the value of 4 El by L. It can drop down to 0 when you have a high value of
mu L. mu L is the measure of the load P normalized with respect to L squared by El and

El by L squared. So, you have those equations for r and S.

If you have any given value of mu L, just plug that value into those expressions. You get
readymade exact solution for r and S. These are known as stability functions. The default
values of r and S are: for S, the default value is 4 EI by L and for r, it will be half. It
remains... So, r into S is the carryover moment. So, we have these expressions. We also
have a tabular format if you wish to use, but the equation is very easy to put on a

spreadsheet and you can get the solution accurately.

We also studied the modifications that needs to be done if you have the far end has
hinged. Then, you know that 4 EI by L reduces to 3 El by L. The notation we use is S
naught and interestingly S naught is related to S and r. S naught is capital S into 1 minus
r squared. You can prove it and interestingly, you can apply it for the default values also.
If you take S as 4 El by L and r as half, then within the brackets, 1 minus r squared will
become 0.75. So, 0.75 of four El by L is 3 El by L. So, we have those expressions as

well. That is all we need if you have axial compression.
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Values of beam-column stiffness measures with pL
(under axial compression)
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We have a tabular format if you want to use it.

(Refer Slide Time: 06:52)

Stability functions (axial tension)
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If you have axial tension, you have similar equations, but they involve hyperbolic
functions. Interestingly, you will find that S and S naught will increase, but r into S, the

carryover moment decreases. This is the outcome of having axial tension.
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Modified Slope-deflection Equations (for pinned end supports)
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All this we know. Now, when we did the slope deflection method, we took advantage of
situations, where the far end is hinged or pinned. Is it not? What is the advantage of
doing that?

Equations to find the number of variables [Not audible] (Refer Slide Time: 07:31)

Not variable. What is the right terminology? The degree of kinematic indeterminacy
reduces. So, we can take the same advantage here. Here for example, you can ignore
theta B. Remember? Instead of 4 El by L, we use 3 El by L.

Now, instead of 3 El by L, we use S naught. We replace capital S in the previous slope
deflection equations with S naught. The chord rotation behavior is similar. If you have
the hinge at the left end A, then you have a similar set of equations. Remember: The
fixed-end moments will also be little different when you have axial force coming into
play and we need equations to help us solve those.
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Modified Slope-deflection Equations (for guided-fixed end supports)
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You can also take advantage if you wish of guided fixed supports. You need to have
some fresh expressions. Remember: The normal stiffness values El by L; the default
value. However, you can have a S tilde and r tilde. | suggest you do not do this because it
really needs a very good understanding. I am just showing it for you in case you want to
use it, but you can stick to your basic slope deflection equations, where you have r and S
and take advantage of S naught when you have the far end hinged. This you need not.

(Refer Slide Time: 09:03)

Fixed-end M ts in Beam-Coll
Concentrated load at mid-span
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Now, we need formulas for fixed-end moments. For a prismatic beam, look at the
boundary conditions shown. To apply a force P, actually you must facilitate it. So,
instead of showing fixity, you should show an ability for it to move horizontally.
However, you can assume it is actually rigid, but this is a correct symbol. Can you see?
This is a correct symbol instead of showing it fixed. However, some books show it as

fixed; it is really not very important.

Now, if you have a force P acting, that fixed-end moment gets affected. The default
value is WL by 8. You know that default value is WL by 8. Left side will be
anticlockwise; right side will be clockwise. That gets multiplied by a factor, which you
can see in those box brackets, which is the function of mu L. mu L is P L squared by EI;
square root of that. So, we have a readymade formula. There is a derivation for this
(Refer Slide Time: 10:16). It is all described in the book, but let us just use the formula
when we need to do it. If P is tensile, there is a slight modification; the hyperbolic

functions come into play.

(Refer Slide Time: 10:31)
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We look at one more case. The standard case is uniformly distributed load. You have
similar sets of equations. Is it clear? That is all that we need to know for the time being,
but you can derive for any arbitrary loading. Just go back here, the default value is q
naught L squared by 12 multiplied by a certain factor.
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Modified Fixed-end Moment in a Propped Cantilever
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If you have a propped cantilever, you have to do the correction as we did earlier. In the
conventional procedure, we had to take half and pass it on to the other end. Here, we do
not take half, we take r because r is the carryover factor. So, you have to do something

similar and you can work out those expressions in case you need to invoke these.

(Refer Slide Time: 11:19)

Example 1: Buckling of a
continuous beam-column

El constant

e N

Now, let us do some problems. I want to quickly show you how the slope deflection
method can be used to find the elastic instability problem to solve the problem. That
means let us take a problem like this; a two span continuous beam column. First, | want



to know if | were to apply an axial compressive load, what is a maximum load it can
take? It is going to buckle. Can you give me some guesses? At least, can you tell me
what that value will lie in between? | want to find P critical. Mind you: Both the
elements are going to simultaneously buckle because of the continuity requirement at the

joint B.
Yes, tell me, how do you arrive logically at a good guess?
[Not audible] (Refer Slide Time: 12:13)

You look at them independently. You have got two beam columns A B and B C. Which

do you think is stronger of the two?
B C is stronger.

B C is stronger and shorter in length. So, you better look at A B. For A B, what are the 2
limiting; what is the lower bound and upper bound for P critical? What is the lower
bound condition? What is the actual condition? If | isolate A B, what should | put at B?

If | take out A B, A is fixed against translation rotation.
Roller and spring.

Roller? Yes, roller and spring; that is the picture I should draw. Now, it is easier for you
to understand. The only variable here is k theta B. That is the rotational stiffness of that

spring, which represents B C. What are its extreme values?
2(())

No, of the stiffness of this spring? (Refer Slide Time: 13:14)
0 and infinity.

Fixed (())

So, if it is zero, what is P critical?

0.7

What is the effective length?



0.7 or more accurately 0.699.

If k is infinite, 0.5; that is it. You are good. So, 0.699 and the length here is 2L. The other
value is 0.5; that is all you have to remember; very easy. Got it? So, you have got a good
guess. Your final effective length for that element must lie between 0.5 and 0.699. If you
get something outside, something is wrong. So, you have got a good hunch. Incidentally,
if you look at the element B C, it will give you only values, which are higher; you can
work it out. So, you have made the right judgment by selecting A B to work out the

bounds.

(Refer Slide Time: 14:10)
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Now, let us solve this problem. You can use slope deflection method to solve this
problem. How do you do that? Theta B is your single unknown. Write down the slope
deflection equations. Write down the equilibrium equation directly; M BA plus M BC

must be 0.

What is M BA? Normally, you would have written 4 EI by L. Now, you will write as S
into EI by L for that element A B S. For the element B C, you will write S naught instead
of writing 3 El by L. No r comes here; r goes to the joint A. So, is this OK, the equations
that | have written? M BA is S BA into theta B. There is no loading on that beam except
for axial load P. M BC is S naught B C into theta B. The total moment must add up to 0;

that is equilibrium; that is all you have to do.



Now, you have to write S BA and S BC in terms of P critical or mu L. You have to do it
in a clever way (Refer Slide Time: 15:26). First, somehow you have to bring in mu into
the picture. If you divide throughout by EI by L, you can get a transcendental equation, g
in terms of P critical. Does that make sense to you? | divide that equation by EI by L.
Can | get this equation? | need to solve this equation. How do | solve this equation? |
have those trigonometric functions, stability functions for S and S naught as the function
of mu into L. So, | have to bring mu L into the picture. So, | do that. So, these are my
equations (Refer Slide Time: 16:18). | have to bring mu L into the picture and | can use

the bisection method.

The initial bounds as you rightly said are mu L is P critical L squared by EI, which | can
write as pi by k e because P critical can be written in that fashion. What is Euler buckling
load? pi squared EIl by L squared; if you plug that in, it will look like that. Is it not? L e
squared for any boundary conditions. So, it is very convenient. You identified 0.699 and
0.5 for element B A. For element B C, can we still use B A? Yes, we can because the
two spans are related. So, for the second element, it is half the value as that of the first

element. Does it make sense? It is all very logical.

I can choose any value of mu L and plug it into that equation. It should give me a value
of 0 if I have got the correct solution. Now, how do you solve this equation? You can do
trial and error, but you have to do a lot of trial and error. Is there a systematic way of
solving that equation? Have we studied? These are numerical methods.

[Not audible] (Refer Slide Time: 17:54)
Newton-Raphson method will involve differentiation; it is going to be quite a mess.
Fourth order Runge-Kaultta.

Runge-Kutta; some simple method, which works pretty well for any transcendental

equation. Have you heard of the bisection method? No?



(Refer Slide Time: 18:13)
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Let us look at the bisection method. Instead of drawing on the board, | have got a slide; |
worked out this morning to help you out. Let us say | have to solve any equation, g of x
equal to zero; any equation. So, we are looking at the mathematical technique. Let us say
where it is 0, x is equal to x star. So, let us draw a shape; let us say it looks like this. You
are in trouble if there are many solutions. So, you must trap that region where you have

got a single solution.

Now, take two values of x star, which will trap that solution. So, you need a lower value
and a higher value. We have already got the lower bound and upper bound. So, let us
choose those two values. If you plug in one of the values, you should get a positive value
of the function. If you plug in the second value, you should get a negative value of the
function. Let us say that the value, which gives the positive value is x 1 and the other one
IS X 2. S0, does this make sense? This is x 1 and this is x 2.

Now, you tell me what is a clever way of getting x star?
[Noise — not audible] (Refer Slide Time: 19:24)

Yes, you bisect that interval between x 1 and...

Sir, this is Newton Raphson (())

Take the average of it.



This is Newton Raphson.

This is not Newton Raphson (())

In Newton Raphson method, you have to look at the slope.
It will be drawn tangently (())

This is a crude method, but it works very well. So, you bisect that interval; that is, find
the average value. So, that is what you do. Then, what should you do? You plug in that
value and figure out whether it is positive or negative. If it is positive, you replace x 1
with this new value; if it is negative, replace... Then, what do you do next?

Then, again bisect.
Then, put it on a do loop. Then, you keep doing it till?
[Noise — not audible] (Refer Slide Time: 20:11)

Till you convert. You have to decide when it converts. So, you have to apply tolerance

and decide. That is all; very simple.

(Refer Slide Time: 20:32)
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We do that here. We have the first two values of mu critical L BA. Remember: We said

pi by 0.5. pi by 0.5 is 2 pi; 6.29; that is the second value. The other one was?



Pi by 0.666

That gives you 4.49. So, you can do this exercise. Can you see that we have got a pre-
decent convergence, where that function is nearly 0; on the right-hand side is the
function. So, you can stop here. If you are doing manually, you can do it here, but if you
want a higher tolerance, you can go further; that is it. Clear? That is a fastest; coolest

way of solving of this problem.

If you want to do Newton-Raphson method, go ahead, but it is not going to be easy. You
have to find the derivative of that function; that is a big problem. You may not be able to

it also.

Now, you plug in those values and pull out P critical. You can use it either for element A
B or for element B C, you will get the same answer. The answer is 6.595 EIl by L
squared, which gives you an effective length k e of 0.6117, which lies between 0.5 and
0.699. Got it? That is it. So, we use slope deflection method to solve a buckling problem.
Clear?

(Refer Slide Time: 22:14)

Example 2: Second-order analysis
of a continuous beam-column
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Analyse the structure and draw the bending moment diagram
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Next, we will take the same problem, put some load on it. Now, it is a conventional two
span continuous beam problem, but it is also got an axial load. We want to do second
order analysis; you will get a good feel of it. You can do the conventional slope



deflection method, which we studied, but that cannot account for the reduction in

flexural stiffness due to the axial compression.

Now, we will take two cases. One, axial compression of a fairly high magnitude.
Obviously, that axial compression should not exceed the buckling load. So, first, you
calculate the buckling load. From the previous example, P critical, plug in the value of EI
that is given in this problem and plug in the value of the length. It turns out to be 3664
kilonewton. The actually applied load is only 1000. So, you can apply that load, but it is
definitely going to affect the flexural stiffness; 4 El by L, 3 EI by L will go for a toss. It
will affect differently depending on whether the force applied is compressive or tensile.
Does it make sense to you? Here, you cannot do the old slope deflection method, the old

matrix method, but you have to look at this problem as a beam column problem. Clear?

(Refer Slide Time: 23:42)

< - 6m —H¢——3M —>|

Slope-deflection Equations : Eguilibrivm Equation:

M,, =M, +(rs) 6, M, +M, =M, =o

F
MBA =z Ma.q = SABBB

Fo o N
Myc =My + 5,8,

Stiffness Measures for Beam-Column Elements:

Gofp_ [0 e i
NINE 5000 g [_g_:L]BC =(lo.:,1,72l:l(_3] =1.3416

NPTEL

Let us proceed. Take that problem. Degree of indeterminacy is still the same kinematic
indeterminacy theta B. Write down the slope deflection equations. Those are very easy to
write. M AB is M F AB. Normally, you would have written 2 El by L theta B, but now,
you will write r into S for the element A B. For B A, M F BA plus S A B; you can write
S ABor S BA,; it does not matter, it is for the same element; into theta B.

However, for B C, be careful because the far end is hinged and you want to take

advantage of it. So, you will write it as M F naught B C for a propped cantilever; plus S



naught B C into theta B. So, the naught is to remind you that there is a hinge at the other
end. That is why you put a naught on top. Clear? That is the equation.

What is the equilibrium equation? The same old equilibrium equation, M BA plus M BC
is equal to 0. Plug it all in. Now, the value of mu is a known value because P is known.
So, P is given as 1200. In this problem, I have taken as 1200 kilonewton; not 1000. P by
El is known. Plug in that value. You have got two values: mu L for A B and mu L for B
C. So, these are known values. You do not have to do bisection method for these. Now,

just plug in this value. This is the effect that is going to happen on the flexural stiffness.

(Refer Slide Time: 25:23)
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If you plug in those values, you have those equations. You do not need to interpolate
because we have nice calculators with us; or, you can put a spreadsheet. You will get
those answers very quickly. If P is compressive, you can get those stiffness measures. If
P is tensile, you will get those stiffness measures; just plugging into those trigonometric
functions. You can have your own algorithm in matlab, where all these functions are
readily available. So, you just have to press a button and you will get that number very

easily.



(Refer Slide Time: 26:04)

30 kN/m
P=1200kN
A0

7 e X

B Se—am—»|

Case (a) : P is compressive

_#{3'.-1.‘“,_(0‘!”_\]:_(3:](_5'1

[1.1.:,510] =-103.06 kNm

12 12

{_lkf._ z}2 \ “ 2

F
M, = +103.06 kNm

3 N ul-sinul )
1= : o l—fCOth l1+_7‘
12 l'-‘L ,.2) 5 2 2 )|\ sinuL-plcosul )

me o %L

M) e s67) 35 s
12
NPTEL

However, take a look. It should look close to 4 El by L, 2 El by L and so on. Fixed-end
moments, again plug in the formulas that we just looked at. Be careful and compare them
with the normal fixed-end moment; they should not be too far away. So, you have to do

it for the propped cantilever using a different formula; you know what to do.

(Refer Slide Time: 26:27)
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We are not here to actually solve many problems. Next, when P is tensile, you will get
another set of equations. Just look at the fixed-end moments.
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When it is compressive, the first one is 103.06. When it is tensile, it is 80.77 (Refer Slide
Time: 26:38). So, there is a big difference whether it is compressive or tensile. Also, the
magnitude of the force. If it is without any force, actual force is going to be? Let us work
it out; g naught L squared by 12. Can you do that?

30 into 6 squared by 12 works out to?
90

90. So, you see that the default value is in between 80.77 and 103.06. So, that is the kind
of variation you can get in fixed-end moment. Got it?

Let us proceed.
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(H!o.n +o.8:35£.'6.) kNm (Case'h':]

M, =M, +S‘.6'=l

BeamBC (L=3m ; 6,=? ; O_notreqd ; 11.::0]

l (~35.96+0.8733E10, ) kNm ( Case'a’)
0= b . . . kNm
ol ] ( ~31.88+1.1143E16, ) kNm (Case'b')

Write down the slope deflection equations. You can do it in one go. Case A, case B will
handle together because the equations do not change; it is only those values, which
change.

(Refer Slide Time: 27:41)

Equilibrium Equation: LSRR L]

Case (a): Pis compressive 67.10+1.3621E18, =0 = EIf, =-49.2622kNm

Ca . Pis tensil 48.89+1.9279E10, =0 = EI0, =-25.3592 kNm

Final End Moments:

Case (a) : P is compressive

-103.06 0.3845 —122.00

~35.96 0.8733

1 +103.06 [+ 0.4888 {Em_-wl.g.zﬁzz}—l +78.98 \-kNm

-78.98 [
Case (b) : P is tensile
] l M, \ | 8077 1 0.3007 -88.33 \

M, (=1 +Bo.77 +| 0.B136 {E-'ﬁ.="15-3592}= +60.14 kNm
M ‘ ~31.88 1.1143 ~60.14 [

Then, write down the equilibrium equation, which is the same. Solve for the two cases:
compressive and tensile. You see that there is a big difference in the solution. Theta B is

almost half in one case. In which case will you get less theta?

When it is tensile.



When it is tensile. You can feel it, it is going to deflect less. Everything will be less. You
will have a much stiffer structure when you have a axial tension, but if it is compressive
it makes things worse. If you did not have tension or compression, you will probably get

a value in between; exactly midway. Got it? Does it make sense?

Then, you plug in the values of EI theta. This is convention slope deflection method. Get

the final moments; that is it.

(Refer Slide Time: 28:33)

(a) Under axial compression

30 kN/m
P 1200 kN

_ﬁ__é_

— bm — He—3m ——>

Uy Loading diagrams |

30 kN/m
122.0 kN,fm ) 78.98 kN/m 30 kN/m

“c_ P (i Free-bady diagrams
- 3 - A
82. 83 kN 7133 kN 18.67 kN

Then, draw the free bodies, bending moment diagram. In the bending moment diagram,
you have to be little careful because for the mid-span moment, if you really want to do
second order analysis, you need the deflection at mid-span. So, there is a formula you
need for that. It is there in the book. If you invoke that formula, only then you can get the
P delta value at the mid-span. However, you get the support moments here pretty
accurately.
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(b) Under axial tension

30 kN/m

A - 4 C—- (i) Loading diagrams
AN

- 6m e 3m

30 kN/m
88.33 kN/m ,.VJ 60.14 kN/m 30 kN/m

éﬂ—ﬂ—ﬂ} ”” . [

6m : , 3m,
94.70 kN 85.30 kN 65.05 kN 21, 95 kN

60.1

883 .
[_\ 7 (iii) Bending moments (kNm)

A T —=

Similarly, you can do the axial tension. You will see that the moments are much less

when you have axial tension as you would except.

(Refer Slide Time: 29:14)

Example 3: Buckling of an
unbraced frame

n=2

Unknown displacement: 85, A

Let us take another problem. Let us take buckling of a frame now. We are switching
from continuous beam to frame. So far so good; you are getting some idea of what we
are talking about. Now, let us guess the solution. Now, you have a t-shaped frame, which
is fixed at the base A, but mind you that top beam can roll. So, it is unbraced; it can



move sideways; it has got rollers. Can you guess the value of P critical, the low bound

and the upper bound?

Here also, you can put a spring. Here, you have two degrees of freedom (Refer Slide
Time: 30:05). You have two degrees of freedom: theta B and delta. If you want to see

how it deflects, it is going to deflect probably something like that.
[Not audible] (Refer Slide Time: 30:17) 0.7 and 2

Sir, 2.

0.7 is wrong.

It must be 2, sir.

Relax. You isolate that column. The column is a cantilever. The top can roll. So, it is a
cantilever, but you can have some rotational fixity. So, let us take the case where the
rotational fixity is 0. The rotational spring there is 0. Then, it is a simple cantilever. So,

what is your k effective? 2.
Cantilever is 2. Let us see that it is fully fixed against rotation.
And guided.

And guided. How much will it be?

That is it. 1 and 2. No 0.7 here. Got it? You have to just use your brains. First of all, you
should know that in an unbraced situation, you will never get a k e value less than 1. So,
0.7 is ruled out; it has to be greater than or equal to 1. Clear? So, that is a good guess.
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Equilibrium equations:

M=o = M, +M, +M, =0

M_+M_+PA
=0 = M _M -4

Let us solve the problem. | want to ask you even before I go with the solution. You can
write the slope deflection equations the same old way. You can write the equilibrium
equations: you have a moment equilibrium and shear force equilibrium. Now, you have
two equations. How do you find the critical buckling load? What kind of bisection
method can you use now? Take a more generic case. | have degree of indeterminacy of
10: theta A, theta B, theta C, delta 1, delta 2, whatever.

I have got 10 equilibrium equations. How do | find the critical buckling load because it is
the same buckling load, which is running through all the elements? | mean the mode
shape will ensure that every beam and every column is going to buckle. This is global
buckling; not local buckling. So, how do I get it? Any ideas? | will give you a clue. You

can write the equations always in a matrix form. How do you get the solution?

Even in the previous case, did you realize that you got the solution in terms of theta B?
You had something into theta B equal to 0. So, either theta B is 0 is one solution, which
is called a trivial solution or the other quantity, which is g of P critical. So, it has to be an
Eigen value problem. You are dealing with the ideal columns. Critical buckling load has
to be an Eigen value problem. Now, how do you solve this problem?



(Refer Slide Time: 33:38)

e
{2 ovnal] [{) oot ]

For a non-trivial solution, the determinant of the stiffness matrix must vanish
(implying instability in the system). This condition yields the characteristic
equation, whose roots provide the eigenvalues (critical buckling load), of
which the lowest value (P, ) is of practical interest.

) ) ) o -

; |P”L' T T W Solution by
{PTE '-'I UouRARCE “” v El k-’ 2 I,ll_'L J‘-“ 1
:

Let me take you to one more step. This is what the equation is going to look like. You

have theta B; you have delta by L. How do I get the solution for P critical? How do | get

the characteristic equations?
[Noise] (Refer Slide Time: 33:59)
Minus lambda i and then (())

Do not bring lambda and all into the picture. This is very simple. | want the lowest. | do
not want all the Eigen values. | do not want all the critical; | am a practical person, I

realize that the lowest load will make the damn thing, but...

()

What is an easy way of doing it? It is a property of this matrix.
Determinant

I can pullout the determinant and the determinant should be 0. That is the characteristic
of an Eigen value problem. That lambda has already come into P critical. So, that is what
you should do. So, anyway, you can write it in terms of El by L; by dividing everything
El by L. So, for a non trivial solution, the determinant of the stiffness matrix must
vanish. Remember: That is when there is no flexural stiffness left in that structure. It is



going to just go on yielding; go on buckling. So, this gives you instability. This condition

gives you the characteristic equation and the solution of that.

The lowest Eigen value of that is what we look for. So, write down the determinant,
which is easy to write down. This is now the (Refer Slide Time: 35:34) equation. You
need a lower bound and upper bound; you have already identified. 2 and 1 was Kk e;

solved by bisection method.

(Refer Slide Time: 35:45)

(=} | [
ht),, LEJ‘LJAB ‘ ElL 9~.)

AB

1.57 ] 3.6601 } 0.5707 +63.24
3.14 2.4692 0.9990 -24.25
2.355 ] 3.1995 ] 0.6946 +24.64
2.747 2.8750 ‘ 0.80g90 . +1.152

2.551 3.0463 0.7453 +13.18
2.845 2.7821 |  0.B472 -5.044
2.698 2.9196 0.7916 +4,.298
2.771 2.8527 0.B179 -0.355
2.766 2.8574 0.8160 -0.040

@~N (| (W N e

2.765 2.8584 0.8157 +0.023

=:»{|.i“L]" =2.765= 1.11;62

‘ “] n*El =p

NPTEL a_(1-1352x'-)) )

You now know the bisection method. You get the answer; | would not waste time. You
have got the answer. Check. Did you get a value of k e between 1 and 2? Yes, you did.
The fact that it is close to one suggests that the beam is pretty flexible. The highest it can
goisto 2.
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Example 4*: Second-order
analysis of an unbraced frame

P = 4EllL? P = 4ENL?

El constant

e ——|

* Reading Assignment

You can do one more problem. We would not do it. Second order effects for the same

structure. Once you have got the P critical,... It is done in the book.

(Refer Slide Time: 36:22)

Example 5: Buckling of a rigid-
jointed portal frame

Calculate the critical buckling load P,, for typical values of y (equal to 0.5,
1, 5, and 10), considering the frame to be (a) braced and (b) unbraced

Sl against sidesway. Hence , plot the variations of P, ( normalised with
% spect to P,,) with y.

In fact, many problems are done in the book, but I am going to end with just one last

problem, which is a good problem to look at.

Now, | have a portal frame; rigid jointed portal frame. | want to look at two conditions:
the frame is braced by other elements in the building and the frame is unbraced. | get two

different solutions. Also, the relative stiffness of beam to column is crucial. So, | bring in



a parameter gamma, which is El of the beam to EI of the column. Let us look at different
values of gamma: 0.5, 1, 5, 10. Let us say El b by EI ¢ gamma is equal to 0. What does it

mean?
Completely rigid body.

That means the beam is very flexible. So, those two columns are going to... Cantilever is
not going to be stable. It is like having hinges there at B and C; it is going to collapse.

That is one extreme, if it is unbraced.

(Refer Slide Time: 37:38)

(=)
:{Ei]

[]
=0.5,1,5,10

(:

T=o<»(P“)m —3 o0

rous(p) =

(at)

P ——

(a) Braced frame buckling (b) Unbraced frame buckling

NPTEL

If it is braced... Let us look at that. Let us look at the 2 modes of failure. If it is braced,
how do you think it will buckle? Braced means no sway, how do you think it will

buckle?
[Noise — not audible] (Refer Slide Time: 37:49)
It will buckle like that. You are doing like that.

Tell me what is P critical going to be bounded between? Two extreme values of P

critical? What is k effect?
K effectis 1.

One is 1; one limit. The other limit?



0.7

0.7. Good. what about this case? (Refer Slide Time: 38:24). This is sway. These are
conventional sway picture. What are the two limits here?

[Noise — not audible] (Refer Slide Time: 38:29)
Guided is 1 and...

What is the lower bound?

Lower bound is 1 and the upper bound?

Why is the lower bound 1?

[Not audible]

No. It is a cantilever because (())

It is going to behave like a cantilever.

Guided roller; it is guided and it is pinned here.
Guided roller.

Itis a cantilever.

It is effectively a cantilever. We have looked at these things. know, if it is hinged here
and can move there, the deflected shape is that of a cantilever. You have to think. If you
can think, let us hope you can. So, these are the values which you correctly said. If it is
hinged, it is going to be infinite. It is an unstable structure. So, it is going to be 2 and 0.
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Case (a) : Frame braced against sidesway

There is only one degree of freedom involved here, viz,, the rotation 8,

SM, =0=M, +M, =0 :{S;+§’-]B.=o=; j:'+2(ff):°
'

" neqlecting the marginal effect of axial force in the beam BE

NPTEL

Let us plug in those values. Let us look at the frame brace against side sway. How do
you solve it? You can take half the frame, why should you take the full frame? Work
with half the frame. What is the degree of indeterminacy?

[Not audible] (Refer Slide Time: 39:54)

theta B. One; Write down the equation. Now, we make an assumption here. We are
saying that we worry about axial compression only in element A B, we do not worry
about in B C. This is because if you worry about it in B C, then it is a more complicated
problem. Why do we not worry about it in B C? Because it is going to be very small. So,
these are the intelligent shortcuts that you can take. Only where you have high axial
compression, you worry about treating that element as a beam column element. Is it

clear?

With that assumption, do you agree that the equation will be as shown there? (Refer
Slide Time: 40:46) M BA is S naught BA into theta B and M BE is EI by L. In this case,
L is L by 2. It would have not be in El by L by 2 if you had axial compression; will have
that S tilde. So, that is tricky.



(Refer Slide Time: 41:14)

74
Characteristic equation: ¢ 4 2(E ) =0
BA
L

(er)

Dividing throughout by (fll and substituting T:-(El-)!

s
9(&%[ 7

| 2
PE = (L3 :
Initial boundsof | L=,[-2— =T . =e(p L) &—
"V i, " 0.699
y=05

Solution by i
bisection method =5
Y=10

So, we will do it this way. It is very easy to solve. It is a simple equation. Solve. You
have two bounds, which we discussed. The maximum value you can get is 2.047. We are
asked to solve this for different values of gamma. This is the characteristic equation.
Divide throughout by EI. See to get it in that form. You have the two limits: between 1
and 0.699. Use the bisection method. You have to do it for four different conditions.

(Refer Slide Time: 41:38)

1
2
3
4
5
6
7
8

n & A
0.5 =a(;,1ﬂ£ =3.406= /4 =—= —=1.175F,
NPTEL . l‘ S (°°9mlj (O-Qmj .
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Similarly , this procedure can be repeated for other values of ¥ (iteration
tables not shown here), The results for Y=1,Y=5and y=10 are as follows:

P
X P =—0=t—=1307F,

Y=1=(u L) =3.591= =
( )“ 0.8749 0.8749"

Tt P,
y=5= (ugt)‘,‘:t,.’,g::m:;g::-ﬂ—f:..nog

4

P
=10 (L), =42015=—— =P = £ -1866P,

0.7321 0.7321"

Let us do it for one. Do it for 0.5. You have got the answer with fairly good tolerance.
You plug in the value, you will get some value of the critical buckling load. You will
repeat this exercise for the other gamma values. Finally, you draw a plot and the plot is
going to look like this. If on the x axis, | increase the beam stiffness, beam rigidity
relative to the column rigidity, the starting value is pi square EIl by L square. So, it starts
with 1 and the maximum value is when k effective is 0.699. So, you get 2.047 for a
propped cantilever. Is it clear? You should be able to guess this kind of shape. You can
get the answer for any value of gamma. How did we generate this? Slope deflection
method.
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i Equilibrium equations:
/ M _+M_=o
B Sigpe-deflection equations: \ o ol
_ﬂﬂ H =Mn+PA_

L L2 L L e

NP

It is going to be a little more difficult if you look at the case of which sway. Why is it
going to be more difficult? 2 degrees of freedom, but you can correctly guess the bounds:
lower bound and upper bound. So, 2 degrees of freedom. You have to write the equations
carefully including sway. We have learnt how to do this. If you substitute and if you
write down the equilibrium equations, you have to have a sway degree of freedom. We
have done this problem earlier in slope deflection method. So, H A should be 0.

(Refer Slide Time: 43:10)

il ()

For a non-trivial solution, the determinant of the stiffness matrix must vanish
(implying instability in the system). This condition yields the characteristic
equation, whose roots provide the eigenvalues (critical buckling load), of
which the lowest value (P,,) is of practical interest.

s 57) oG] sr6usL o

-'::r | 2 )
; IRE b Solution by
_!?lt' ,;boundsof uL ,v\ ' e (n,t), ;




You plug it all in, you get the equation like that. So, what should we do? We should
write down the determinant as equal to 0 and you will get a function in terms of P
critical. Again, the 2 bounds are infinity and 2, but 1 divided by infinity is 0. So, the

values are 0 and pi by 2.

(Refer Slide Time: 43:41)

+2.4680

+2.8745
| +2.7107

+2.6002

+2.6850

+2.6983

1
2
3
4
-]
6

+2.7045
+2.7014 |
| +2.7035

0 |~

;- DE = (pall. =1.192= :.61;55 = (Pu )&=P,=i -—fo =0.144F,

NPTEL (1»535&‘) (2.5356)'

Solved by the bisection method, you get another set of solutions. You get a very low

value. Naturally, under side sway, you do not expect high, you get a low value.
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Similarky , thes procedure a3 be répeated fanr art baer walipes af Friteratan
tables not shown here). The results for T=23,7 =5 and ¥=46 are as follows

y=1= [ £ L =L 3eE= i..; =f = H:; =p.alg®

n -
=P a—l g3
2068l " zosee e

reg = (p L] =r5m=

oo ”
S B

Similarly, you do for the other gamma cases.
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Finally, draw the picture. This is the summary of the results. You will find that
asymptotically as gamma increases peak, P critical will touch the upper bound that we
talked about. The upper bound is 2.047 pi squared El by L squared when the frame is
braced and it is only 0.25. Why is it only 0.25?

[Not audible] (Refer Slide Time: 44:25)



Yes, we have seen how that upper bound works out. So, that is a dramatic. So, deciding
whether a building is braced or unbraced has massive significance in terms of

determining what is the critical buckling (())

Have you got some idea about how to use slope deflection method to solve problems
where you need to solve it? If you do not have a problem of buckling instability do not
do all this. This is a second order analysis, sophisticated analysis, advanced analysis.
This is not there in your examination portion. It is just there for you to understand how

this can be applied.

Now, we will do the same thing tomorrow using matrix formulation, a very beautiful

formulation. That can handle any degree of indeterminacy. That is for tomorrow.

Thank you.



