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Lecture —12
Review of Probability Theory (Part -04)
Now let us solve some examples involving the counting principle which will invoke the classical
definition of probability.
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A shipment of 100 nominally identical sensors has arrived at a construction site. Out of these, two are
defective. The palicy of the site is to select five sensors at random and to reject the shipment if one or more
defective items are found.

(i) What is the probability that the shipment will be rejected?
(ii) What s the probability that both defective sensors will be chosen?

N = number of ways 5 sensors can be chosen (100)
. N=| =75287.520
These N are equally likely cases s
Out of these: (95)
. " " n= _ |=37.940.519
1, =number of ways that 0 defective are chosen ‘ 5
n, =number of ways that 2 defective are chosen 95\ (5
m=| x| |=1384150
“l3)2)

Using the classical definition of probability

P[0 defective are chosen] = % =0.770

) n,
P[2 defective are chosen]= \; =0.0184

As usual if you would like to solve this problem please pause the video otherwise let me proceed
with the solution. So, what we have is a shipment of 100 identical sensors and out of which two
are known to be defective. The site policy is to select 5 sensors at random that at random is a key
word there. And to reject the shipment if one or more of those 5 selected turn out to be defective.
So, the first question is what is the probability that the shipment will be rejected? And the second

one is that that both defective sensors will be chosen.

So, the way this problem is set up we see that it lends itself to the classical definition of
probability. So, we would use probability as the ratio of the favorable outcomes to the event A
divided by the total number of possible outcomes these must be equally likely. So, we define the

variables carefully. So, capital N is the number of ways that 5 sensors can be chosen from the



100 and n 0 lowercase n 0 is the number of ways that we choose none of the defective items and

n 2 is the number of ways that we choose two defective items.

So, let us count those three numbers as we k. Now that capital N this case would be 100 choose 5
and that is a very large number 75 million plus n 0 is we do not choose any defective so we
choose 5 from the non-defective one. So, 95 choose 5 that is about 57 million and then n 2 where
we choose 3 non-defective and two defective that can be done. You first choose the three
non-defective ones from 95 and for each of them you can select two defective from the five. So,

the answer is about 1.3 millions using.

Now the definition of probability in equally likely cases the probability that zero defective
census are chosen is about 77% and 2 defective items are chosen is about 1.8%. In lecture 4 we
will see that this basically is an application of the hyper-geometric distribution.
(Refer Slide Time: 03:56)
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The record of fuel rods in a nuclear power plant has been lost. It is known that there are a number of these
rods submerged in a secure pool, but their number is now unknown. Furthermore, there has been a mix-up
and this pool now contains new as well as spent fuel rods

For safety reasons, no mare than two may be taken out of the pool at one time. Based on a large number of
trials, the staff have determined: (i) When a red is randomly picked from the pool, it is found to be new 60%
of the time. (ii) When two rods are randomly picked from the pool, they observe 50% of the time that one is
spent and the other new.

Find the total number of rods, and the number of new ones in the pocl.

n= total number of rods in the pool
d = number of spent rods
Solving.

n-d
Plone new rod is picked at random] = —— 04n=d
n
=06 and ————
4

Plone new rod and one spent rod are picked at random| —=p=2
(n-dyxd =10

i e | ‘
Let us move on let us have another application of the counting principle and the case of equally
likely outcomes. So, here we have again a set of marked and unmarked or defective and
non-defective or new and spent types of otherwise nominally identical specimens and if you
want to pause otherwise let me go ahead with the solution. So, let n be the total number of rods

in the pool and d out of them is the number of spent rods.



So the way that we can pick one new rod out of these when we pick n is n minus d over n that is
simple and it is given that that is equal to 0.6. Now we can pick one new and one spent rod when
they are picked at random is that the denominator is n choose 2. So, that is n times n - 1 divided
by 2 and the numerator is n - d choose 1 and d choose 1. So, that ratio is equal to 0.5 and it is a

very simple 2 equations in two unknowns.

So, d is equal to 0.4n and the other equation is 0.6d is about 0.25 times n - 1. So, solving them I
find that the total number of rods in the pool is 25 and out of them d10 are spent and the new are

15 in number. Let us move on to another problem.

(Refer Slide Time: 06:12)
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Ina game show, the contestant is asked to pick (but not open) one of three closed doors.
Behind one door is a Honda Motorbike, behind the other two are two donkeys.

Once the contestant has picked a door, the host (who knows what is behind each door)
opens one of the other two doors and shows a donkey.

Should the contestant switch the choice of door?

¢ The answer depends on the state of knowledge.

*  From the contestant’s viewpoint, the win probability improves from 1/3ta 2/3 by
switching the door

¢ From the host’s viewpoint, the win probability can change from 0to 1, or from 1to 0.

¢ For aviewer who joined the show late and does not know the rules, the win probability
is %4 for either closed door,

76

This is a classic the Monty Hall problem and I am sure many of you know this in a game show
the contestant is asked to pick a door and get a prize . Now the key here is the host knows the
host knows everything. So, once the contestant picks a door the host would open another one but
only the undesirable outcome the donkey in this case will be revealed. So, the question is that

should the contestant switch his or her choice.

Now again I am sure you know this answer many of you at least the answer is that it is to the

contestant's advantage to switch the probability of winning increases from 1 over 3 to 2 over 3.



But what I would like to point out is this answer depends on the state of knowledge. So, we are
now invoking the third definition of probability here. So, the contestant who knows the rules and
knows that the host will only open a gate a door with the donkey behind it would if you do the

math with that piece of knowledge the probability was 1 over 3.

And now it increases to 2 over 3 but from the host's viewpoint the host knows everything. So, the
host probability can only change from 0 to 1 or 1 to 0 because the host is operating from his or
her vantage point of knowledge. For another person a viewer who joined the show late and does
not know the rules for that person the probability does not change from the information that this
late viewer has to that person the probability was half and will remain half by changing the door.
So, the answer would depend on the state of knowledge.

(Refer Slide Time: 08:47)
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1. Anurn contains 8 Black, 9 Green and 3 Blue balls. 3 balls are drawn without replacement. Find
probability that: (i) All three are black (i) At least cne is green (iii) One of each colour is drawn. Ans:
0.049,0.855, 0.189

2. Find the probability that in a game of bridge, each player will receive an ace. Ans: 0.105

3. Inalottery, five “black” numbers are selected randomly without replacement from 1 through 59 and
one “red” number is selected randomly from 1 through 39. The winner must match all six numbers
(order not important). What is the probability of winning? Ans: 1in 195249054,

4. Maxwell Boltzmann Statistics. r distinguishable balls need to be placed in m boxes (m > r). There is no
restriction on the number of balls per box, What is the probability of finding exactly one particle per box
inrpre-selected boxes? Ans: P= rl/mAr

There are many problems that we can solve using this classical definition and I have some
examples here I have also listed the answers. So, if you have time please work through them

some of these are well-known classical problems but I am sure you will enjoy solving them.



