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Lecture —09
Review of Probability Theory (Part -01)
As I listed in the introduction a basic undergraduate probability and statistics course is a
prerequisite for this one. So, we will go over some of the key concepts in today's lecture that will
be useful later. Since probability is a measure defined on the sample space of events and all its

relevant subsets we will start with a quick review of set theory. The next 15 or so, slides will be

rather dense.

There will be a lot of text and symbols I will not go through them verbatim but if you need to
please pause the video for the details you will find all these in the course material of course.

(Refer Slide Time: 01:21)

Structural Reliability

Basic set theory (review) Lecr 2

Review of
probability theory

Basic definitions ®  Set algebra/ Fields
— Membership rules

— sigmafields
= Universal set "
- easure

= Null set
— Finite set ®  Measurable sets
— Infinite set *  Measure

*  Countable *  Measure space

*  Uncountably infinite
Set relations
= Subsets

*  Partitions

*  Measurable function

*  Power sets
= Supersets
— Equality of sets
Operations on sets
— Boolean combinations
*  Union, intersection, complement,

Further reading:
Real Analysis by HL Royden, Prentice Hall 2001
— dentities A Probabilty Path by SI Resnick, Birkhauser, 2005

The topics that we would cover are the basic definitions; the basic set relations, basic set
operations and a few words on the algebra of sets. For further reading these are the two excellent
texts the real analysis book by Royden and a probability path by Sydney Resnick.
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Basic definitions

Sets are the basis on which modern probability theory is defined. A setis a welkdefined
collection of objects. The objects are called “elements” or “members” of the set.
Typically a set is denoted by uppercase letters 4, B, C, P ete. and the elements are
denoted by lowercase letters ab.c, x, y ete. A set is completely described by its members.
The description can be achieved either by (i) listing (i.¢., emimerating) the members, e g.:

X={ae0u} when describing the set of vowels.
or, (11) by stating the membership rule, ¢.g.:

X={x:xis an integer between 1 and 100} when describing the set of the first 100 natural
numbers, The second approach is more powerful.

Symbolically, x€ A states “x is an element of 4.” and x ¢ A denotes otherwise.
Notationally,x and {x} are not the same: the former is an element while the latter is a set
whose only element is x.

o N
Now a set is completely defined by its members we typically use uppercase letters to denote sets
and lowercase letters to denote its members. You can either list the members or you can state the
membership rule if possible and which is obviously preferred for large sets. Now in probability
theory we call the universal set the sample space everything that can happen in the context of the

problem. And then we assign probabilities to the relevant collection of eight subsets.

Now one set that must be present in that collection is the null set the impossible event if not the
null set then a set is either finite or infinite.

(Refer Slide Time: 02:49)
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Set relations

Subser: If every element of a set 4 is also an element of set B, then A s called a subset of
B, written symbolically as: A< B,or B2 A.1f 4 1s asubsetof B and B has at least one
element that does not belong to 4, then 4 s a proper subset of B, written symbolically as:
AcB o BoA.

Superset: If A< B, then B is called a superset of 4. If A B, then B is a proper superset
of 4.

Equality of sets: If every element of 4 is an element of B and vice versa, 1.e.,

AcBand B 4 , then the two sets are equal, written as: 4 = B.

Transitivity. 1If Ac Band B C, thend cC.

Power set: The set of all subsets of Uis called the power set of U, denoted as #(U) or vl

If there are two sets A and B they may have some common members or none at all if none at all
we call them disjoint or mutually exclusive in some situations all elements of a could also belong
to B then we call a a subset of B if A is a subset of B and B is a subset of A then A and b are
equal. Let us solve a simple example on the next slide.
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Set relations (contd.)

Example: Find the sets that are equal among the following:
A={x: x**—4x+3=0}
B={x: x*=3x+2=0}
C={x:x€Px<3}
D ={x:x € P,x <5, xisodd}

P = set of positive integers

53

A3

So, as you see I have defined four sets in terms of membership rules. Now if you want to work



through this example. Now please pause the video otherwise here is the answer. So, if you solve
the quadratic equation for A then A is composed of the integers 1 and 3 likewise Bis 1 and 2 C
is also 1 and 2 and D is 1 and 3. So the answer is that the sets A and D are equal and D and C are
equal.

(Refer Slide Time: 04:17)
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Operations on sets

Boolean combination of sets

The complement of a set 4 is the set of all elements that are not in 4. It is denoted
variously by the symbols 4, 4'and 4.

dcQ A ={r:xedreQ)

Given two sets 4 and B, their intersection €' is the set such that it contains only those
elements that belong to both:

C=4nB=C={x:xe dandxe B}

The symbol ~ indicates intersection. If there is no ambiguity, then it can be eliminated.
4B=4nB.

Now if we define an event A in the sample space then we automatically define what occurs when
A does not occur. So, that is the complement of A and we denote the complement of either by an
over bar or a superscript C next to A. For two events in the sample space we need to define the
intersection and assign probability to it and we will often skip the intersection symbol and just

denote the intersection by AB.

Now for the same two events A and B we can be interested in the union the difference and their
symmetric difference the symmetric difference is saying that A alone occurs or B alone occurs
they do not occur together.
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Operations on sets (contd.)

[dempotent laws

(lay  AUd=4 15y  ANA=4

Associative laws

(o) (AUBUC=4UBUO) @b UNBNC=ANBNC)

Commutative laws

(a)  AUB=BUA @by ANB=BNA

Distributive laws
(4a) AUBNO)=(AUBNAUC) @by ANBUC)=(ENBUUNC)

o N
Now these identities are useful the associative laws the distributive laws the de Morgan's laws
and. Now let us solve one example using some of these identities in the next slide.
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Operations on sets (contd.)
Prove (AUB)\(AB) = (A\B)U(B\A)

The left hand side is equal to :

LHS =(AUB)\(4B)
=(AUB)(4B)" using the identity that X \ Y = X¥*
=(4uB) (4" UB") using deMorgan's law
=[(AuB)AJu[(4 U B)B‘] using distributive law
=[(AA°)U(BA)]U[(AB) U (BB")) using distributive law
=B U(BA YU (4B )uD where Tis the null set
=(B\ 4)u(A\B) using the identity that XY = X\ ¥
=RHS

& \)
So, we need to prove that A union B difference AB is A difference B union B difference A. So,
again if you want to solve this please pause the video otherwise I will proceed. So, the first step
is to define what is meant by the difference of two sets. So, X difference Y is X intersection Y
complement. So, that is what we are using to first expand the left hand side and then we use de

Morgan's laws and then we use the distributive law once.



And then once more and then identify the null sets because A intersection A complement is the
null set likewise B intersection B complement is also the null set and then we again use the
identity in the reverse way that X difference Y is X intersection Y complement and which is
nothing but the right hand side. So, it is proved.

(Refer Slide Time: 07:06)
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Operations on sets (contd.)

Partition of a set
A partition P = {4} of the universal set U is a collection of mutually exclusive and
collectively exhaustive sets, 4;:

And =0 i%|

U4=u

Example:
During one year, a structure can be subjected to high winds (W) and earthquake (E). No
other loads are possible. Then, a partition of the load space is {IVE",WE,WE,WE‘} .

One more concept that's quite useful we often need to split the sample space into disjoint events
that taken together make up the entire sample space. So, we call them mutually exclusive and
collectively exhaustive or in other words a partition. For example if a structure can be subjected
to high winds and earthquake and suppose these are the only two loads possible. So, then a
partition of the load space would be E complement W complement EW and E and W

complement and E complement. So, these 4 would constitute a partition.



