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Lecture-38
Logit Choice Models-11

Welcome to module E, lecture 8. We shall continue our discussion in this lecture about logit
choice models.
(Refer Slide Time: 00:24)

Recap of Lecture E.7

* Different assumptions on distribution of error term
lead to different model formulations

* Distribution of error terms: Gumbel distribution for
MNL and normal distribution for MNP

* Due to mathematical complexity, MNP model is not
used widely

* Properties of probabilistic choice models

¢ Binomial logit model formulation and properties
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In lecture 7 we mentioned that there are different assumptions on distribution of error term,

which lead to different model formulation. For example, if we assume that the error term
follows Gumbel distribution, then it brings MNL model multinomial logit model or logit
model and if we assume the error terms follow normal distribution, then it results into

multinomial probit.

Also, it was mentioned that due to mathematical complexity in model calibration, MNP or
multinomial probit is not used widely are not so popular, although it is not that they are not
used, they are used definitely, but more wide application and use this for logit models. We
also mentioned to you about the properties of probabilistic choice model and then discussed
the case of binomial logit model, how the model is formulated and what are the properties of

binomial logit model?



And we said that binomial logit model models satisfied 3 out of the 4 desirable properties.
The only limitation is it cannot handle more than 2 alternatives and of course, by name we are
calling it binomial logit. So, obviously, it handles 2 and it cannot handle more than 2.

(Refer Slide Time: 02:06)
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Multinomial Logit (MNL) Model

* Extension of Binomial logit model to accommodate choices among
more than two alternatives

* The probability of choosing an alternative i from a choice set of j
alternatives is given by:
expi
SRR ......... (8)
Where, j is any number greater than 2 and V,, V,,
........ V, are deterministic components of utilities
of the alternatives

Pi) =
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So, in continuation to this today, we shall discuss about multinomial logit model. So, the only

limitation of the binomial logit model that it can handle only 2 alternatives not more than 2
that limitation is overcome by this multinomial logit. So, this is an extension of binomial logit

model to accommodate the choices among more than 2 alternatives and how it looks like?

So, if we are trying to find out what is the probability of choosing i from a set of j alternatives
that means not 2, but we have more than 2, so, the value of j is more than 2. So, you have
more than 2 alternatives j number and what is the probability of choosing alternative i, then
probability of choosing alternative i equal to e to the power i e Vi, utility of alternative i e to
the power Vi divided by sum of e to the power V k where Kk is equal to 1 to j because we have

j number of alternatives.

So, we can say that denominator will be sum of e to the power V k where k is 1 to j. So, j is
greater than 2 as | mentioned and V 1, V 2, V j are the deterministic component of the
utilities of the respective alternatives.

(Refer Slide Time: 03:51)
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* Multinomial logit model has all the desirable properties that a
probabilistic choice model should have

* An important note is that for both binomial and multinomial logit
models, the choice probabilities depend only on the differences
between the deterministic components of the utilities of alternatives

* For binomial model, probability of choosing either
alternative depends only on V, - V, (Equation 7)

1
14+ expl " V172

P(1) =
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Now, multinomial logit model has therefore, all the desirable properties that a probabilistic

choice model should have, we said already that binomial logic has got all the 3 of the 4
properties, the only limitation was that it could handle only 2 alternatives. So, that limitation
is also overcome by the multinomial logit model. And important notice that both for binomial
and multinomial logic model, the choice probabilities depend on the differences between the

deterministic component of that utilities of alternatives.

How the probability is getting controlled by the 2 utilities? It is basically difference not the
ratio. And what is said that in binomial logit model probability of choosing alternative 1 is e
to the power e 1 divided by e to the power e 1 + e to the power u 2. So, if we divide
denominator and numerator both by e to the power e 1, then we get that it is 1 by 1 + e to the
power minus within bracket, then V 1 — V 2, remember that it is V 1 — V 2. So it is the
difference in utility that is controlling, how it happens when there are more than 2
alternative? More than 2 alternative case also, it is basically the difference.

(Refer Slide Time: 05:33)
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* The corresponding dependence for MNL model is obtained by dividing
numerator and denominator of Equation (8) by exp": when i=1 to obtain

exp¥

P@i) = T expk  eeeeanees (8)

P(1) = =V

14+ expl “V1=V2)) s expl "=Vl pexp! TV L

* For multinomial logit model, probability that an
alternative 1 is chosen depends on V,- V,, V, -
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So, if we again divide this general expression e to the power V i divided by e to the power V
k, some of our k = 1 to j, then in this case also, what do we do if we suppose divided by e to
the power V 1, so what we will get? We will get 1 by 1 + e to the power -V 1 -V i.
Similarly, V 2 - Vi V3 -V i. So, that is in each case, what is the difference in the utility

value? That is what is indicated.

So, in this case also, if we say what is the probability of using car and for the car, bus and
metro or the alternatives? Say for example, then probability of using car will depend on the
difference of the deterministic components of the utility of car minus car and bus car and
metro, where car, bus and metro are the alternatives. So, similar thing is same thing is shown

here in equation 9.

So, it is basically the difference that is really controlling. Binomial logit case, it is only the
difference between 2 because there are only 2 alternatives. So, difference between
deterministic component of utilities of 1 and 2, here it is, 1 and i, 2 and i, 3and i, 4 and i so
on. So, it is basically the difference.

(Refer Slide Time: 07:18)
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Incorporation of Attributes
Example-8: Choice probabilities that depend on attributes

Suppose, the deterministic component of utility of mode j (j = drive alone,
carpool and bus) is

Vi = —Ti - 0. 04SC|/Y

where T; and C;, respectively are travel time (in
hours) and travel cost (in INR) of mode j, and Y is
income (in lakhs of INR/year) of traveller

m \/-) IIT Kharagpur | Urban Transportation Systems Planning | Module E 8
7

Let us take an example to show you how incorporation of attributes can be done and how we

can do the predictions depending on the attributes. So, one example we take for choice
probabilities depend on the attributes, that means attributes of alternatives and socio
economic attributes. So, we take the same equation, what very similar type of equation if not
same, that utility of alternative jV j=-Tj-0.045CjbyY.

C j is the cost of alternative j, T j is the travel time by alternative j and Y is the income of
households in lakhs, lakhs means in 100000s Indian rupees.
(Refer Slide Time: 08:20)
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Suppose, | Mode | Time(T) | Cost(C) |
Drive Alone 0.5 100

Carpool 0.76 50 |

Bus 1.0 30 l

The deterministic components of the utilities of modes and their
exponentials for individuals with income Y=3 and Y = 6 are:

Y=3 Y=6

v .uxp“‘ v | exp¥ ‘
[DriveAlone | 20 | 044 | 4.25 | 029 |

Mode

| Carpool | 15 | 022 | 1125 | 032 |
Bus | <145 | 023 | -1.225 | 029 |
| sum |  Joss| | 0% |
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So, if we know that travel time and travel cost by 3 alternative mode, say drive alone, carpool

and bus are as given as shown here. Then, if the income levels are 3 lakhs and 6 lakhs Indian

rupees per annum respectively for 2 income groups. Then value of Y is 3 and 6 respectively.



So, for value of Y = 3 and 6 as shown here using this drive alone travel time and travel cost
and for Y = 3 we can calculate what is then the value of V deterministic component of utility

for drive alone.

So, it is — 2. Similarly, for income of 3 lakh per annum Y = 3, we can calculate the utility of
carpool and bus of course, the deterministic component of utility. Similarly, we can calculate
also when the value of Y is 6, then what is the deterministic component of utility for drive
alone, again similar thing for carpool and for bus. Then we can calculate what is then
exponential V e to the power V value, then some of e to the power V value.

(Refer Slide Time: 09:46)
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The corresponding choice probabilities are:

Mode y=3 [ v=¢ |
P(Mode) P(Mode)
'DriveAlone | 024 | 032 |
| Carpool | 037 | 036
Bus | 0.39 | 0.32
sum | 100 |  1.00
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And then accordingly once we know all these we can calculate what is going to be the
probability of using different modes for 2 income groups what is shown here and you can see
here the results are quite logical, in the sense that when the income increases obviously
probability of using bus reduces. So, 0.38 or 39 it goes to 0.32. Similarly the probability of

using drive alone increases with the increase in income.

So, as the income is increasing more probability that people will use higher probability of
using drive alone and also you observe lower probability of using the bus which is both
observations are quite logical, as income goes there will be less probability of using bus and
more probability of using car. That is reflected.

(Refer Slide Time: 10:53)
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¢ Say, the bus fare increases by 15 INR, then the corresponding choice
probabilities are:

Y=3 | vY=6
Mods P(Mode) | P(Mode) |
'DriveAlone | 025 | 033 |
Carpool 0.40 0.37
Bus | 035 | 030
sum | 100 | 100
@ (/-) IIT Kharagpur | Urban Transportation Systems Planning | Module E 9

So, that way we can calculate. Now let us see how the attribute changes, say for the bus now
let us consider that the bus fare is increased by 15 rupees, what will happen? We know that if
the bus fare increases then the deterministic component of utility for the bus will increase for
both income groups of course the change may not be exactly the same, but it will change
actually and because that bus utility will change, so some of the e to the power V i or e to the

power V drive alone, V carpool and V bus.

That sum also will change, the probabilities also will change and you can see here now what
will be the probability? The probability of using drive alone for 3 lakh per annum income
group will be 0.25, carpool 0.4, bus 0.35 and similarly we can calculate also for the income
group of 6 lakhs per annum. Now these are 2 independent calculations very similar
calculations only this rupees 15 is added for the bus fare. And naturally the utilities are
changed and the probabilities are also very different.

(Refer Slide Time: 12:28)
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Example-9: Alternative-Specific Constants

Suppose, the deterministic components of the utility functions of drive
alone, carpool, and bus are

Vo = 0.8 = Ty, — 0.045C,,/Y (11a)
Vep=0.2 = Tep - 0.045C /Y (11b)
Vg = —Tg-0.045C,/Y (11c)

* Suppose, travel time and cost values are the same
asin Example8andY=6
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Now how different the probabilities are? You can see that with increase in fare what has

happened? Earlier case the bus for 3 lakh income people the bus probability of using bus was
0.39, that has become 0.35. So, bus fare increases, so probability of using bus will reduce
because the bus disutility will increase or utility will decrease further. Same thing for 6 lakhs

income group it was 0.32, now it becomes 0.30.

So, again it is the results appear to be logical, as the bus fare increases the bus disutility also
increases. So, therefore probability of using bus is reduced and that is reduced for both
income groups, but still even in other way that it will still remain logical because you see that
low income if | consider 3 lakh is low income and 6 lakhs is high income, because there are

only 2 income groups, one is lower as compared to the other.

So, | can consider them as low income, high income group you can still say low income
group probability of using buses higher and for the high income group probability of using
versus lower, for high income group on the contrary probability of using drive alone is higher
0.33 and probability of using drive alone for the low income group is lower 0.25. So,

altogether results appear to be logical.

Now in most of the cases you expect also the alternative specific constants to be there
because whenever we are considering specific mode and we are developing demand model so
the mode specific busness will be there, we explained what is alternative specific constant,

the moment it is drive alone many other factor people will probably think that okay I will



have my privacy much bigger, my flexibility much better at any time | mean even if | am 10

minutes late | just simply | take out my vehicle and travel freedom is much better.

So, maybe there will be many other considerations, which will not be reflected through
consideration of travel time and travel cost, there will be other attributes which will influence.
So, those influences will get reflected. So, suppose, you see that 11a, 11b and 11c are the
utility equations, where AC is considered and of course, the bus is the base mode, so, per bus
itis 0.

(Refer Slide Time: 15:41)
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* The values of the deterministic components of utility with and without
the alternative-specific constants are:

Without |  With
Mode | Constants | Constants
4 |V jexp'| V :exp"
Drive Alone | -1.25 | 0.29 | -0.45 | 0.64 |
| carpool | -1.13 [ 0.32 | -0.93 [ 039 |

Bus | -1.23]0.29 | 123029
Sum | | 0.90 | [1.32
m (") IIT Kharagpur | Urban Transportation Systems Planning | Module E 1

Now, the same example with the similar travel time, travel costs values we can also calculate
the utilities exactly in the same manner, calculate e to the power utilities some of the w to the
power utilities for all the alternatives considering drive alone, carpool and bus. Then with,
with constant and without constant that means, same example, you can see 11a, 11b, 1ic,
they are in a similar in terms of the travel time and travel cost and income consideration even
the coefficient.

The only difference is the alternate specific constant. So, if you consider alternate specific
constant then with and without alternate specific constant how the values are there? Now, of
course, without we have already worked out earlier, but I am again showing it so, that you
can just see it side by side and you can compare the values.

(Refer Slide Time: 16:32)
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* The resulting logit choice probabilities with and without the alternative-
specific constants are:

Without VWith Constants
Mode Constants
' P(Mode) [ P(Mode)
’ Drive Alone 0.32 | 0.48
Carpool 0.36 0.30
Bus 0.32 | 0.22
Sum 1.00 | 1.00
@ (’-) IIT Kharagpur | Urban Transportation Systems Planning | Module E 12

And you see because of this drive alone the high positive value of the AC the e to the power

utility value is much higher, see without constant it was 0.29 whereas, when we consider the
AC the value goes 0.64. So, utility enhances. So, utility enhances what is expect them? The
probability of using drive alone will be higher when you consider the AC. That is what is

shown here in this next slide.

Here | am showing then what is the probability of using different mode when you do not
consider the constants (()) (17:20) when you consider the constant values AC values are in a
more specific busness, then what are the probabilities? You can see here very interestingly
drive alone you have now considered the alternate specific busness. So, preference will be
where maximum utility will be for drive alone followed by logically carpool and then the bus,

bus is based mode 0 compared to bus the positive value for carpool.

And even a higher positive value for drive alone. So, utility of drive alone and carpool
increases. So, naturally overall probability distribution of different modes or the probability
values probability of choosing the respective modes will change. Now, you see instead of
0.32, the probability of using drive alone becomes 0.48, simply because there is a high mode

specific or alternate specific constant.

Similarly, now, because of that the busness will be more towards drive alone and carpool. So,
the bus is reduced probability of using bus reduces 0.32 to 0.2. So, you can see very logically

when you consider the attributes and their attribute levels, when you consider the change in



the utility and when you also when you bring into consideration the mod specific busness all
cases very logical results it will give. So, that way the MNL models are really excellent.
(Refer Slide Time: 19:21)
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Independence from Irrelevant Alternatives (lIA)

* lIA property of MNL model states that for any individual, ratio of
probabilities of choosing two alternatives is independent of the
availability or attributes of any other alternatives in the choice set

* Consider an MNL model of choice between drive alone, carpool and bus,
probabilities of choosing drive alone and carpool:

v,
Ry expioa
P(DA) = exp¥ot explo+ exp¥s ..(12)
P(CP) = - ol .
i exp¥as expVotexp¥s ... (13)
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So, now with this now we will go to another property which is a difficult thing with the
multinomial logit model. That is actually called independence of irrelevant alternatives, 1A
independence from irrelevant alternatives. What is that? I1A property of MNL model states
that for any individual think of an individual, the ratio of probabilities of choosing 2
alternatives, ratio of probabilities, it may be probability of using drive alone by probability of

using carpool.

Probability of using drive alone by probability of using bus, the ratio of probability of
choosing 2 alternatives is independent of the availability or attributes of any other alternatives
in the choice. How to explain that? Let us say probability of drive alone will be what e to the
power V DA divided by e to the power V DA + e to the power V CP carpool + e to the power
V B, when | have drive alone, carpool and bus 3 alternatives.

Probability of using carpool is how much? Only the numerator will change, numerator will
become instead of e to the power V DA it will become e to the power VV CP denominator will
remain same as before.

(Refer Slide Time: 20:56)
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* The ratio of these probabilities is:

P(DA) _ exp¥os _ v\,
(T e 2 (14)
* This ratio is independent of the attributes and availability of bus i.e., the
ratio remains the same regardless of whether bus is an available
alternative

* MNL model predicts that the proportion of non-
bus travellers choosing carpool (the ratio
P(CP)/[P(DA)+P(CP)]) is independent of the
quality of bus service
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So, now if | take the ratio what it says? It says probability of using drive alone divided by
probability of using carpool the ratio of probability of taking 2 alternatives equal to e to the
power V DA — V CP, so it is controlled by what? Control by deterministic component of
utility of drive alone and deterministic component of utility of carpool, irrespective of what

happens to the bus?

Bus utility may go up, may go down, the probability may change, probability of using
different modes, but this ratio remains unchanged because this ratio is not a function of the
utility of bus. Similarly, if you take the ratio of P DA by P bus ration that only will depends
on deterministic component of utility of driver alone and deterministic component of utility

of bus, carpool is not going to appear just because of the model form.

So, that mean the ratios depend on only those alternatives, deterministic component of only
those alternatives any third, fourth, fifth alternative even if they are present irrespective of
their values, this ratio remains unchanged, as long as the probability of suppose in this case
the DA and CP do not change, whatever you change for the bus and even if there would have
been a fourth, fifth, sixth alternative, any change happens anywhere. These 2 ratios are not
going to change. Now, this is the 1A property.

(Refer Slide Time: 22:52)
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* Therefore, an improvement in bus service would be predicted by an
MNL model to draw travellers from drive alone and carpool in proportion
to the original shares of these modes

* The improvement in bus service would not be predicted to draw
travellers mainly from carpools, say, unless carpooling were the
dominant non-bus mode. This is an important
consequence of lIA property
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So, even if you are changing now the bus utility changes suppose increase or decrease the

probabilities will change, but probabilities will change without changing this ratio, that is in
the same proportion whatever has been your original proportion in the same proportion the
probabilities are going to be. So, the ratio will remain, if higher more people are going to use
bus because of the reduction in disutility of the bus or increase in the utility of the bus

whatever you say more people are going to use bus.

Naturally less people will probably use drive alone and carpool, but how people will shift
from driving around and carpool, they will shift in the ratio keeping that ratio unchanged. So,
in that proportion from these 2 modes the shift will happen. Is it very logical?

(Refer Slide Time: 23:55)
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Limits on Applicability of MNL Model due to IIA

* 1A property limits the effectiveness of MNL model in predicting choices
and changes in choices in certain circumstances

Example-10: The Red Bus/Blue Bus Paradox

* Let modes available for travel between home and
work are drive alone and a bus (Red Bus or RB)

* Assume the attributes of drive alone and red bus
are such that V), = Vgy; then P(DA) = P(RB) = 0.5
as per binomial logit formula
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No, this does not appear logical. Why? Let me give you a very famous example, another
world famous example of the red bus, blue bus paradox, what we are saying let modes
available for travel between home and work are only drive alone and the bus, nothing else.
So, for the moment we do not consider carpool or any other train or metro we do not consider

only drive alone and bus.

And just consider that all buses which are available are run by a particular company and all
buses are of red color, just an assumption, that to say that this is one group of bus. So, all
bases are pain red or painted with red. Now then what will be the and also assume that the
utility of drive alone and red bars are same, maybe you have with fare adjustment, with all
these things one has done in such a manner that for both the modes available driver alone and

a bus the utilities are same.

So, then what do you expect? You expect them probability of using DA equal to probability
of using a red bus RB is equal to 0.5 because utility values are same. So, simply | would
apply a binomial logit and | will get value in each case the probability of using that
alternative is 0.5 because deterministic component of utilities are same, clear up to this.
(Refer Slide Time: 25:48)
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* Suppose, a competing bus operator starts operating a blue bus on the
same route as the red bus

* Except the colour, the two buses are otherwise identical

The blue bus runs exactly on the same schedule, and serves exactly the
same stops as the red bus

* Assuming that the colour of the bus does not
affect the mode choice, the existing bus riders
should divide evenly between red bus and blue
bus
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Now, suppose, now, another competing bus operator starts operating bus also in that route.
Exactly same number, exactly the same manner, no difference, except now this new bus
company starts operating buses which are blue color bus, the painting color is different,
painted with blue instead of red. And let us call them as blue bus. Since the utility depends

only on time and cost and exactly all are same.



So, naturally the utility then remain unchanged, utility of red bars and utility of blue bus they
are not going to be different, they are going to be exactly same and because the utility of red
bus and the utility of drive alone were same earlier. So, all 3 alternatives red bus, blue bus
and the car all will have same alternatives utility. So, what do we expect logically? What do
we expect 50% people were using bus earlier those 50% will get distributed to this red bus

and blue bus?

And because both services are exactly the same in every sense, except that one is painted
with blue color and other is painted with red color, naturally the share will be equal. So, what
do you expect probability of using drive alone will be 0.5, probability of using a red bus
which was earlier 0.5 will now become 0.25 and probability of using this blue bus will be
0.25?

So, basically the bus demand will get distributed to these 2 verses 0.25 and 0.25 drive alone
will remain 0.5. But what the logic model is going to give you multinomial logit model
because of this 1A property, the ratio of probability of using drive alone and probability of
using red bus will remain unchanged same. So, what you are going to get?

(Refer Slide Time: 28:36)
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* Addition of blue bus should not have effect on travellers who choose to
drive alone because it does not affect the relative service quality of
drive alone and bus

* The choice probabilities due to the introduction of blue bus should be:
P(DA) = 0.5, P(RB) = 0.25, P(BB) = 0.25

* Consider prediction made by MNL model. Vy, =
Vgz (RB and BB are identical); Vp, = Vgg by
assumption; therefore, V), = Vpg = Vg = V
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You have 3 modes because of this IIA property remember that what you are going to get?
You are actually going to get a distribution like this.
(Refer Slide Time: 28:52)
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* Then, for any of the three modes:

exp’

P(Mode) = =1/3=0.33

exp¥+ exp¥+ expV

* Introduction of blue bus causes the share of drive alone to decrease
from 1/2 to 1/3 of the travellers

* The result is both inconsistent and unreasonable

* Red bus/ blue bus paradox provides an
important illustration of possible consequences
of lIA property of logit models

@ (%) 17 Knaragpur | Urban Transportation Systems Pranning | Module € 19

R
E to the power probability of drive alone divided by or any one more divided by e to the
power D drive alone + e to the power V blue bus + e to the power V red bus, this V red bus,
B blue bus and the V of the red plus, blue bus and the drive alone are same. So, what is going
to happen? You will find that the probability of using each mode will be 0.33. Does it sound
alright? No, it does not sound very logical. But then why it happened? It happened simply
because of the 1A property of the multinomial logit model. That ratio remains fixed.

So, that is where the problem comes and this red bus, blue bus paradox provide an important
illustration of possible consequences of 1A property of logit models, whenever you are going
to bring another alternative your original ratio of the probabilities of 2 alternatives any 2
alternatives will remain unchanged. So, what happened in this case exactly is controlled by
I1A. So, equal amount of shift equal proportion of shift will happen from the 2 mode to the
third mode.

Equal proportion means as per the original ratio and in this case they were equal because the
drive alone and carpool both the probabilities were 0.5. So, in this case it is equal that is why
| said equal also, equal is also correct. So, same proportion the shift will happen, it has to
happen because why because of this I1A property the ratio will remain unchanged. If the ratio

to remain unchanged then it can only be multiplied or divided by the same factor.

So, it tells you the result multinomial logit will tell you one third people will now use drive
alone, one third will use red bus, one third will use blue bus, but what you actually expect

you do not expect drive alone people to shift because you have only considered travel time



and travel cost nothing else and both buses are same in terms of their travel time, travel costs

and everything except that one is painted with red and other is printed with blue.

So, you expect the probabilities to be drive alone to remain as 0.5 and only the probability of
using bus will now get equally distributed, so 0.25 and 0.25 that is what you expect, but
whereas multinomial logit model will say it will be one third, one third, one third for each
mode, why this is happening? It is happening because of this IIA property. So, this is a
limitation of the multinomial logit model.

(Refer Slide Time: 32:55)
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Summary

* Formulation of MNL model

* Examples for dependence of choice probabilities on
attributes and alternative specific constants

* |IA property and the limitations of applicability of MNL
model due to lIA property

¥ Red bus/blue bus paradox
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So, in summary we discussed in this class about the formulation of MNL model, we gave you
2 examples of dependence of the choice probabilities, one taking only the attributes and then
also taking the alternate specific constants and comparison of results also where was shown
to you. Then we explained to you what is the I1A property of multinomial logit model which
is a problematic aspect of the multinomial logic model, what 1A we say that what is the
independence of irrelevant alternatives, the ratio of probabilities of using 2 alternatives
remain unchanged and does not depend in any way on the utilities of any other third

alternative.

It only depends on the utilities deterministic component of the utilities have 2 alternatives
which are under consideration. The ratio remains same, so whatever happens the probability
may increase, may decrease but the ratio will remain unchanged and that will be explained to
you very nicely with the help of the very famous red bus, blue box paradox, with this thank

you so much and I close this lecture.



