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Lecture - 39
Interpolation

Welcome. In our earlier lecture, we learnt about regression and there I told you that why
we need to do regression to correlate the data. And in those cases, we also find that we
can use the regression to get the values of some dependent variables at some points
which are not given to us. In similar fashion we also do interpolation in case of
interpolation we do not need to do any kind of curve fitting, we do not need to know the
exact nature. But in this case we deal with still a very limited range of data to find out the
values of the dependent variables at some points, at some values of the independent
variables which are not given to us ok. So, that is the difference between the regression

and the interpolation.

So, in this particular lecture we shall be looking into the some very commonly used
regression methods which is again not very exhaustive because in separate courses on the
numerical techniques you get to learn more about this interpolation and you are given

many many interpolation methods.
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Concepts Covered:
UNewton's divided-difference interpolation

UlLagrange interpolation
CONCEPTS COVERED |

So, here I shall be restricting myself only to 2 types of interpolation methods.
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Problem

Estimate In2 using

I. Newton's divided-difference interpolation
a. Linear interpolation
b. Quadratic interpolation
¢. Cubicinterpolation

II. Lagrange interpolation

So, first we shall go by the examples and in that only I shall be explaining to you how
those formula have been obtained. So, now let us see that it is very common problem that
we have to find the value of logarithm of 2, that is natural logarithm of 2 using Newton’s
difference formula and again you see there are many variations of that and Lagrange.
Now, you see that this In 2 you can find the value easily from any kind of logarithmic

chart. Now, we shall see that how do we get to interpolate this values ok.
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Solution- Newton’s Interpolation

* s used to fit a polynomial of order N to N + 1 data points.
+ The nth order polynomial is

Fu(x) = bg + by(x = xg) + .. +by(x = xp)(x = X)) or. (x = xy_4) 1)
Where
by = f(xo)
by = flxx))
by = flxy xy-1, . X0 ]

@

So, first before we go to the solution, let us first understand a bit of this interpolation



principle. In this we have say N plus 1 data points and in through this N plus 1 data
points we can fit a curve of degree N ok. And that this polynomial fit will be looking

something like this, that if you have a polynomial of degree n then it will look like this.

Now, you can see that this all these b 0, b 1 as such of b N values are can be given like
this, again I am not going into the derivation of this equations. Things is this that this
particular thing this in third bracket what you see this is not representing that it is some
unknown function it is representing some kind of difference function and how these

difference functions obtain we shall see later.
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Solution- Newton’s Interpolation

Again

fx) - f(x))
e
X X;| = J | X X,
f{xl,xj,x] flxi ;[_ik 4k
FltEetsoe o] = flewxy-1, ------xll;fzﬁ-hxh'-?. e Xp

Now, here we have the explanations that b x i, x j, f x that means, that f x 1 means if f xi
minus f x j divided by x 1 x j. Now, this f x 1, f x j, x 1 x j they will be given to you and
from that you can find this value of this f third bracket x 1 comma x j. Then we have x i,
x j and x k and this what it means that first you take f x ij and then you take f jk. So, this
is the way you are going to find out this value. And again you see that this f x 1 x j can be

found from this formula, and this also can be found from this formula.

Similarly, if you keep proceeding with more and more number of points you see that the
value of this f, this left hand side will depend on the values of the f on the one we have

found in just in the previous step and this is how we continue.
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Solution- Newton’s LINEAR Interpolation —
Calculation of difference functions

Now, here if you put in a tabular form you can see that how it will look like. Suppose
you are given 4 points, one is x 0, x 1, x 2, x 3 like there are 4 point are given and at this
4 points you are given some function values. Now, if you go with the linear interpolation
then you need to find only one difference points ok; that means, if you arrange this f x 0,
fx 1, fx 2, fx 2 like this and then by taking the difference between that means, this
value minus this value will be this, then this value minus this value will be this and this

value minus this value will be this ok.

Now, you see that this choice of the f x 0, x 1, x 2, x 3 is generally arbitrary, but when
you are doing interpolation the you cannot you should not do it arbitrarily otherwise
what happens that your accuracy of the result will change. So, generally what we do that
we generally put this x 0, x 1, x 2, x 3 values either increasing order or decreasing order,
the instead of making it arbitrary even though this formula can be applied in an arbitrary

arrangement of this x 0, x 1, x 2 and x 3 ok.
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Solution- Newton’s LINEAR Interpolation (N =1)

* Is used to connect two data points with a straight line
* Substituting by, b,inEqg. (1) s

fixgh

f1(0) = ) + EETE ()

Now, let us see that let us suppose that this we have the given curve like this ok. Now,
please understand this given curve may be the actual curve which we are getting from
some experimental data points or some theory or this may be regressed curve also ok.
That now you see that how the directions come in to picture, that I can generally this

curve either from theory or from regression from experimental data.

And now, what we have to next is that suppose, we are we have to find the value at some
point x here given the points x 1 and x 0 ok. Now, you can see if you are doing a linear
interpolation, you can see that the value which will be given by this interpolation may be
somewhere here because we are linearly interpolating it, we are assuming a straight line
between this x 0 and this x 1 point straight line. So, this is the value which we shall be
obtaining at some unknown value which is lying between x 0 and x 1. However, you see

the exact value at this point is this one.

So, you can see that depending on the linearity or non-linearity of the given function this
is a given function the accuracy of the order of the interpolation will differ. So, in this
case you can clearly see that linear interpolation is not giving us a very good result, but
anyhow we shall see that how we are going to go with this linear interpolation first. So,

this is the formula you can easily find out from the linear interpolation.
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Solution- Newton’s LINEAR Interpolation

Comparison between two different intervals with the true value

And let us go about and we will see that depending on that the range we take for the
interpolation. Suppose you can take suppose this is a given functions say log x. So, either
you can take a very large range or you can take very small range and this is the value you

have to find the value of the function.

So, if you take a very large thing you see that this is the value you find ok. So, this is this
is where you want to find the value of the function, but if you take this larger range you
get this particular value. And now, if you make the range smaller you find that you have
improved the value from these value to these value why because the error between the
actual value and the estimated value is coming down ok. So, that is what I was telling
that what kind of range you are choosing and what kind of functionality you have these
two will determine the accuracy of your result. So, you have to be very cautious

whenever you are going to interpolate that what range you are going to adopt.

If you have some understanding of the nature of the behaviour of the dependent variable
on the independent variable a priori that means, before you start doing the interpolation
sometimes we get this kind of things from the theory itself, theory tells us that how the a
particular dependent variable will change with the independent variable. For example, if
you want to know that how enthalpy will change with temperature or pressure, how the
entropy or the internal energy or density. So, all these things how they will change with

the temperature pressure if you have some kind of understanding a priori from theory



then you can judiciously select the range for interpolation.
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Solution- Newton’s LINEAR Interpolation

True value :
f(x) = Inx
f(x) = In2 = 0.6931472
Case-|
Assumexy=1 x;=6
flxg)=f(1)=0 f(xy) = £(6) = 1.791759

Fi0) = flx) + EERTE0 - )

i

Now, let us see. Now, this we know that if our value is f x equal to In 2 that is given to

Jl

us. So, this is the exact value of the log 2. Now, let us first take that we are going for
linear interpolation. So, let us arbitrarily choose two values of x and one we choose that
x 01s 1 and x 1 is 6. Now, you see that we have chosen a very large range and our value
has to be found at 2 ok, but nonetheless let us do that. So, we find that from the given

value given log x we first put 1 here and we find fx 0 equal to 0.

And then what we do? We put this 6 here and find the value of this f 6 as this, Now, we
apply this formula for the interpolation ok. Now, we put plug in this values of fx 1, fx 0,

x 1, x 0 etcetera and this x we are putting the value of 2 ok.
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Solution- Newton’s LINEAR Interpolation

1@ =f1) + 5102 - 1)

[3
f1(2) =04 2222 - 1) = 0.3583519

0.6931472-0.3583519

ST x 100% = 48.3%

The percent relative error =

And now, what you find? That after solving you get that this is the value of to log 2 by
interpolation. And now, you see the exact value was given like this and this is the
estimated value from interpolation and see that we are getting such a large deviation this

1s a percentage error we are getting ok.

Now, let us go try out another one. Every time this is this can be known only if we know
the exact value. Now, suppose you do not know the exact value what you should do? In
that case another way is this you choose some arbitrary range initially, you find the value
of the particular function at the given independent value. And then what you do? You
again choose another range and you decrease the range by say half again you find the

value of this particular function ok.

Now, by doing again you now, what you do that you just compare the values you obtain
for the function for the consecutive ranges. If you find this is coming almost same then
you can say perhaps the any of this ranges would do and you can take that to be the right
value. But if you find there is a big deviation between these two values again you go for
another smaller range may be. So, in that way slowly and slowly you keep on changing
the range and keep figuring out the relative deviation between the values at two
consecutive ranges and that way you sort of go to the I will not say right value, but the

some conversed value ok.
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Solution- Newton’s LINEAR Interpolation

Case-ll
Assumexyg=1 x;=4
flxg)=f(1)=0 f(xy) = f(4) = 1.386249

f1(2) =04 52 (2 1) = 0.4620981

0.6931472-0.4620981

o X 100% = 33.3%

The percent relative error =

r i1 S APAR '.'a 3
{EH swayam
So, now what we do that we go for another range. Here we choose x 0 same as
previously what we have done as 1 and now, we take reshrink the range to 4. Now, again

we find the value of f 4 that is log of 4 and this is the value. We plug in for this in this

formula to find the value of f 1 2 and we find this value.

Now, please understand here that as I told you that x 0 x 1 an arbitrary, so that means,
you can put this as x 0 and this as x 1 2 ok. So, if you put this as x 0 and this as x 1 you
have to make the appropriate changes in your formula ok. So, this choice of the x 0, x 1
is arbitrary just you have to modify the formula, but whatever you choose you will find
that the values of the interpolated values will be coming almost the same ok. So, here we
have chosen this values of x 0, x 1 and we get the value of this log two at by

interpolation here.

Now, we see if you compare this value with the exact value we find now, we have
brought down the relative error to this, but it is still quite high ok, it is still quite high 48
to 33 it is still quite high. So, if you want to still make it more and more accurate you just
keep on shrinking this range and you will find that after a few iterations you will be able

to figure out that what range is suitable to make the interpolation.
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Solution- Newton’s QUADRATIC Interpolation -
Calculation of difference functions

|

Now, we go to a quadratic interpolation. Quadratic means we shall be now fitting a
polynomial of degree 2 to the given values. Now, you see that when you talk of a putting
a fitting a polynomial of degree 2 that means, you would need to plus 1 that is 3 points,

there from that only you can get a polynomial of degree 2.

So, here we again we construct same thing that this is the first difference we have found
out and the first difference now we find the second difference, so that we can fit a
polynomial of degree 2. So, again we find this x 2, x 1, x 0 like this that we are taking the
difference between this and this and x 3, x 2, x 1 we takes difference between this and
this values ok. So, you can see that it is very easy to do these determination of this

difference function if you put them in this tabular form ok.
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Solution- Newton’s QUADRATIC Interpolation
(n=2)
* Is used to connect three data points with a parabola
f2(x) = by + by (x = xo) + by (x - xo)(x - x;)
bo = f(xo)
p L0160 _ 2, %o]
fL*2 T il

E'Q_f )_ [Ex i_ fL‘t"Xd

X2 =Xy X=Xy
=%

* Where

bz=

Now, after finding this second difference what we now do? That you go to this formula
again and here you find the we have this value of b 0, b 1 and b 2 you have to find out.
Now, you can find out the b 0 value easily; if you put x equal to x 0 here, what to find

that f 2 x 0 then this is b 0 and is also 0 that means, b 0 is equal to f x 0 ok.

Now, what you do to find the value of say b 1? What you do? You put the value over x 1
here ok. Also put x 1 here you find that this will be 0, this goes. Now, what we left with?
That £2 x 1 equal to b 0 plus b 1 into x 1 minus x 0 and from that you can find the value
of b 1 ok. So, you get the b 1 value as f x 1 minus f x 0 divided by f x 1 minus x 0. And
what f'x 1 minus fx 0? This is nothing but f or bracket x 1 x 0. So, this particular value is
nothing but you can write this is that, if x 1 x 0 divided by x 1 minus x 0 ok. So, this is

how you see that you can use the difference values right from that particular table.

And then you go for determination of this b 2, for that what you do? You put x equal to x
2. Now, if you put x 2 what you know that this x 2 minus x 0 you know the value of b 1,
you know the value of b 0 ' x 0 and this is the x 2. Now, you can easily, now manipulate
this equation to get the value of b 2 like this that f x 2 minus f x 1, where x 2 minus x 1
minus f x 1 minus f x 0 divided x 1 minus x 0 divided by x 2 minus x 0. What it basically
means is this you are getting this value like this here this particular thing is nothing but £

x 2 x 1 and this is fx 1 x 0 ok. So, you are able to get these values.
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Solution- Newton’s QUADRATIC Interpolation

+ Assume
x=1 flxg)=0
=4 . f(n)=138629%
X =6 f(xy) = 1.791759
Now,
b = f(x) =0
by = [l) - [ 1'38f29: =0 04620981

[ A

Now, let us assume when we go back to the problem does assume that x 0 equal to 1, x 1

)

equal to 4 and x 2 equal to 6. Now, we are taking 3 points to get the value of lon 2. So, as
usual that f x 0 equal to 0 and f x 1 that is lon 4 equal to this and f x 2 that is lon 6 is
equal to this ok. Now, as we have found earlier that b 0 equal to f x 0 that is 0. So, b 1 we

get the value of b 1 like this ok. And we get the b 2 like this ok.
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Solution- Newton’s QUADRATIC Interpolation

flxg) - f(x) . 1.791759 - 1.386294
e e - 0.4620981

n-% 6-1

by = =-0.0518731

* Hence,
f2(x) = bg + by (x = Xo) + by(x = x0) (x = xy)

f2(x) =0 4 0.4620981(x - 1) - 0.0518731(x - 1)(x - 4)
f2(2) = 0.5656444

@

And you we find that if you plug in the values of this is the value of the f 2.
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Solution- Newton’s QUADRATIC Interpolation

0.6931472-0.5656444

The percent relative error = o 100% = 18.4%

)= I 1 :

/

fixh
2

T T T T T T T T T 1

—= Quadratic estimate

i :
v == Linear sstimate

Now, you see that if you compare this value with the earlier exact value you find. Now,
by doing a quadratic interpolation we have been able to reduce the percentage error, but
still it is quite high, it is still 18 percent. So, we can again play with this ranges ok. Now,

here we have shown that this is the this black thing is showing you the exact function.

Now, what we are doing that we are taking 3 points this is one point, this is second point
and the third point ok. Now, if you at linear interpolation we find that when we do
linearly this is the estimate we are getting and when we do a quadratic interpolation we
have been able to improve the values ok. Now, that means, for that by increasing the

degree of the polynomial we are able to have a more accurate value.

But you must also understand that as you increase the degree of freedom sorry degree of
the polynomial for interpolation you also are paying for the calculation ok. So, you have
to be very cautious that whether you should go with higher degree or whether you should
stay at a lower degree, but keep shrinking the this range for interpolation ok. So, this has

to be decided case by case basis.
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Solution- Newton’s CUBIC Interpolation (n = 3)

fu(x) = by + by (x = xg) + .. +by (x = %) (x = X1) ... (X = Xpy)
fa(x) = by + by(x = xp) + b (x = xg) (x = xy) + b3(x = x) (x = x1)(x = x3)

i X fix) First Second Third forlf
X el —— fix, o] —— s, x, %] 2 Ml %, %, %) [/
¥ f|1|— ;'1\,\]— ~;-.‘[-. ¥ xl ==

2 b === oo xl — {[t,hx.;_n‘]/ f[‘ﬁﬁsﬁ«"&)

Now, we go for cubic. Now, cubic, now we are going for this third difference. Again, you
can see that how this third differences coming ok. Now, you see here are this is a formula
over here and here we are getting the difference table we are making. So, here we have
the first difference that is between these two and the second difference between these two

and third difference between these two.
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Solution- Newton’s CUBIC Interpolation

The first divided differences are

1.386294-0

T 0.4620981 = by

f [x1.-°fu] =

1.791759 - 1.386294
flxax) = — =0.2027326
4

1609438 - 1791759
flrsxa] = == = 0.1823216

Now, you can see that after making these things you can again find this divide the

difference you can find out this b 1 etcetera as I explained to previously ok.
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= sﬁalﬂ%m;& ewton’s CUBIC Interpolation
0.2027326 - 0.4620981

fl2 21, %] = = = ~0.05187311 = b,

0.1823216 - 0.2027326
flrsxs 1) = = = -0.02041100

* The third divided differences is

-0.02041100 - (-0.05187311)
flxs X%y x0| = =0.007865529 = b

il s

Now, you can find this second divided difference here, then third divided difference here

i

and these are the values of b2 and b 3 ok.
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Solution- Newton’s CUBIC Interpolation
f3(x) = by + by(x = xg) + by(x = x9) (x = 1) + b3(x = x¢) (x = 1) (x — x7)
Substituting the values of by by b, by

f3()=0+ 0.4620931(:? -1) +-0.05187311(x - 1)(x - 4) +
0.007865529(x — 1)(x — 4)(x - 6)
f3(2) =0+0.4620981(2 - 1) + —0.05187311(2 - 1)(2 - 4) +
0.007865529(2 - 1)(2 - 4)(2 - 6)
f3(2) = 0.6287686

i

So, from this differences what you find that ultimately you plug in the values over here

;lJl

directly and you get the value of the function like this.
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Solution- Newton’s CUBIC Interpolation

0.6931472-0.6287686

The percent relative error = ST

x100% = 9. :E%

finy

= 1T 1 1 17 17T rnTrT

I

Now, what is the thing you have got? You have been able to reduce the error to 9 percent.
Now, again you can see that, now this is the cubic polynomial we have done and here the
estimate has coming come to still nearer to the exact value, but it is all coming at the cost
of the calculation steps ok. Now, you see that you can, now we can go for a fourth order
polynomial. Now, it is a fourth order polynomial you can see that you have to consider

another point that is you have to consider 5 points ok.

The same thing will be there. Now, if you have to have that fourth order polynomial, then
what you can do that if I go back to this difference table you can see that here you have
to have another point over here. Suppose I equal to 4 you put here then it is x 4, then if it
is f x 4, and then these two will give you that fx 4, x 3 and then these two will give you f
x 4, x 3, x 2 and these two will give you f x 4, x 3, x 2, x 1 and then you have fourth
divided difference and this will give you ultimately f x 4, x 3, x 2, x 1 and x 0 ok. So,
you can see now you can see that this is the way you can proceed with higher and higher

degree polynomial.

Now, how much you should go? That will be decided that what is the difference in the
accuracy you are getting and how much you are paying for the calculation. These two
will generally dictate that how much means which degree of polynomial or which degree
of interpolation we should be applying in a given case ok. Sometimes you find that many

a times we do linear interpolation only, it is very popular that we choose a very small



range and we get an one iterationally we get the value of the dependent variable at the

unknown that some intermediate independent variable value.

After this is the Newton’s divided difference. In this case what we are seeing that we are
taking these differences generally in a very means methodical manner as I told you that
we put the things in the decreasing or increasing order. Another way is this the another
formula is by Lagrangian interpolation. Here you see that this x 0, x 1, x 2 this can be

chosen arbitrarily ok.
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Solution- Lagrange Interpolation

n

Ful) = ) L) fx)

i=0

o 2 I—I}' = ’I.L )»(:dk
Li(x) = =l— Vl
f il;['x;-xj kx'\'i' =
X

Where

l Tz
For 1* order (n = 1),

fi1(x) = Df(ﬁ]

Xy

X-
0

X

X x-
f(xo) +
X 0=

X

Again, without going into the detail of the particular derivation just you understand that
this is the way we are putting the Lagrange formula. Here again we have a nth order
polynomial, here we have write like this and this L is the Lagrange from polynomial,
here you see that it looks like this ok. This is a this particular this a capital pi the show
the product, so this product means it is if you expand this product it will look like this,
that it will be x minus say if x 1 divided by x 1 x i minus x 1 into x minus x 2 divided by
x 1 minus x 2 like this it will go ok. Now, this way it will go on. So, it will be it will be
here g over here, g is not equal to y ok. So, this it will go do this sight what we have to

do. So, this the way it will go on ok.

Now, once you do this then you find that you can easily find out the for the first order
again you can have several different orders if you take n 1, n 2, etcetera. So, this is the

first order thing you can find out and we shall be applying this formula also in our thing.
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Solution- Lagrange Interpolation

For 2nd order (n = 2),

(x-x)(x-1x) (x - x0)(x= x7) (x-x)(x-x)
fil)= (xg = x1)(xo - xz)f (ﬁ"-’u)(xl'xz)ﬂxi)-l- (x2=xq)(X2—%y) f( ")
* Assume
=1 f(xg) =0
X =4 f(x;) = 1.386294
X,=6 flx;) =1.791759

Case-I: (First order polynomial)

)=S0+ 50 335294) 0.4620981

Now, this is the second order formula. Again I am not going to detail of this things. So,
let us first go with this thing that we take that if we take a second order first order
polynomial if we take if we take it to be, this 1, 4, 6 if we take here, so we find that fx 0
equal to this coming and here we plug in the values over here and we get this value of the
thing a lon 2. And this is the first second order polynomial. You can easily see that our
value was some 0.61 something and it is we are getting by first order we are getting 0.46

and by second order we have improved to 0.56 ok.
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Solution- Lagrange Interpolation

Case-II: (Second order polynomial)

f2(2)

@-9@-6 _ (2-12-6) @-12-4)
“T=01-6 " a-na-6 3N TG0

=0. 56584-34

(1.791759



So that means, we are what we are finding that in this Lagrange also, we are able to get a
better value if you are increasing the order of the polynomial. And similarly, we can keep

on going for higher and higher order using the Lagrange formula.
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So, these are the books which you can refer to for further explanation on this theories.



