Rock Mechanics and Tunneling
Professor Debarghya Chakraborty
Department of Civil Engineering
Indian Institute of Technology Kharagpur
Lecture 29
Analysis of Stresses (Continued)

Hello everyone! | welcome all of you to the 3 lecture of Module 6. So, in Module 6, we are
discussing about the rock and rock mass failure criteria. So, under that, we have basically

discussed the analysis of stresses.

(Refer Slide Time: 00:49)

CONCEPTS COVERED

» Principal Stresses for 3D element
» Invariants of Principal Stresses

» Invariants of Deviatoric Stresses

So, these are the things which we will discuss today like Principal Stresses for 3D element,

Invariants of Principal Stresses, and Invariants of Deviatoric Stresses.
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General State of Stress at a Point for 3D Element

So, for the generalized state of stress at a point for 3D element, the stresses will be as per the
first diagram which we have seen in the previous lecture and for an arbitrary orientation of

the element, the stresses will be as per the second diagram.

(Refer Slide Time: 01:35)

Principal Stresses for 3D element

» |, mand n represent direction cosines of the normal
vector with respect to x, y and z.
R Yo, =0

Yo, =0om

Now, let us discuss about the principal stresses for 3D element. Let us consider it as the xyz
coordinate system and there is an oblique plane (i) which is named as ABC. Now, let us

consider that the principal stress (oi) is acting on this oblique plane ABC, and ON is the

normal vector to the plane.

The stresses acting on the OBC, OAB, and AOC planes are shown in the diagram.



Now, we can resolve g; in X, y, and z directions. So, aix is the component of g in x direction,
aiy IS the component of g in y direction, and oi; is the component of a; in z direction. Now, |,
m, and n represent the direction cosines of the normal vector with respect to x, y, and z
direction, respectively.

Thus, we can write,

o, =0l
o, =o;m
o, =0o.N

(Refer Slide Time: 04:11)
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Principal Stresses for 3D element
y

-
» Area (OBC) =/ (Area(ABC))

«B

» Area (OCA) = m (Area(ABC))

7 Area (OAB) = n (Area(ABC))

» Letus consider, Area(ABC) = 1, v

v
» Area (OBC) =/, area (OCA) = m, area (OAB) =n

Now, the area of OBC =1 x Area of ABC.
Similarly, area of OCA =m x Area of ABC.
And, the area of OAB =n x Area of ABC.

Now, if we consider area of ABC as 1, so accordingly the area of OBC will be equal to |, the

area of OCA will be m, and the area of OAB will be equal to n.
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Principal Stresses for 3D element

/7 Area(ABC)=1, v

/5 Area (0BC) =1, area (OCA) = m, area (0AB) = n

» Considering force equilibrium in x direction,

TF =0 v

v [a“ x Area(OBC) + 7., x Area(OCA)+7., x Area(0AB)- 0, x Are

a(ABC)= 0

|(a_u, o )+r m+r n= ()I — ®

[(rul +T M7 N-0, = 0‘

‘a,_‘l +T m+r. n-ol= ()‘

Now, we will consider the force equilibrium in the x direction, i.e., X F, =0

= o,, x Area(OBC) + 7, x Area(OCA) +z,, x Area(OAB) — o, x Area(ABC) =0
= oul+r,m+r,n-0, =0

= oul+r,m+r,n-0cl=0

= (o —o)l+r,m+7,n=0 ... (1)

(Refer Slide Time: 08:26)

Principal Stresses for 3D element » if Area(ABC) = 1,
y

» Area (OBC) =/, area (OCA) = m, area (OAB) =n

o » Considering force equilibrium in y direction,
4

1)

’r‘l+a M+t n-o :()‘
pt T Ot Tyli= 0,

===N T

\ ’T\‘/+n”m+r_,\n—(r,m:()‘
\‘rn- .

|r““l+(0‘_\ -0, )m+ T n= ()

=

Similarly, if we go for > F =0



Then, 7, |l +o,m+7,n-0c;, =0
>t l+o,m+r,n-—om=0
=1 l+ (0, —o)m+7,n=0...(2)
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Principal Stresses for 3D element > if Area(ABC) = 1,

)
» Area (OBC) =, area (OCA) = m, area (OAB) =n

» Considering force equilibrium in z direction,
SF. =0

tl+1 m+o.n-o, = ()‘

tl+t m+on-on= ()l

|
. |T‘_-/ +1.m+(0. -0 )n=0

=@

R (0

Principal Stresses for 3D element » if Area(ABC) = 1,
y

» Area (OBC) =/, area (OCA) = m, area (OAB) =n

G » Considering force equilibrium in y direction,
4

1)

’r“/+ o m+t n-o, = ()‘

=N Tx

\ ’t\\/+n”m+ T n-am= ()‘
\’Tn« .

|r““/+(a” -o)m+t n=0

Sl




Principal Stresses for 3D element

/7 Area(ABC)=1, v

/5 Area (0BC) =1, area (OCA) = m, area (0AB) = n

» Considering force equilibrium in x direction,

SF =0 v

v [a” x Area(OBC) + 7., x Area(OCA)+7., x Area(0AB)- 0, x Are

a(ABC)= 0

[0‘“/ +T M7 N-0, = 0‘

|(a_u o )+r m+r n= ()I — ®

)anl +T m+r. n-ol= ()‘

Similarly, if we consider> F, =0,
t+7,m+o,n-0, =0

= r,l+7,m+o,n-0on=0

=1l +7,m+ (0, —0;)n=0 ... (3)
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Principal Stresses for 3D element

(Gu-G + T + Tt 20 =0
Tagh + (G- )t Tyn=o —O
Th + Y™ 1 (G -G 0 —O

Fon Obffnmmé o montruviald
Holutaon

-6
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Thus, we can write the three equations as:

(0 —o)l+7,m+7,n=0... (1)

tyl+(o, —o)m+z,n=0...(2)



td+r,m+(c, —o)n=0...(3)

These equation can be written in the matrix form given as follows:

O, —O, Ty T, I 0
Xy o, —Oi Ty m,=40
T, T, o, —o;||n 0

Now, to achieve the bon-trivial solution, the determinant of the coefficient matrix must be

equal to zero.

After simplifying, the above equation can be written as: o’ — I,07

—l,0,-1,=0
(Refer Slide Time: 15:19)
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Principal Stresses for 3D element
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Here, 11, I2, and I3 are the invariants of the stress tensor. What these invariants are that we all
obviously discuss in the subsequent slides.

After simplifying, we will get the first invariant of stress tensor as |, = o, + o, +0,

I> can be represented as follows:

_ 2 2 2
=1, = —(O'XXO'W +0,0, + 0,0,)+ Ty Ty, +T,

So, it the second invariant of the stress tensor.

The third invariant of the stress tensor can be represented as follows

O Tyx T
l;=|7, O, Ty
Ty Tyz O,

_ 2 2 2
= |3 =040 w0, + 22'xyryz‘[zx T O Ty “O Ty 0,0y

So, this is the final expression for Is.
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Invariants of Deviatoric Stresses
=y
8,

0, l
= J - » Deviatoric stresses,

7 Principal stresses,

o
» Three invariants of principal stresses are :

Y

v |l,=-(0,0,+0,0,+0,0,)

5 v 1
» Meanstress |0, = : (0,+0,+0,)

v

Invariants of Principal Stresses |6 Ty Tax
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Now, if the principal stresses (i.e., o1, 02, and o3) are present, i.e., there is no shear stresses,
the expressions for the invariants become simpler as ox will become o1, ayy will become o>,

likewise, oz will become o3, and the shear stresses terms will be zero.
Thus, the three invariants of the principal stresses will be
l,=0,+0,+0,

I, =—(0,0,+0,0;+0;0))

|, =0,0,0,

O, +0, +0;,

Now, the mean stress (om) is the average of o1, o2, and o3. So, o, = 3



Now if we consider the principal stresses, the corresponding deviatoric stresses will be

Sy
S =185,
S
where, S, =0,-0,, S,=0,-0,,and S; =0, -0

m

Now, we have the invariants of principal stresses which are Iy, 12, and Is. Similarly, we can

have the three invariants of principal deviatoric stresses which are J, J2, and Js.
So, J, =5, +S,+S;

=J,=(0,-0,)+(0,-0,)+(0c;—0,)

=J,=(0,+0,+0;)-30,

O, +0, +0;,

Sinceo,, =
3

o,+0,+0
, le(aﬁaﬁag)_sx[#J

S0,J, =0

The expression for J. can be expressed as follows:

3, =287 +51+82)

3y =2 (81 451 +5))
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Invariants of Deviatoric Stresses (contd..)

» The invariants of stresses do not change with

coordinate transformation. 7

» It is convenient to use deviatoric stress tensor in

rock mechanics to formulate yield criteria.

il

Mean hydrostatic stress,

1
0 ==l 0. ¥,
= (.40, 0.

J e R RS- TR T |

» Deviatoric stress tensor measures the deviation of a

tensor from the mean hydrostatic stress
it s i

Invariants of Deviatoric Stresses
0, ‘
» Principal stresses, o=10, » Deviatoric stresses,
o,
)

» Three invariants of principal stresses are

V4

» Three invariants of principal deviatoric stresses are,

v ;

v |l,=-(0,0,+0,0,+0,0))

; v 1
» Meanstress|o, = (0, +0, +0,)
3

v

So now, let us discuss about this invariants, so what are the invariants? The invariants of
stresses do not change with the coordinate transformation, which is the biggest advantage of
using these invariants. We will see in the latter module that when you present the failure
criterion, then we will try to use these invariants, so that it should not be dependent on the

coordinate transformation. It is very important that the invariants of stresses do not change

with coordinate transformation.

Other than that it is convenient to use deviatoric stress tensor in rock mechanics to formulate

the yield criteria.

11




Now what we have seen thatJ, =0, i.e., out of these three invariants, one invariant is

becoming 0. So, we need to think about only Jz and Js. So, it is one of the advantages of using

the invariants of deviatoric stress tensor.

So, the third point shows that the deviatoric stress tensor measures the deviation of a tensor

from the mean hydrostatic stress. So, we know thatS, =o,-0,,S,=0,-0,, and

S, =0,—0,,Where o is the mean stress.

So, the deviatoric stress tensor measures the deviation of a tensor from the mean hydrostatic

O to,+0

stress, where mean hydrostatic stress is o, which is equal to ~ for the

generalized condition of stresses (not for the principal stresses).

(Refer Slide Time: 28:35)

Invariants of Deviatoric Stresses (contd..)

7 In Cartesian coordinate system
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Invariants of Deviatoric Stresses Vi

a,‘
S—— » Deviatoric stresses,
» Principal stresses, 0 =10, d

6 0
» Three invariants of principal stresses are

!
v i)
[

v 1
» Meanstress|o, = (0, +0, +0,) 4
|

v

Now, let us try to see the generalized case where S =

yz

mw 0O »nu un u um

ZX

In the case of the Cartesian coordinate system, S,, =o,, — o, , whereas we have seen for the

principal stress, S, = o, —o,,. Similarly, S, =0, -0,,and S, =0, -0,

Again, S, =7,, S,=17,, and S, =7,. Now, these six equation can be written in a

generalized form which is S; = oy — ,,0; .
Here, the &, is known as the Kronecker delta.
It defines5;; =1, when i= j,and &; =0, when i # ]

So, for the case of ox, both the subscripts are x, i.e.,, i=j. Hence, we can write

S =0y — 00, - As we know that, 5; =1, when i= j.So, 6, =1.

Thatiswhy, S,, =o,, —0

XX m

In the case of S, , let us assume, i =xandj =y. So, inthis case, i # j,i.e., 6; =0.

Xy !
So, SXy=O'X -0.0.

y m=Xxy
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Sinces,, =0, S,, =0, 18, S, =1,

So, the generalized form is S; = o, —o,6; (where,5; =1, when i= j, and 5; =0, when
i # j), which is very important. Earlier, we have defined Ji, J2, and Js3 based on the principal

deviatoric stresses where we have use only S1, Sz, and Ss. But, here we will define the J1, Jz,
and Js for the generalized case.

(Refer Slide Time: 33:35)
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Invariants of Deviatoric Stresses (contd..)

* The invariants of deviatoric stresses can be obtained as
T xS tSwt Sue = (G- ) G- 6 ¢ - ) = ©
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Invariants of Deviatoric Stresses /
a, [ S
» Principel stresses sl » Deviatoric stresses, lex:
55
o, 3

'
» Three invariants of principal stresses are f

/ (o]

)+(”: _”m)*'(”a =0 )l

[}
v =

lia. 2 2 g
) v =~ (st 45t +5)|v
» Meanstress|o, = (0, +0,+0) v h 2(“1*“:“'») )
3

. =1(s,1+.v;+.s'.:‘)
3

So, the invariants of the deviatoric stresses can be obtained as follows:
‘]1 = Sxx + Syy + Szz = (O-xx _o-m) + (O-yy _Gm) + (O-zz _O-m) =0

J, =0
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XX

Now, J, =%(S2 +S7 +S2)+S;, +S5, +S;

And J, :%(sfx+s§y+sfz)—s S2 -5, S2-5,S2 42555,

x ¥ yz yy > zx z>xy

So, in the chase of principal stresses, the S, ,S,,,S,, terms will not be there, and S, =S,

Xy Pyzr Y

S,=S,,and S, =5,,.

So, let us conclude here only our today's class. So thank you.
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