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Module 01 : Basic Seismological Theory, Waves on a String, Stress and Strain and seismic waves
Lecture 04: Strain tensor, Constitutive equations, Hooke’s law, Elastic moduli




CONCEPTS COVERED

> Strain
> Constitutive equations, Hooke’s law in seismology
> Hooke’s law for isotropic material,

> Shear modulus, Young’s modulus, Bulk modulus, Poisson’s ratio
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Strain

undeformed “(K+8x)

We are assuming the smooth variation of u(x) from

one point to another, which is ideal case for strain u(x)
in elastic body.

This means that if u(x) is the deformation at x,

deformed

there is a function u(x)+du(x) that is the

deformation at x + dx. (From Stein and Wysession)

%
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According to Taylor Series Expansion

Variation of u(x) with small change in position from x to x+0x is represented by

Ou; (x
u; (x+0%) ~ u; (x) + Vu+ higher order terms =u; (x) + — (x) dz; = u; (x) + duy
. Y™ Ry 0z;
Displacement Rotation+strain ignored since 5x is small
This implies (in ESN): s, . (x) = Ou; (x) .y
' 858]' J
_ Ou; () Ou; () ou; () .
In long-hand: ou; (x) = 9 ox, + P 0z + 97e drs fori=1,2,3.
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Ou(x) as a matrix equation
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Graphical representation of strain

Some possible strains for a two-dimensional element.

@ g—:>0wz=0 h 32<°'“2:° i %>0%:3i§=
* Note that mixed derivatives ] A - -
tend to produce shear. ] - 4 ™
*Some figures have volume o o ’
() a—i?‘>o, a—:%o (@ a—‘;z‘<o, a—:%o

change, some do not.

(From Stein and
Wysession)
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Using the previous equations

Ou; (x Ou; (z Ou; (x
We have: ou; (x) 2 8:1:(1 )6w1 + 6:1:(2 )5:132 = 6.’13(3 )5:133

Separate into the symmetric components we can write

(1 Ou; (z) Ou; (z) Ou; (z) {l) (8ui (x) Ou; () Ou; ()
ou; (X)_(E)( 92 dxy + 92, drs + P dx3 o) 9 dr1 + 92 d0xo + 92; Oz

According to Einstein notation

1 811,7, X 1 0 i
ou; (x) = (5) ( 8; ) 5:1:]-) + (—)( v (x) c‘)'a:j> Here j is repeated index
J
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ou,
Adding — to the first part, and subtracting from the second part

- ou,; . ou-
; 1 ou ! 5xj+1 i . OX;
2 8xj OX 2 axj OX;

/ /

Write out summation for j (so you can see what it looks like in semi-non-ESN).

ou; -1 %é‘xl +%5X1 +%5x2 + %5,(2 +%5x3 + %st +
2| Oxq OX; OX, OX; OX3 OX;

L Oy~ M gxy + Lisxy— L2 gw, 1 Ligy, - My,

2| Ox4 OX; OX, OX; OX 3 OX;
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Let’s call the first term €;;and the 2nd term ; to get

5” —_ (e r G) )5)( e; defines the strain and o, defines the rotation.

The € term is called the strain tensor. Let’s write out a few terms:

1(8u 8u | 1
e. = + 5x (u +u. .)Sx.
i~ 0x 8x ALY A
i=1, j=1 i=1, j=2
= _1{ du, . Ouy | _ Ouy el 1 ou, N ou,

2\ Ox, Ox4
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Final expression for strain tensor

)

i

N | = I\)|H

au,
OX,

6u 6u
8x ax

ou, 6u
OX, ax

ou

X

Oox

du 0y ) 10w,

OX, 8x 2\ Ox,
R
OX, 2\ ox,

1( du, ou, | ou, ouy

Ox, OX, OX,
du, Ou,) 1(au,
oy  oOx 2\ oz
ou, 1( du,

2

6u
6x

au
ax

o,

ou
_|_*

z

—|

In 1, 2, 3 notation

In X, y, z notation

Dr. Mohit Agrawal



For seismology, the divergence of the displacement field is associated with change in volume
which travels in the Earth as the P-wave velocity, and a rotation, the curl of the displacement

field, propagates at the S-wave velocity.
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Hooke’s Law in Seismology

® The relationship b/w stress and strain is given by the material’s constitutive equation. The
simplest types of materials are linearly elastic and when Earth behaves as linearly elastic, it
gives rise to seismic waves.

¢ Assume that material is elastic, we also assume that the displacements from an unstrained
initial state are small. This assumption is generally valid for seismic waves.

e The stress and strain for a linearly elastic material are related by a constitutive equation called
Hooke’s law,

— i -ESN
O. = Cijklekl (in non )

The constant C,, the elastic
moduli, describe the properties of
the material.

[l
Mw
E

M
=
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in the expanded form for i=1,j=1

Gll ] Cllllell 1 ClllZel2 + C1113el3 +

1121821 ) - C1122622 T C:1123823 nis

C
C1131€51 T €1135€3, T €1133€53
There are 8 more such equations for:

—_

ol2 Adding these up, we have 9 equations, each
cl3 with 9 C;,, terms, thus 9 x 9 = 81 terms.

o021

022 __each with 9 C;,, terms.

o23
o31
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Symmetry of Cijk

Recall:
®* 0;=0; => 6independent ¢ terms
®* e,=e, =>6independent e terms.

This means:

[ }

o Ciy =Ciin
Ciit = Cijik

Another symmetry comes from thermodynamics:
([

Ciit = Cui

These symmetries will reduce the elastic moduli from 81 terms to only 21
independent terms.
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For an isotropic medium, the properties does not depend upon the direction, i.e. only two independent
parameters remain.

These pairs are the Lame’s constants:

Cii = 2'5175/« T Ju(éiijl + 5i15jk)
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Hence, Hooke’s law for an isotropic media can be written as:

o, =Ae.0; +2ue;
=100, +2ue,

where 0 is the dilatation

0= €
=Tr(e;)

ou,
= i
Ox; Ox, Oxg

—V-u

ou, Ouy
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This,

o, =Ae, 0, +2ue,
=200, +2ue;

in the expanded form it may look

like as follows: o, =AMe, +e, +e,)+2ue,
0, =Mey, +e,, +ey)+2ue,
0y, =Ale, +e,, +ey;)+2ue;,
0,, =2ue, =0,
0,3 =2U€); =03,

G, = ZMEB =03y,
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Elastic Parameters

“Incompressibility” or bulk modulus “K” is defined fractional change in the volume in response to a

lithostati dp, such that
Ithostatic pressure ap , suc C?O'm Al dp5

For isotropic elastic body , the resulting strains
— dpd;; = Ad0d;; + 2ude;; ( from o;j—yes,; + 2p,deij)

setting i=j for normal stresses

—dp = A\df + 2udeqq
—dp — \0 + 2[.Ld€22
—dp = \0 + 2/.Ld€33
—3dp = 3)\d6 Z[Jdg asf = €11 €99 —+ €33
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The bulk modulus is the ratio of the pressure applied to the fractional volume change

_dP 5
P LT G | £
10 I3

Write constitutive equation in terms of the K and p

2/.L €ij —
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Elastic Parameters

Poisson’s ratio gives the ratio of contraction along other two axes to the extension along the axis
where tension was applied. Suppose tension is applied along x, axis,

011 = ()\ + 2[1,)811 + Aegs + Aess
o990 = 0 = /\611 + ()\ + 2#)622 #it )\633
o33 = 0 = Ae11r + Aeag + (A + 2u)ess

Subtracting the last two equations, will give the following,

€22 — €33 — 2()\ +”) €11
€33 A : / .
L Ry — —> Poisson’ s ratio
el 2(A +2u)
and, ou _ pBAY2) o
€11 A+ p

Here, E is the Young’s modulus, the ratio of the tensional stress to the resulting
extensional strain
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7§ A E 3K-2u 3K-E Here is a relationships
S22+ GK-2) 24

= 23K + 1) = T 6K between n?ost we!l-
known moduli, from Stein
and Wysession seismology

uBA+2u) A(+v)(1-2v) 9K(K-21) K u
b= — = =2u(l + = =3K(1-2 bOOk, Box 2.3-1 (pg. 51):
A+ i v 3k AtVI=g L
2 A(l
K=l (+v)=2,u(]+v)= UE _ E
3 v 3(1-2v) 3Q@u-—-E) 3(1-2v)
1 = 21V _,u(E—Z,u)_K 2 Ev _3Kv _3KQ3K-E)
~1=2y 3u—E © 3 T 01 Nv» 1vv  9K—E
A(1-2v) 3 E 3K(1-2v) 3KE
u= => (K- = =

“2(1+v) 2(1+v) 9K-E
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Points to note

1. C;,completely describe the behaviour of an elastic material.

1. A does not have any physical meaning, but p is called “rigidity or shear modulus”.

1. A material with large p is quite rigid and responds to a given stress with less strain & vice-
versa.

1. A material in which pis zero can not support shear stresses, & corresponds to a
perfect fluid.
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Many seismological problems are simplified by assuming that A=p. Such a material is called a
Poisson solid. In this case Poisson’s ratio equals 0.25 and Young’s modulus E = (5/2)u and the
Bulk modulus K=(5/3)u.

For Earth’s crust, p =3 x 10! dyne/cm?

whereas for steel, p = 8 x 101! dyne/cm?

For crust (assuming Poisson’s solid), E = 7.5 x 10! dyne/cm?
For Rubber E =5 x 10° dyne/cm?
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What next in the que ?

Equation of motion, P-and S-waves

Dr. Mohit Agrawal




Stein, Seth, and Michael Wysession. An introduction to seismology, earthquakes, and earth
structure. John Wiley & Sons, 2009.

Lowrie, William, and Andreas Fichtner. Fundamentals of geophysics. Cambridge university press,
2020.

Kearey, Philip, Michael Brooks, and lan Hill. An introduction to geophysical exploration. Vol. 4.
John Wiley & Sons, 2002.
https://geologyscience.com/geology-branches/structural-geology/stress-and-strain/

https://www.wikipedia.org/

Dr. Mohit Agrawal


https://www.wikipedia.org/

TG DU

5

¥ngoyav






