Retrofitting and Rehabilitation of Civil Infrastructure
Professor Swati Maitra
Ranbir and Chitra Gupta School of Infrastructure Design and Management
Indian Institute of Technology, Kharagpur
Lecture 21
Micromechanics of Composites (Continued)

Hello friends, welcome to the NPTEL online certification course Retrofitting and Rehabilitation
of Civil Infrastructure. Today we will discuss module D. The topic for module D is Fiber

Reinforced Polymer Composites and its Characteristics.
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Recap of Lecture D.3

» Micromechanics of Composites

» Determination of Elastic Moduli of Composites
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In the previous lecture, we have discussed Micromechanics of Composites. Composites have two
major phases one is the off the composite at the fiber level. By knowing the properties of the
fiber and the matrix within the composite and their relative proportions in terms of their volume

and weight, we can determine the properties of the composite.

In the previous lecture, we have discussed the derivation of the elastic moduli of composites, by
knowing the elastic properties of the fibers and the matrix and their relative proportions in terms

of weight and volume within the composite.
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Concepts Covered

» Numerical Problems on Micromechanics of Composites
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Today, we will discuss some of the numerical problems and their solutions on micromechanics
of composite the concepts have been discussed in the previous lecture. And based on that, we

will discuss some numerical problems and their solutions.
(Refer Slide Time: 01:50)

Micromechanics of Composites

Problem 1

An E-glass / vinylester unidirectional rod is to be used as an FRP reinforcing bar.
The rod has 80% fiber weight fraction. Assuming no voids in the composite,

determine the fiber volume fraction and the stiffness properties of the composite.

E-glass fiber: Density, p, = 9.4 x102 b/inch?
Elastic Modulus, E;= 10.5 x10 psi
Poisson’s ratio, v, = 0.20

Vinylester matrix: ~ Density, p,, = 4.57 x102 Ib/inch3 ’A ‘
Elastic Modulus, E,, = 0.5 x108 psi "
Poisson’s ratio, v,, = 0.38
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The problem 1 is that an E-glass vinylester unidirectional rod is to be used as an FRP reinforcing
bar. The rod has 80 percent fiber weight fraction assuming no voids in the composite, determine

the fiber volume fraction and the stiffness properties of the composite, the properties of the fiber



and the matrix are given the fiber is the E-glass fiber having density pr is equal to 9.4 x 107

pounds per inch cube, the elastic modulus is also given 10.5 x 10° psi, pounds per square inch.

And the Poisson’s ratio is 0.2. Similarly, for the vinyl for the vinylester matrix, the density
elastic modulus and Poisson’s ratios are given. In the problem the suffix f is used for fiber, suffix

m is use is used for matrix and c is used for the composite.
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Micromechanics of Composites

Solution
Volume of composite, K= Vf +V,

Replacing volumes in terms of weights and densities, we get
We Wi, Wn
Pc  Pf Pm

Dividing both sides by W, the density of composite is written as

1_Wf Wn

Pc Pf Pm
1 08 02 "

So, e = Sax102 + 457x1072 sy
Or, Density of Composite, | g, =7.76 X102 lb/inch? |
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So, the solution is that the volume of composite can be written as the volume of the fiber plus the
volume of the matrix that is V. = V¢+Vn replacing the volumes in terms of their weights and
densities, we get the relationship as W¢/pc = Wr/pr+Wm/pm. Now, dividing both sides by W

that is the weight of the composite, the density of composite is written as 1/pc = wy/pf+wm/pm.

Now, Wr / W, that is the weight of fiber by the weight of composite is nothing but the weight
fraction of the fiber. Similarly, the weight of matrix by the weight of composite is the weight

fraction of the matrix so, that is wm.

Now, by putting these values in the equation we get the density of the composite as 7.76 x 102
pound per cubic inches. So, we can get the density of the composite by knowing the density of

the fiber and the density of the matrix and they are weight fractions.
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Micromechanics of Composites

The unidirectional composite when loaded transverse to the direction of fibers,
it is assumed that the stress in the fiber, matrix and composite are the same.
Considering this, the elastic modulus of composite perpendicular to the fiber

direction is
il Vr  Upy
Ex E Ep

So, 066 034

1
E 10510 05 X10° m

Thus, Elastic Modulus of composite perpendicular to the <

3
direction of fiber, i . ‘l
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Now, using this relationship, we can also find the fiber volume fraction. The fiber volume

fraction is given by vs is equal to wr x pc /psthat we have derived in the previous lecture.

So, we get the fiber volume fraction vs is equal to 0.66. So, this is the fiber volume fraction in the
composite that is coming out as 0.66, since, there is no void so, the other part is the matrix. So,

the matrix volume fraction is 1-vs which is 0.34.

Now, we need to determine the properties of the composite, the unidirectional composite when it
is loaded along the direction of the fibers, it is assumed that the strain in the fiber matrix and the
composite are the same considering this the elastic modulus of the composite along the fiber
direction is Eq, that is the elastic modulus of the composite along the fiber direction is equal to Es
into the volume fraction of fiber plus En into the volume fraction of the matrix this we have

derived in the previous lecture.

So, by putting the values of the elastic modulus of fiber and the matrix and their volume fractions
that we have obtained here, we get Eq value is equal to 7.1 x 10° psi. So, this is the elastic
modulus of the composite along the fiber direction from the rule of mixture we can get the

equation Eq and the value is coming as 7.1 x 10° psi.

Now, we need to determine the elastic modulus of the composite transverse to the direction of

the fiber, direction of the fibers it is assumed that the stress in the fiber, the stress in the matrix



and the stress in the composite are the same. Considering this the elastic modulus of composites
perpendicular to the fiber direction is given by this equation this also we have derived in the
previous lecture 1/ E that is the elastic modulus of the composite perpendicular to the direction

of the fibers is equal to vi#/Es + Vim/Em.

Now, by putting the values of Ef, En and the volume fractions of fibers and matrix, we get the
elastic modulus of the composite perpendicular to the direction of the fiber as 1.35 x 10° psi. So,
we get the elastic modulus of the composite along the direction of the fiber as well as
perpendicular to the direction of the fiber by knowing the properties of the fiber and matrix and

their fractions relative weights and volume fractions.
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Micromechanics of Composites

Major Poisson’s ratio, v, = VEVf + ViV

So, Vg =020 % 0.66 +0.38 x 0.34
o
Minor Poisson’s ratio, E - E
Ecl Ect
So, 0.26 Ver

71x10° 135 x106 n

Or, =0.049 | .: |
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Now, we will determine the Poisson’s ratio, it has two Poisson’s ratio. Major Poisson’s ratio is
given by this equation vc = vfvr + vmum that is the individual Poisson’s ratio of fiber and matrix.
So, those are given and the volume fractions have already been determined. So, we can get the

major Poisson’s ratio of the composite v is equal to 0.26.

Similarly, the minor Poisson’s ratio of the composite is given by this equation and we have
explained this in the previous lecture that is vei/Ec = vet/Ece. Putting the values of the elastic
modulus of the composite and the major Poisson’s ratio what has been obtained here, we get the

minor Poisson’s ratio as 0.049.
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Micromechanics of Composites

Shear Modulus of the composite, ~ 1 . 4 Um

G G Gy

Considering both fibers and matrix as homogenous and isotropic,
E
2x(1+v)

105 x10
T 2x(1402)

Shear modulus of matrix, ¢, = ZE—’" (\

X (1+vy) .
. ,
2x(14038)
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Shear modulus of fiber, Gy =

=4.375 X 106 psi

Now, we will determine the shear modulus of the composite the shear modulus is expressed by
this equation 1/Gc = vf/Gf + vim/Gm that is the shear modulus of the individual fiber and the
matrix and their volume fractions. Considering both fibers and matrix as homogeneous and

isotropic, we can find out the shear modulus of fiber and the matrix using this equation.

The composite is not homogeneous and isotropic, but individual fibers and matrix can be
assumed as homogeneous and isotropic. So, we can find out the shear modulus of fiber by
knowing the elastic modulus and the Poisson’s ratio. So, Gf can be found out with this equation
Gr = Ef/[2x(1+vy)] and this is equal to 4.375 x 10° psi.

Similarly, the shear modulus of matrix is estimated as Gm = Em/[2%(1+vm)]. And what is the
shear mod the matrix as 0.18 x 10° psi. Now, we will put the shear modulus of fibers and matrix

into this equation to determine the shear modulus of the composite.
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Micromechanics of Composites

Shear Modulus of the composite, 1 _ ¥ b

G G Gn .

So, 1 066 " 0.34
G, 4375x 105 0.18x 106

By solving, the Shear modulus of composite is,

G, = 0.49 x 10° psi|

0o
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@ 6) IIT Kharagpur | Retrofitting and Rehabilitation of Civil Infrastructure | Module D

So, by putting these values and the falling fractions of fibers and matrix, we get the shear
modulus of the composite is 0.49x10° psi. So, we can get all the elastic modulus of the
composite. The elastic modulus along the direction of the fiber and transfers to the direction of
the fiber, the shear modulus and the Poisson’s ratios values, we can obtain from the elastic

properties of the fiber and matrix and their volume and weight fractions.
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Micromechanics of Composites

Problem 2
A glass fiber reinforced nylon composite contains E-glass fibers of 30% by
volume. Calculate the percentage of load carried by the fibers when the

composite is loaded.

Glass fiber:  Elastic Modulus, E,= 72 GPa
Nylon matrix: Elastic Modulus, E,, = 2.8 GPa

Ak
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Now, we will have another problem. Problem 2 says that a glass fiber reinforced nylon
composite contains E glass fibers of 30 percent by volume, calculate the percentage of load
carried by the fibers when the composite is loaded? The properties of the glass fiber and the

nylon matrix are given.

The elastic modulus of glass fiber is given us 72 GPa and the elastic modulus of the nylon matrix
is given us 2.8 GPa. Their volume fractions are given, the volume fraction is 30 percent for the

fiber, rest is for the matrix. And here also it is assumed that there is no void in the composite.
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Micromechanics of Composites

Solution

The unidirectional composite when loaded along the direction of the fibers, it is
assumed that the strain in the fiber, matrix and composite are the same.

SO, &l = ef = &n
. . 0',‘ Om
Strain can be written as, =% and ém= i
f m
[ Im

0
Equating the two, we get, =

B E, n
o U2 -

Om En 28 o

Thus, Stress in fibre, o = 25710,
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So, the solution is a unidirectional composite when loaded along the direction of the fibers, it is
assumed that the strain in the fiber matrix and composite are the same that we have already
discussed in the previous lecture. So, we can write that the ec. = ef = em, € is the strain and cl is
for composite, f is for fiber and m is for the matrix. So, the strain can be written in terms of stress

and elastic modulus that is &f = of /E+.

Similarly, for the matrix em since the strains are same, so, we can equate and get this equation
of/Ef = om/Em and thus of / om that is the stress in fiber divided by the stress in the matrix is
equal to the ratio of their elastic modulus, so is equal to Ef / Em and these values are given. So,

we get the ratio as 25.71. So, of that is the stress in the fiber can be written as 25.71 X om.
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Micromechanics of Composites

, Vi Afl
Now, Volume fraction of fiber, vy = el 85 - T o5
Vo AL Afl+Apl  AftAn

So, Ar= 030X (Af + Ap)
Or, 0.74; = 034,
Thus,

03
A= )

Fraction of load to be carried by the fibers

Pf_ anAf

P, op XA+ O XA n

P 25.71 g, X (%) An . e
SO, —f = 07 |
e 25710, x (%) At O X A
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Now, the volume fraction of fiber can be written as this is the volume fraction vs is equal to the
volume of fiber divided by the volume of composite. So, this can also be written as, volume can
be written as As into L is area into the length, cross sectional area of the fiber into the length and,
for the composite is Ac into L, the length is the same for the fibers and the composite.

So, this can be written as vr = V¢/Vc= ArL/AcL = AfL/(AfL+Aml) = Af/(Af+Am) = 0.30.

So, we can write Ar = 0.30x(Af+Am). So, 0.7Af = 0.34m, Ar = (0.3/0.7) Am. Now, we need to
determine the fraction of load to be carried by the fibers. So, Pt/ Pc, we have to find out this

ratio. So, Pt is the load carried by the fibers and P¢ is the load current by the composite.

So, Prthat is the load current by the fiber can be written as the stress into the cross-sectional area.
Similarly, for the composite, it is the stress in the fiber into the cross-sectional area of fiber plus
the stress in the matrix into the cross-sectional area of the matrix. So, Pg/Pc =
(0%xAf) /(0% Ar+am*Am) = 0.9168 = 91.68%.
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Micromechanics of Composites

By solving, the fraction of load to be carried by the fibers is,

;ﬂ =0.9168 = 91.68%
(4

Hence, the fibers carry 91.68% of the applied load on the composite

o

‘_.
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Now, by solving this and eliminating sigma m and Am from the numerator and the denominator,
we can get that Ps / P¢ is equal to 0.9168 that is 91.68 percent. So, the fibers carry 91.68 percent
of the applied load on the composite. So, by knowing the volume fraction of the fiber and the
matrix and their individual properties, we can find out that the percentage of load shared by the

fibers.

So, we can see here that fibers carry a significant amount of the total load on the composite. So,
for this case it is 91.68 percent of the total load is taken by the fiber. The fiber volume fraction is
only 30 percent, but, it has significantly higher strength as compared to the matrix. So, the

majority of the load is shared by the fibers.
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Summary

» Numerical Problems and Solutions on Micromechanics of Composites
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So, to summarize, we have discussed few numerical problems and their solutions on
micromechanics of composite by knowing the properties of the fibers and the matrix and their
relative proportions in terms of volume and weight, we can find out the elastic modulus of

composites and that has been discussed using numerical problems. Thank you.



