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So, last class we have discussed how we can model the pile as a finite beam and then we can 

determine the deflections, bending moment and shear force at different depth along the pile 

and we assumed that the horizontal modulus of subgrade reaction is uniform along the depth 

of the pile. Now, today’s class I will discuss how we can model the pile as a semi-infinite beam 

because if the pile is short pile then you have to go for finite beam but if the pile is a long pile 

then we can go for semi-infinite beam because the solution first I mean finite beam is easier 

compared to the infinite beam. 
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And before we go to the semi-infinite beam part so, there is a small correction and this that 

correction in expression for slope due to moment will be 𝜆3. So, this is 𝜆3. So, that this is the 

correction. 

(Refer Slide Time: 01:26) 



 
So, that you should do and this is the 𝜆3. So, this is 𝜆3. So, that is why when you take the 𝑀0 

which is the moment due to the fixity of the pile head, so, that amount of moment will be 

developed in the pile due to application of the H due to the fixity of the pile, in case of fixed-

head pile to make the net slope at the fixed-head 0 because for the fixed boundary condition 

the slope should be 0. So, that is why we will get 𝑀0 this value. So, now, we will go for the 

pile as a semi-infinite beam. 

(Refer Slide Time: 02:17) 

 
So, we will go for the pile and as I have already discussed that how we will get this 𝐾𝜌𝐻 to the 

𝐾𝑄𝑀 coefficient values with respect to different  𝜆𝐿 and 𝑧 𝐿⁄ , z is any depth and L is the length 

of the pile and 𝜆 I have already discussed. So, this is 𝜆𝐿 = 2, this is 𝜆𝐿 = 3, this is for 𝜆𝐿 = 4, 

this is for 𝜆𝐿 = 5. 
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Now, we will go for the pile as a semi-infinite beam. So, when the pile is called the long pile, 

so, if the 𝜆𝐿 > 2.5, then the pile can be called as a long pile where L is the length of the pile. 

So as per Hetenyi a beam is called the long beam if 𝜆𝐿 > 3.14 as per Vesic the beam is called 

moderately long beam if 𝜆𝐿 > 2.25 and 𝜆𝐿 < 5 and if the 𝜆𝐿 > 5  then the beam is called long 

beam. 

 

So that means as per Hetenyi, because it is Hetenyi beam concept we are using. So, if it less 

than 3.14 then we can go for a long pile so that we will see 𝜆𝐿 > 3.14 then you can go for pile 

as a semi-infinite beam, if the 𝜆𝐿 < 3.14  then you can go for pile as a finite beam. So, and 

from this study, I have observed that if 𝜆𝐿 > 2.5 so more or less your semi-infinite beam and 

the finite beam will give more or less same value. 

 

So that means which I want to say that if the 𝜆𝐿 < 3.14  or 𝜆𝐿 < 2.5   so definitely you have 

to go for pile with finite beam. But pile as a finite beam, but if the 𝜆𝐿 > 3.14 or 𝜆𝐿 > 2.5 then 

you can consider pile as semi-finite beam or you can consider pile as a finite beam also, but if 

it is less than that, then definitely have to go for pile as finite beam, but if you can see your 

finite beam case this 𝜆𝐿 value is given up to 5. 

 

So, if it is greater than 5, so definitely you have to go for semi-infinite beam. So, that means, 

what does it mean that if the 𝜆𝐿 is less than 3.14 or 2.5 then you can go for pile as finite beam 

if it is 2.5 to 5 then you can either use finite beam or semi-infinite beam if it is greater than 5 

then you have to use it as semi-infinite beam. So, that semi-infinite beam, the similar type of 

concept like finite beam we are using here. 



So, here semi-infinite beam that we are using that this H is acting here. So, that means, in such 

case this is for the free-headed pile the equations are similar over here also the two ends are 

there is one end you have to apply the end conditioning forces 𝑃0𝐴 and 𝑚0𝐴 are the end 

conditioning forces you have to apply. So, here your springs are in this direction. So, you can 

because this is the way we have to derive the equations if you change the direction your 

equation sign will also change.  

 

So, for this condition we are deriving these equations, so, we have to apply end conditioning 

forces and this is infinite. So, this beam is infinite along the depth. So, that means, after solving 

these we will get deflection, 𝑦 =
2𝐻𝜆

𝑘ℎ𝑑
× 𝐷𝜆𝑧, slope, 𝜃 = −

2𝐻𝜆2

𝑘ℎ𝑑
𝐴𝜆𝑧, moment, 𝑀 = −

𝐻

𝜆
𝐵𝜆𝑧 and 

shear force, 𝑄 = −𝐻𝐶𝜆𝑧. 

 

Similarly, for the moment this is infinite direction and H is acting this direction, so, moment is 

acting this side. So, for the moment we can apply this is for H and this is for 𝑚0 the equations 

are 𝑦 = −
2𝑚0𝜆

2

𝑘ℎ𝑑
𝐶𝜆𝑧, 𝜃 =

4𝑚0𝜆
3

𝑘ℎ𝑑
𝐷𝜆𝑧, bending moment 𝑀 = 𝑚0𝐴𝜆𝑧 and the shear force 𝑄 =

−2𝑚0𝜆𝐵𝜆𝑧. 

 

So, as you know that 𝐴𝜆𝑧 = 𝑒−𝜆𝑧(cos 𝜆𝑧 + sin 𝜆𝑧) and z is this direction then 𝐵𝜆𝑧 =

𝑒−𝜆𝑧 sin 𝜆𝑧 𝐶𝜆𝑧 = 𝑒−𝜆𝑧(cos 𝜆𝑧 − sin 𝜆𝑧) and 𝐷𝜆𝑧 = 𝑒−𝜆𝑧 cos 𝜆𝑧. So, at 𝑧 = 0 𝐴𝜆𝑧 = 1, 𝐵𝜆𝑧 =

0, 𝐶𝜆𝑧 = 1 and 𝐷𝜆𝑧 = 1. 

 

So, this is the equation which is slightly easier than the beam equations where beam has finite 

length because where I have given those coefficients as a tabular form, but here the coefficient 

equations are available. So, you can put directly the desired value and you will get the 

deflection, shear force, bending moment and the slope at any point. So, now, these equations 

are valid for free-headed pile. 

 

So, again for fixed-headed pile, how we can determine these values. So, I am writing here this 

is for fixed-headed pile. So, again the net slope at 𝑧 = 0 will be 0. So, that slope will be due to 

the H and due to 𝑚0 and because this 𝑚0 is the moment due to the fixity of the fixed end, net 

slope will be 0. So, that slope minus out again as I mentioned, we will not consider the sign we 

will consider only the magnitude because H and moment are acting in opposite direction.  



Which is the actually in that case only the net slope will be 0. So, that is why we will take only 

the magnitude. So, that magnitude if I take so, that will be 
2𝐻𝜆2

𝑘ℎ𝑑
𝐴𝜆𝑧 = 

4𝑚0𝜆
3

𝑘ℎ𝑑
𝐷𝜆𝑧. So, the 𝑚 =

𝑚0 the moment due to fixity. So, that will be equal to H this is by 2𝜆 this 𝜆3 𝜆2 and then 𝐴𝜆𝑧 

at 𝑧 = 0. And 𝐷𝜆𝑧 at 𝑧 = 0 so, as I mentioned at 𝑧 = 0 𝐴𝜆𝑧 = 1 𝐷𝜆𝑧 = 1 so, it will cancel out. 

So, finally, the 𝑚0 the moment due to fixity will be 
𝐻

2𝜆
. So, this is the equation.  
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Which is similar to the equation for finite beam. So, but here that 𝐾𝜃𝐻 = 0 𝐾𝜃𝑀 at 𝑧 = 0 that 

is also close to 𝐾𝜃𝐻 so, which is not 0 actually 𝐾𝜃𝐻 is not 0 at 𝑧 = 0 this is 𝑧 = 0 so, that is that 

is why you have to calculate or you have to put these values depending upon what is your 𝜆𝐿. 

(Refer Slide Time: 13:44) 

 

(Refer Slide Time: 13:45) 



 
So, you can see as 𝜆𝐿 value increases these 𝐾𝜃𝐻 value is close to 0, so this is 1.0003 for 𝜆𝐿 = 5 

then 1.0015 for 𝜆𝐿 = 4 then 1.004 for 𝜆𝐿 = 3 then 1.1341 for 𝜆𝐿 = 2. So, that is why for our 

other case for 𝜆𝐿 more than 2, 3 this is close to 0 then 4 it is also close to 1 then 5 it is also 

close to 1 so that is I want to say that if your 𝜆𝐿 value is less than 2.5 so definitely you have to 

model your pile as finite beam and if it is more than that, then you can model it as infinite beam 

or the semi in finite beam.  

 

So, you will get more or less same value. But it is up to 5 if it is more than 5 𝜆𝐿 values more 

than 5 so definitely you have to go for pile as semi-infinite beam. 

(Refer Slide Time: 15:02) 

 
So now let us solve 1 problem that how we can use this concept that I have discussed. So, that 

means the example problem where it is constant H 𝑘ℎvalue so, it is constant 𝑘ℎ or uniform 𝑘ℎ. 



So, determine the deflection of a pile at ground surface. So, that means 𝑧 = 0 if horizontal 

force acting is 50 kN and 𝑘ℎ is 70 MN/m2/m and 𝐸𝑃𝐼𝑃 is given as 3700 kN/m2. 

 

So, two cases one is for free-headed pile and another case is for fixed-headed pile. So, first one 

we will consider that pile let me check what is the 𝐿 𝑑⁄  value. So, d value is given as 0.75 m 

and L is given as 7.5 m. So, L is given 7.5 m and your d is 0.75 m or here it is given 0.4 m you 

should say so, because this is the actual dimension d is 0.4 m and L is 7.5 m. 

 

So, let us see which equation or which condition you should apply for pile as a finite beam or 

pile as a semi-infinite beam. So, for that first we have to calculate the 𝜆 value. So, 𝜆 is √
𝑘ℎ𝑑

𝐸𝑃𝐼𝑃

4
. 

So, this is equal to √
70×103×0.4

4×3700

4
. So, this is equal to 0.66 m-1. 

 

So, the 𝜆𝐿 value is 0.66 × 7.5 so, this is 4.95 so, it is close to 5 so, as I mentioned if it is within 

2.5 or 3.1425 or I should say the 2.5 to 5 then you can use the pile as semi-infinite or more pile 

finite beam. But if it is greater than 5 then you have to go for pile as semi-infinite beam but 

here it is exactly 5. So, you will use both concepts we will use pile as finite beam and pile as 

semi-infinite beam. 

 

And let us see whether there will be any difference or not. So, first case that this is for free-

headed pile and first we are considering the pile as a finite beam. So, pile as finite beam what 

is the equation. So, this is the equation, deflection is 
2𝐻𝜆

𝑘ℎ𝑑
× 𝐾𝜌𝐻 and you have to determine at 

𝑧 = 0. So, this is 𝜆𝐿 = 5.  

 

So, at 𝜆𝐿 = 5 and 𝑧 𝐿⁄ = 0, 𝐾𝜌𝐻 is 1.0003. So, here we are calculating it for 𝑧 = 0 but if we 

are using it for at any z. So, according to that value or that coefficient value you have to 

consider. So according to that coefficient value you have to consider so here it is 1.0003. So 

now I will put this value this is for free-headed pile 
2𝐻𝜆

𝑘ℎ𝑑
× 𝐾𝜌𝐻 and𝐾𝜌𝐻 = 1.0003 at z = 0. 

 

Because we have to calculate its settlement at 𝑧 = 0, we have calculated as 1.0003. So, we will 

get this is 2 this is 50 kN 𝜆 is 0.66 𝑘ℎ is 70 × 103 × d is 0.4 × 1.0003. So, this value is 2.36 



mm. So, the deflection of the pile head for free-headed pile is 2.36 mm by considering this is 

beam as finite beam. So, now, next one we will calculate for fixed-headed pile. 

 

The same condition if the pile head is fixed, then how we will calculate that, now we will 

calculate what will be the moment that will be generated due to the fixity. So, moment due to 

fixity. So, that moment expression is given as 
𝐻

2𝜆
[
𝐾𝜃𝐻(𝑧=0)

𝐾𝜃𝑀(𝑧=0)
]. Now, at 𝐾𝜃𝐻 at 𝑧 = 0 for 𝜆𝐿 = 5  

this is 1.0003 and 𝐾𝜃𝑀 is 1.0002 at 𝑧 = 0. 

 

So, that we will put here. So, this H = 50, 𝜆 is 0.66, this is 1.0003 this is 1.0002. So, that 

moment will be developed due to the fixity is 37.9 kN-m. Now, the next step is that, if the pile 

is free, then already deformation is 2.36 mm for free-headed pile, but now pile is fixed and due 

to the fixity, counter moment is developed and that value is 37.9 kN-m. 

 

So, now, we have to calculate what would be the deformation for this moment, which is 

developed due to the fixity and if you subtract these moments, this deformation which is 

developed due to the fixity from the free-headed pile deformation, then I will get the 

deformation for the fixed-headed pile. Because that much moment 𝑚0 is developed due to the 

fixity and that is acting in the opposite direction to the H. 

 

So, basically that is reducing the deformation of the pile head. So, definitely the deformation 

of the pile head under fixed-head condition will be less than the deformation of the pile head 

under free-head condition. So, that means, the deformation reduction due to the movement 

which is generated due to the fixity of the pile head. So, first you will calculate what is the 

deformation due to 𝑚0? 

 

So, we have given the equation for the moment for this pile as finite beam and that deformation 

is 
2𝑚0𝜆

2

𝑘ℎ𝑑
𝐾𝜌𝑀 and for pile 𝜆𝐿 = 5 and 𝐾𝜌𝑀 is -1.0003. So, now we will put this value here. So, 

due to 𝑚0, the equation is 𝑦 =
2𝑚0𝜆

2

𝑘ℎ𝑑
𝐾𝜌𝑀 and 𝐾𝜌𝑀 is -1.0003 so, it will be 

2×37.9×0.662

70×103×0.4
× (−1.0003). 

 



So, this value is - 1.18 mm. So, the net deflection that will be deflection due to the free end 

2.36 mm and now, the reduction of the deflection due to the moment which is developed due 

to the fixity so, that is 1.18 mm. 

 

So, the deflection of the fixed-headed pile at 𝑧 = 0 is 1.18 mm. So, this is the deflection of the 

pile head at 𝑧 = 0 for free-headed pile and this is the deflection at 𝑧 = 0 for fixed-headed pile. 

So, this can be done for any depth remember that, but when you calculate 𝑚0 these 𝐾𝜃𝐻  𝐾𝜃𝑀 

can be anything depending on z value suppose you are doing at 𝑧 = 1 m. 

 

But still you determine the 𝑚0 considering 𝐾𝜃𝐻  𝐾𝜃𝑀 at 𝑧 = 0, but when you calculate the 

coefficient for the required depth, because the table is given for 𝑧 𝐿⁄ . So, that if 𝑧 = 1 and 𝐿 =

7.5 then 1 7.5⁄  you can determine for any depth, but these 𝑚0 you have to determine at 𝑧 = 0 

remember that if I consider pile as finite beam. 
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Now, if the next pile is as semi-infinite beam: The pile as semi-infinite beam so, you use the 

same problem, but here again for free-headed pile the equation of 𝑦 =
2𝐻𝜆

𝑘ℎ𝑑
× 𝐷𝜆𝑧 so, 𝐷𝜆𝑧 = 1 

at 𝑧 = 0 but for any other z, I have discussed that how to calculate this coefficient for any depth 

or any distance. So, you have to convert this in radiant. 

 

So, that will be in radiant and you have to convert it to degree when you use them. So, 

remember that, so, that means here now this is 𝑧 = 1. So, I can put this is equal to 2, 𝐻 = 50 

and 𝜆 is again 0.66 because that will not change whether be it is a semi-infinite beam or finite 

beam. So, lambda value is 0.66, 𝑘ℎ is 70 × 103 and d = 0.4 and 𝐷𝜆𝑧 = 1. 



So, these will be 2.36 mm which is the same value that we obtained when you consider pile as 

a finite beam. So, because as I mentioned if it is more than 2.5 then you will get more or less 

similar value. Now, if it is fixed-headed pile then the moment due to the fixity 𝑚0 is already 

been developed that is 
𝐻

2𝜆
. So, this is 

𝐻

2𝜆
. So, 𝐻 is 50, 𝜆 is 0.66. So, this is 37.9 kN-m. 

 

So, the deflection due to 𝑚0 will be minus that deflection due to 𝑚 is given by −
2𝑚0𝜆

2

𝑘ℎ𝑑
𝐶𝜆𝑧. 

So, 𝐶𝜆𝑧 = 1 at 𝑧 = 0. So, this will be −
2×37.9×0.662

70×103×0.4
× 1 and that is equal to - 1.18 mm. 

 

So, the net deflection will be 2.36 - 1.18 that is 1.18 mm. So, we are getting the same value if 

we consider the pile as a semi-infinite beam or if we consider the pile as a finite beam because 

here the 𝜆𝐿 value is 5. Now, you can check the same problem if the 𝜆𝐿 value is 2 and then you 

solve it with semi-infinite beam and the finite beam then you will find there will be a difference 

between the deflection that you are getting for finite beam and the semi-infinite beam. 

 

That you can check because in that case you have the result that you are getting by considering 

the pile as a finite beam that is the proper result because in that case you cannot model pile as 

semi-infinite beam. So, but both the cases whether the pile is finite beam or the semi-infinite 

beam where 𝑘ℎ is uniform. So, that mean this concept is more or less useful for cohesive soil 

where the 𝑘ℎ value is uniform. 

 

So, in the next class I will discuss that how we can determine the settlement and other quantities 

like bending moment, shear force and slope for a pile if 𝑘ℎ value is not uniform, it is varying 

with depth. So, that will be discussed in the next class. 

 


