
Mass, Momentum and Energy Balances in Engineering Analysis
Prof. Pavitra Sandilya

Cryogenics Engineering Center
Indian Institute of Technology, Kharagpur

Lecture - 05
Balance Equations Preliminaries – II

Welcome. We now go for more Preliminaries for the Balance Equations.  And in this

particular lecture, we shall be looking into the following topics.

(Refer Slide Time: 00:29)

Like  some  illustrations  of  our  day-to-day  heat  and  mass  transfer  situations,  then

constitutive  relations;  under  that  we  shall  be  studying  about  the  various  property

correlations, how to find out the rate of heat transfer, mass transfer, momentum transfer,

then term Dalton’s law, equation of state, then transfer rates, then a some volume balance

equations, and constraint equations. 
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So, first let us see some illustrations of these heat and mass transfer, which in many a

times  you also  have  encountered,  and you have  also  solved  some problems in  your

school. So, it will be kind of recapitulation of what we already seen, what we already

know. So, let us have a look at this particular situation, here we find that it is an example

of conduction. And here you can see that there is a flame, if it which is heating of one

rod, and here we are putting a few thermometers. And as you know that as will heat the

flows from this left-end to the right-end, it will take a longer time to sense the heat at the

rightmost points.

So, you see that a thermometers are showing different temperatures. And the first one on

this side is getting the highest temperature earlier than the one, which is at the far end

from the flame. So, this kind of problem you also have done, and you know that what

kind of equations are needed. And this is the Fourier’s law of heat conduction that is used

to find out the heat flux, and that is given in terms of the thermal conductivity and the

temperature gradient. And you might have perhaps also known that how to find out this

thermal conductivity.

Now, next we go to another problem of convection in which we are finding that we are

heating up some something some fluid, and due to this we find that there is a convective

current going on. The red one shows the hotter one, and the blue one shows the colder

one. And the hotter fluid because, it gets less dense, it tends to move upward. And the



heavier liquid a fluid, which is at the top due to the lower temperature will tend to come

downward, and that will create some kind of current in the fluid. 

And this kind of situation also you have studied and perhaps you know that Newton’s

law of cooling in which you put this particular equation, therefore heat flux. And this is

in terms of the heat transfer coefficient, and the delta t that is a temperature difference

between the source, and the kind of the material that is getting heated up. And here are

the  notations,  which  are  used  in  these  equations,  q  for  heat  flux,  k  for  thermal

conductivity, T for temperature, x for distance, and heat h for heat transfer coefficient.

(Refer Slide Time: 03:31)

Now, next we come to another situation, which is very common that how these clouds

are formed, how we get the rain, it is basically that all the water bodies are the source of

the water from which water gets evaporated due to the sun solar heat. And here at in the

sky, there is a condensation of the water vapor, and then they fall back to the earth to

give rain. 

So, in this case you will find that we generally use this kind of an expression to find out

the rate of mass evaporation. And this is given in terms of another coefficient, which we

call the mass transfer coefficient. And the rate of evaporation depends on the delta C that

is  the difference in the concentration  of water in  the sea or the water  body, and the

atmosphere.



Next is another situation in which if  sometimes we are required to find out the total

amount  of  heat  required to  heat  some material,  which is  changing its  phase.  So,  for

example, we are having some material that is initially unsolid state, and then we want to

convert it into the vapor state. And as you know that as you heat up the solid, it will first

go to the melting point, it will melt into the liquid. And then the liquid again will be

getting heated up, and then it will try to get evaporated. And then ultimately when the

whole of liquid gets evaporated, then again it will be getting heated up further in the

vapor state.

Now, in this case you know that whenever there is a phase change, and here we find

phase changes are occurring once from the solid to liquid, and the second from the liquid

to the vapor. Now, in these two cases, we find that there will not be any change in the

temperature, because it is happening due to the latent heat ok. And only during whether

the  non-phase  change  power  that  is  here,  and  this  and  these  portions,  we  have  the

sensible heat part.

And you perhaps also determined that how to find out the total amount of heat energy

required to convert the state from the solid to the superheated vapor ok. So, we here you

know that this is a solid sub cooled liquid, then saturated liquid superheated vapor. So,

this is a mixture of gas and liquid, you will find and here we have the mixture of liquid

and solid ok.

So, you are using the latent heat of fusion, and latent heat of vaporization.  And you

perhaps also unaware of this  particular  equation to find out the total  amount  of heat

required. So, first is giving the sensible heat from this temperature to this temperature

from the solid temperature to the fusion temperature, then the latent heat of fusion that is

to melt the solid, then the sensible heat again to heat of the fluid from the this melting

temperature  to  the  boiling  point  temperature.  And  then  again  we  have  the  heat  of

vaporization.  And then we ultimately, we have from boiling point  to the vapor state

vapor temperature for superheated vapor we have the sensible heat.

And you see that here we are using different types of specific heats that is one for solid,

one for liquid, and one for the vapor. So, you see that all these properties, which you

need they may or may not depend on the pressure, temperature. Generally the dependent



pressure temperature for simplification many a times, (Refer Time: 07:01) assume them

to be constant, and go ahead with the calculations ok. 

Now, all these things you see that we need some properties, and all these things where do

we get them from. And all these properties are obtained generally from the experimental

data and through some correlations. And sometimes for some simple systems, for some

gases, theoretical expressions are also derived to determine these properties. 
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Now, all these things lead us to what we call the constitutive relation. And what are these

relations?  These  relations  are  correlating  the  properties  of  a  material  to  the  material

structure or they give the rate of the process under the operating conditions. For a so

there  are  some examples,  like  we are  you are  aware  of  ideal  gas  law, then  there  is

conductive flux through a solid as I have shown you, then correlation took compute any

material property. Then Hooke’s law you are also aware of that is we are using in the

mechanical engineering sciences, we are using the Hooke’s law to find out the stress

strain relationships.

So, all  these kind of relationships  pertain to the constitutive relationships,  which are

related  to  the  constitution  of  the  structure  of  the  material.  And,  these  are  important

whenever you are writing any material balance or energy balance or momentum balance

one or the other relationships come into the picture. 
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So,  there  are  various  types  of  the  constitutive  relations.  First  is  the  thermodynamic

relations, then reaction rates, then transfer rate equations, then volume balance equation,

and equipment and control relations. And, we shall be looking into each of these one by

one. 

(Refer Slide Time: 08:49)

So, first let us go to the thermodynamic relations. Here we find that these are absolutely

essential  for any process modeling  ok,  because these relationships  give us  the many



properties, and how the pressure, volume, temperature are related ok. So, these are very

essential. 

Then these constitutes of the property relations, equilibrium relations, and equation of

state. So, whatever I shall be showing you, now these are not exhaustive. You will find

there are some selective examples, I shall be showing you, so that you can understand

that how to extend all these concepts for some other problems. 

(Refer Slide Time: 09:30)

So, let  us first come to the property relations.  Generally, these property relations are

given in terms of the intensive properties like temperature, pressure, and composition.

And, these relationships may be very simple expressions in a linear form or they may be

some very complex and polynomial ok. 

And  these  are  some  of  the  representative  properties  for  which  we  need  these

relationships,  and which we generally  encounter  in  our  mass momentum and energy

balance  equations.  So,  we  are  we  have  density,  viscosity,  specific  heat,  thermal

conductivity, latent heat of vaporization or fusion or sublimation, then vapor pressure,

mass diffusivity, enthalpy and so on and so forth. So, all these things are given in terms

of some kind of equations. 
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Now, suppose we have this  capital  phi  is  a  property  of  a  mixture,  and that  mixture

contains C number of components. And each of these components has a property that is

small phi i and x i is the amount that is given in terms of the say mole fraction of the i-th

component.

So, with these notations, we see that the property of the mixture is given as some kind of

an average. And this average is a mole fraction weighted average. So, what we are doing

basically,  we  are  summing  up  the  product  of  the  mole  fraction,  and  the  particular

property value for each of the components that is how we are getting the overall property

of the particular system. And here we find the overall property is now a function of the

temperature, pressure, and also the composition. 

Now, some now in one once you understand that these pure component properties are

functions of only one temperature, pressure, whereas the total property is a function of

the composition as well. Now, some properties are given in terms of the reference values.

For example, enthalpy, internal energy, entropy. So, for these properties we need some

reference, because there is no absolute value of these properties.

And one example is that if you talk about the enthalpy. So I am not going into any kind

of derivation, because these are taught in full detail in thermodynamic ok. And you have

separate course dedicated for this, I am just taking the important relations to demonstrate

it ok. 



So, here we have for enthalpy that as a function of temperature. Here is some reference

enthalpy at some reference temperature T R. And rest is the integral from the reference

temperature to the actual temperature at which we want to find out the enthalpy. And this

is the C P dT that is the specific heat at constant pressure into dT. So, this is a generalized

expression to find out the enthalpy; and enthalpy variation with temperature. 

And many times this reference enthalpy is taken to be 0 ok. So, you find that whenever

you are looking into literature, and you find that there are enthalpy values, you will also

see that the enthalpy values will be related to some reference values. And we may be

very  careful  in  this  that  different  literature  may  have  different  reference  values  at

different reference temperatures. So, whenever you are taking the values from different

sources, make sure that the reference temperatures are the same; if not, then you are

going to commit mistake. And whatever results you obtain will also be erroneous, so that

is the very important point one should note about the reference state. 

Now, if  we assume this  specific  heat to  be constant,  then we can take it  out  of this

integral, and we get this particular expression. And many a times, you will find that we

are using this  kind of an expression to find out the enthalpy value,  when this  is not

available from any thermodynamic chart or table. 

(Refer Slide Time: 14:01)



Now, you see that this specific heat itself is a property. And that again is a function of

temperature, and you will find in literature that such kinds of polynomial equations are

given to compute this specific heat. And this you can see that it can be in a big series ok. 

And similarly, we have another property that is vapor pressure. And many a times there

is a common equation that is the Antoine equation is used to find out the vapor pressure

of a liquid. And the expression of this Antoine equation is something like this that you

find  that  logarithm of  the  saturated  pressure  or  the  vapor  pressure  divided by some

standard pressure.

And then this A, B, C these three coefficients are there in this particular form. And again

you will find in the literature in the data source, these values of the A, B, C are given ok.

So, this is another example of a constitutive relationships. So, similarly you will find that

many other properties will be given to us in tabular form or in some kind of diagram or

in terms of some correlations.

(Refer Slide Time: 15:11)

So, Dalton’s law is another equation and under the constitutive relationship, which you

perhaps are aware of that this using Dalton’s law, you can find out the total pressure in a

system for a gas. And if the gases are ideal, and perhaps that the total pressure is given as

the sum of the partial pressures of each of the components.



So, here you see that the partial pressure can be obtained from the particular system at a

given volume and given temperature. And you also know that if you take the ratio of the

partial  pressure to the total  pressure,  it  gives  you the mole  fraction  of  the particular

component in the vapor phase; so that the partial pressure can be given as the product of

the mole fraction of the particular component in the gaseous phase and the pressure. So,

this is the way you see that the partial pressure and the total pressure are related through

the composition. 
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Another type of thermodynamic relation is the equation of state. This also you are quite

aware of, and you know that this correlates the temperature, pressure, volume of an ideal

gas for ideal gas law. And it can be for real gas also, we shall see that later.

And you see that ideal gas may be assumed, when the gas is at high temperature and low

pressure. And perhaps also you are aware of the various assumptions made for the ideal

gases, which are there in our school day textbooks. Now, this kind of equation of state is

often used to  find out  the density  of the ideal  gas.  And here we have the particular

equation PV equal to nRT, and with the various notations here ok. 
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And  next  we  come  to  for  the  real  gases.  For  real  gases  again  there  are  various

approaches. One of the simplest approaches is to use the PV equal to nZRT. Here, we

have put another factor to account for the non-ideality that is the compressibility factor

or super compressibility factor this Z value ok. 

And another thing, you also have encountered perhaps the Van der Waals equation of

state worth of that is the first equation of state for the real gases or non-ideal gases. And

this takes this particular form, and you see that there are some pressure correction, and

some volume correction for the interactions between the molecules. And you see that

these are these a and b are given in terms of the critical temperature and pressure. 

This z may also be obtained from some Virial equation of state is which is given in this

particular form in terms of pressure, on this form in terms of the volume. So, I am not

going into any of the detail now. Whenever they are they come to us, we shall look into

the details there. 
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Now, here you see that how this compressibility factor depends for with pressure. And as

you can see for different gases, I have plotted it here that for ideal gas, it should be one

ok. And whenever it deviates from 1, either on is more than or less than 1, it means we

are going towards non-ideality.

And here you can see for different types of gases. The variations of the Z with pressure is

different. And you can see that as we increase the pressure, the gas becomes more and

more non-ideal. And in this particular figure, you again you see that here we have plotted

the Z versus the pressure, but at different temperatures. And you can here see again that

as the temperature rises, the gas moves more and more towards the ideality; the less the

temperature the more the deviation from the ideality. 
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Then we have many equations of state, I have just named a few here some of them are

empirical,  some  of  them  are  semi-empirical.  And  all  these  equations  of  state  their

expressions are can be found out in if some standard thermodynamics book or in some

other data sources, I shall not be going into the detail of these equations here. 

(Refer Slide Time: 19:31)

Next is the reaction rates: and these reaction rates come whenever we are having some

kind of reaction happening in the system. And here, we is find a generalized expression

of  any reaction  given in  terms  of  the  reactants.  And the  products  are  represents  the



reactants, and the P represents the products. And this a nu R 1 nu, R 2 all these nu values

are the stoichiometric coefficient.

So, this kind of equations, you have been taught in your school, in the chemistry, and we

also  have  been  taught  how to  find  out  the  overall  rate  of  reaction,  in  terms  of  the

individual rates of reaction. So, all these d n R 1 by d t shows the how the amount this

these things are changing this these reactants are changing with time for with respect to

each of these individual components you find, these are the various rate expressions ok. 

And for the individual component, you see this is the kind of rate expression given that it

is given in terms of some coefficient,  this we call  the reaction rate constant ok. This

reaction rate constant into some function of the various reactants, and here you can see

that these are raised to some kind of power that is alpha. And this alpha is determined

from the experiments. And whenever we are summing up these alpha values, these give

the order of the reactions ok. So, these are the some very basic things, we have done.

But, these are shown, because these are also forming the constitutive relationships like

this is the constitutive relationship ok. 

(Refer Slide Time: 21:21)

And the other than this, we also find that we are required to find out this reaction rate

constant. And perhaps you know that this is given in terms of the Arhennius reaction.

And there he has some kind of standard reaction rate, and this is given in terms of the

temperature, and this E is the activation energy. So, by using this expression, we find out



that how this reaction rate constant varies with the temperature, and this also pertains to

the constitutive relation. 
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Next, we come to the transfer rate equations ok. Now, in this transfer rate, we have the

heat transfer, we have mass transfer, and we have momentum transfer. And all of these

are taught separately in fluid mechanics, mass transfer, heat transfer, courses. So, I shall

not be going into in a detail  of it,  I  shall  be just  looking into the some fundamental

concepts. 

Now, here you find that all these transfer rates may be given in a generalized form like

this that you will find that this is the rate, and this p, and this will be s so this is the s

here. So, this is s ok. Now, this p and s represent the two control volumes. And these two

control volumes may represent two different phases. So, the transfer may happen within

one phase or it can be from between two phases ok.

So, this is a generalized form of the rate of these three things. And here we find again, we

have some kind of driving force. And these driving force denote some kind of intensive

variables in the two phases p and s. And this particular zeta is the some conserved field

that can be mass energy or momentum.

And this psi is some kind of coefficient, coefficient which is we called a proportionality

constant. So, this may be taking different forms as we shall see after some time that but



this is a general form that we have some kind of driving force of the intensive variables,

corresponding to this particular conserved field ok. 

So, we find that these kinds of expressions for this mass balance, this will represent the

concentration.  For  energy  balance,  it  will  represent  the  temperature.  And  for  the

momentum  balance,  it  may  represent  the  pressure  or  the  velocity  ok.  So,  we  have

different kinds of intensive variables associated with each of these transfers. 
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Now, we come to volume balance equation. And this is what we find basically that it is

basically,  we  are  writing  these  balance  equations,  whenever  there  are  coexisting,

multiphase within a vessel. And we know that whenever different vessels are occurring

together in a particular vessel, each of the phases will occupy its own volume. But, the

total volume cannot be greater than the volume of the vessel.

So, whenever we are totaling the volume of each of the phases, it must give the volume

of the vessel. So, this is what we call the volume balance equation. We are making the

summing up the volumes of individual phases ok. And then why do we need it that this

determines some intensive properties like vessel pressure. For example, if we are having

some liquid to start with in an enclosed vessel, what will happens? And you are start

heating up the vessel.



Now, initially we find that there is a certain pressure in the vessel.  And as you start

heating up the vessel, you will find the liquid is going in the vapor phase. Now, what you

find the amount the volume of the liquid is coming down, whereas the volume of the

vapor is going up. Now, the total volume remain the vessel volume. 

Another changes happening is this, because the liquid is evaporating. We find that the

pressure is also now rising in the vessel ok. So, how this pressure will rise that will also

depend on the rate at which the liquid is getting evaporated, and the volume is changing,

but there will be change in the pressure. So that is why, we need this kind of volume

balance equations to find out the pressure exerted within the vessel. 
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Next we come to the equipment and control relations ok. Here we have to determine the

controllability  of a process.  Now, you see that  whenever  we are having any kind of

industrial  process,  we need  to  control;  that  means  we have  to  keep many  operating

parameters within some specific range to get some particular performance. And, we have

to maintain these particular variables at those values, because otherwise the system may

either not give us the desired performance or it can also result in some hazard ok. And so

this is very important for us.

So, there are many types of relationships, which we use one thing is for the equipment.

So, like for example performance of pumps, compressors are given by their performance



equation representing the relationships between their throughput, the head developed, the

efficiency, brake horsepower, speed of rotation etcetera. 

So, these are the relationships for a given pump or compressor. And this can be found in

any standard fluid mechanics book in the fluid, moving machinery the chapters. So, you

will see that you will get such kind of an expression ok. To find out the output power of

the pump, and this is given in terms of the throughput and the head developed, g is the

gravitational  acceleration,  and  rho  is  the  density.  So,  you  find  that  these  kinds  of

equations, which are correlating the pumping power, and the head, and the throughput

also come under the constitutive relationship. This is about some equipment. And this

kind of expressions will be there for other equipment also.

And  2nd  is  the  various  types  of  sensor,  transmitters,  we  are  using.  Sensors  like

temperature, pressure etcetera, then valves we are using. So, we will find that for each of

these components, there will be some kind of mathematical relationship, which will be

correlating the input, output.

For  example,  suppose  for  a  sensor  temperature  sensor,  you see that  suppose  we are

exposing a thermometer or any other sensor to some particular fluid ok. You find that it

will  take  some  time  for  the  sensor  to  respond,  and  come  to  a  steady  value  of  the

temperature.  And  these  dynamics  that  how the  temperature  is  changing,  and  how a

particular sensor would respond to any kind of new ambience around it that will be given

by some kind of relationship, which one of them I have shown here.

And here you can see this  is  a  parameter  tau that  is  a  time constant.  And this  time

constant tells us that how fast a particular sensor would react to any kind of changes ok.

So, this kind of equations, which correlate the input, output. Another example is valve.

Now, the  flow rate  they  have  suppose you are  have  a  some having some flow rate

through a valve. Now, how much valve is being opened or closed depending on that the

fluid flow rate will change.

Now, you see that whenever you are changing the valve position, for example you are

changing it in the tap in your day-to-day life. So, you will find that the responses are not

instantaneous, there will be it is time lag. However, small it may be, there will be its time

lag. So, this particular time lag how fast the change in the valve position will change the

flow rate.



And especially, this becomes more pronounced in the bigger scale ok. You may not feel

it in smaller scale, but your bigger scale will find it this kind of time lag between the any

change being imposed on the valves, and it is effect on the output side will be felt a bit

later. So, all these things can be mathematically written ok. I am not going into those

things. These are again can be found in any book on the process dynamics and on control

ok. So, all those relationships come under the constitutive relation. 
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With this, we come to the end of these constitutive relations. And we see that what all

kinds of equations are used. And here are some of the references you may refer to know

the detail about these particular topics. 

Thank you.


