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In the last class I discussed about the determination of pile deflection, slope, bending moment 

and shear force based on the Hetenyi approach where the pile is modeled as a beam with finite 

length and I have given the expressions of different coefficients. 

(Refer Slide Time: 00:46) 

 

This is the procedure discussed in the last class. 
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The values of various coefficients required to determine the various quantities are given in charts 

(in the slides above and below). These values are given for different z/L ratios and different λL 

values. The above chart, in particular gives the values of the coefficients for a λL value of 2. 
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The above chart is for a λL value of 3. 

(Refer Slide Time: 02:04) 

 

Similarly the above chart is for a λL value of 4. 

(Refer Slide Time: 02:16) 



 

Finally above is the chart for the λL value 5. 

(Refer Slide Time: 02:42) 

 

Let us see an example problem in this concept where the soil has a constant kh value throughout 

its depth. The horizontal point load acting on the pile is H = 50 kN, kh value is 70 MN/m
2
/m and 

the flexural rigidity of the pile, EpIp is 37,000 kN-m
2
. Diameter of the pile, d = 0.4 m, length of 

the pile, L = 7.5 m. The aim is to determine the deflection of the pile at ground surface for both 

free head case and fixed head case. 

 

Consider the free head case as the case-1:  
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As the deflection is to be determined at the ground surface, the z value is 0 and hence z/L = 0. 
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Substituting these values in the expression for the deflection: 
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This is the value of the pile deflection at the pile head which is at ground surface. 

Now, for the fixed head pile, firstly a moment M should be applied to make the slope at the pile 

head zero and then the deflection this moment causes should be calculated. 
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The above value of deflection exists only in case of a free head pile. If this is a free head pile, the 

deflection would be 2.36 mm but another deflection came into picture due to the fixity. So, the 

net deflection at the pile head for a fixed head pile would be: 

mm18.118.136.2y ,deflectionNet net   

As the deflection due to fixity is in the opposite direction (negative sign) to the pile deflection in 

free head case, in the net deflection calculation, it is subtracted. 

 

In the free head case, if the load is only H, deflection arises because of H alone. But in the fixed 

head case, both H and the moment developed due to fixity should be considered to calculate the 

deflection. 
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The next case is when a pile is supported by linear springs with varying kh or the kh is varying 

linearly with depth. The approach suggested by Reese and Matlock will be followed for this 

concept. The expression for kh in this case was already discussed: 

 
d
z

hhk   

Expressions for various quantities were also given for long piles defined by Zmax > 5. 

where, 
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ηh is the unit subgrade modulus reaction. 

 

For the free head pile the expressions given are: 
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These coefficients are obtained from the solution of the basic differential equation given below 

for a beam on elastic foundation by FDM: 
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The procedure to use FDM to find the solution in this case will also be discussed. First consider 

all the factors, formulate in the finite difference form and then after solving the FDM equations 

the coefficients A and B can be determined. The process of using a finite difference form in a 

general way to solve a general problem for pile deflection based on the subgrade modulus 

approach will be discussed. 

 

Remember that these expressions are valid when kh varies linearly with depth. For a fixed head 

pile, it is mentioned that the moment developed due to the fixity will be: M = –0.93 HT. In the 

previous case also there was an expression given for the moment developed due to fixity, but 

here the expression has a minus value, which means that the moment will be developed in the 

opposite direction, to that of H. 
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Now an example problem will be solved for a case where the kh varies linearly. 
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The coefficients required to determine the various quantities for the pile are given in the tabular 

form above. According to this table, the values of the coefficients are a function of Z (where Z = 

z/T). 

 

Coming to the example problem, the deflection of the pile at ground surface should be 

determined, where the diameter of the pile is 0.4 m, length of the pile, L = 10 m and H = 50 kN 

(no moment is applied). The horizontal point load, H is applied at the ground surface, the 

flexural rigidity of the pile, EpIp = 37 × 10
3
 kN-m

2
.  



Note that here; H is applied at the ground level. If H is applied at a certain height from the 

ground level, the effect of H as well as the effect of the moment it causes at the ground level 

should be considered in the calculations. (For example, suppose if H acts at a height of ‘e’ from 

the ground level, a moment H × e will act on the pile at the ground level). But now, the 

eccentricity value is 0. The coefficient of modulus of subgrade reaction is 5000 kN/m
2
/m. The 

ranges of these values for sand were already given depending upon the soil condition. 

 

The expression for T is: 
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Now, the value of Zmax or L/T is: 6.67
1.5

10

T

L
 . As L/T > 5, this method is applicable. The 

expression for deflection is: 
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(Since there is no moment acting and H is acting at ground surface, Mo is zero) 
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This is the deflection of a free head pile at the pile head under the given conditions. 

Now, for a fixed head pile it was discussed that the moment developed will be –0.93 × HT: 

mkNHTM  75.695.15093.093.0  

In addition to the 11.11 mm (due to H), the pile faces another deflection due to the above 

moment. So, the deflection due to the moment, M will be: 
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(Since, the deflection due to the moment alone is being calculated now) 
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So, the net deflection will be = 11.11 – 4.34 = 6.77 mm. 



Till now, two different approaches were discussed considering constant kh and linearly varying 

kh along that depth of the pile. 

 

We have discussed the Hetenyi approach where we considered the pile as a beam with finite 

length. But I will show you how to solve for the pile by considering it as a semi-infinite beam in 

the next class. After that, I will discuss about a general solution and how to use the finite 

difference method to solve that generalized solution. Thank you. 


