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Lecture — 02
Introduction to Tensor

Welcome this is the second lecture of module 1. This in this lecture, we will start
introduction to tensor as discussed in the last week, last class ah. So, here basically the
objective is familiarity with the initial notation and the basic tensor algebra and tensor
calculus which will be helpful for learning this course. So, before we directly goes to

tensor operations as we will, let us first understand what is tensor.
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Scalar, Vector and Tensor
O Scalar:

*  Ithasonly value, Example - Time, Density.

*  During addition or subtraction only value get altered. Represented by small letters and
symbal.

d Vector:
* it has value as well as direction (one direction). Example - velocity, Displacement etc.
+  Represented by small bold letters and symbols.

P
ﬁb )
a X

c=a+b Position Vector of Point P
Vector Addition.
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So, for instance all of us know that scalar vector and the new quantity here is actually the
tensor. Now, scalar as we know, it has only one value ah means it has magnitude, it does
not have any direction or anything ah. So for instance time, density these are the scalars.
Now this is the very important that we should or we will represent scalars with the small
letters or symbols in this course; in a different book you will find a different convention,

but in this course we will represent scalar with a small letters or symbols.

So, in case of a scalar addition and scalar ah subtraction or multiplication, its values gets
only altered, but in case of a vector, it is always a always have a direction as well as

magnitude; for instance velocity, displacement, these are the vectors.



So, we know what is vector addition, we know what is vector subtraction or
multiplication. So vectors will be represented by the small bold letters and symbols. So,
this is important because we can distinguish from the quantity itself or type of quantity it
is. So, now the tensor, so tensor is actually the new quantity we need to understand what

1S tensor.
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Scalar, Vector and Tensor (Contd.)

O Vector:

*  Vactor is written with help of it's components along axis.

¢+ p=pi+ pof +psk herap,, py , py are components along x ,y and z axis
andi,J,  are unit vector along those axis.

O Unit Vector:

*  Have unit value along the direction of the vector.

n M
o Where |n| is the value of vector.

2i+3j+ak _ 2ix3jrak
|zis3jeak| ~ V2Teateal T VB 20 VD

* Unitvectorof 2 + 3j + 4k =

O Vector in any curvilinear coordinate system,

u = u e+ Ue; + uyeq where ey, e;, eq are unit basis.
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So, let us first ah understand the vector little bit more. So, vector is the always written in
terms of its component along the axis ah; for instance if it is a Cartesian coordinate
system, our unit vectors in the Cartesian coordinate system are i j k and then a vector p
can be represented in terms of ip lip2jandp 3 k,sop 1 p 2 and p 3 are components

along x y z directions.

So, similarly we can define unit vector. Unit vector is the vector for which the magnitude
is 1. So unit value ah but the, it has the direction same as the vector. So, any vector n can
be transformed into an unit vector by dividing its magnitude. So also magnitude know
what is magnitude of a vector, it is the ah; for instance in this example 2 y plus 3 j and 4

k are the vector; we can transform it to unit vector of this form.

So, now any vector in any general coordinate system may be spherical may be
cylindrical or general curvilinear coordinate system. We can express is as component
wise; so e 1, e 2 and e 3 are the basis vector on that coordinate system and we can

represent any vector ah according to its component along u 1 direction u 2 direction and



e 3 direction. So, in general vectors can be ah, in general vectors are represented in terms
of component. But we will learn how to ah ease this process through the indicial

notation.
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I R R RN A SRR

Scalar, Vector and Tensor (Contd.)
U Second order Tensor:
*  Asecond order tensor is a linear transformation which transform a vector (or vector space )
to a another vector (vector space). Example: Ax = b, A is a second order tensor.
*  Represented by capital bold letters and symbols.
*+ A second order tensor has two direction and one magnitude.

O Txy Txz €xx Exy Exz
*  Example: Stress Tensor: [a] = Tyx Oy Tyzl,StrainMatrix: [f]zlfyx Eyy  Eyz
Tx Tzy O Ex Ezy Ex
U Identity Tensor:
100
r = l{] 0‘
0 0 lym
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Now, first let us introduce what is tensor? So, tensor among tensor we will first introduce
what is second order tensor. So, let me first ah read out the definition, the a second order
tensor is a linear transformation which transform a vector to another vector. So, this
example, this definition is very helpful to understand the higher order tensors actually.
For instance in case of a second order tensor or any matrix, any square matrix can be

considered as a second order tensor ah.

As we know that matrix vector equation Ax equals to b ah, the a matrix A transforms the
vector X to another vector b, so A is a second order tensor. So, here so if this matrix A is
known as the coefficient matrix of the ah solution of the system of equation, this matrix

A is known as the second order tensor.

So, second order tensor or any tensor we will represent by the capital bold letters or
symbols. So, for instance we have learnt the scalars have no directions, vectors have only
one direction. So a second order tensor have two direction. So, in a similar argument if

we say fourth order tensor, so it will have a four direction components.



So, even though it looks a very unphysical from a 3-D 3 dimensional space, but we will
understand it for our this course. So, in for example, the stress tensor which all of you
probably know from the solid mechanics course or stress matrix is a, it has a this form
and this tensor, this matrix is known as a second order; this matrix is a second order

tensor.

So, similarly the strain matrix is also a second order tensor. Now why it is called second
order tensor, because it has a two direction component. So, first component as we know
it represents the direction of normal and second one is the direction at which it is the
acting. For instance sigma 1 2 or sigma x y if I try to understand, what is sigma x y ah,
then the normal direction is along the x and it is acting on the y direction. So, similarly

sigma x and other ah components can be understood.

So, in general ah, so if I trend the if I want to define higher order tensor, so for instance if
I want to define a higher order tensor or a fourth order tensor, so fourth order tensor how
can I define? I can define in this way that a fourth order tensor is a transformation which
transform a second order tensor to another second order tensor likewise the definition of

second order tensor which is a vector to another vector.

So, essentially ah in this way we can define matrix itself. The matrix is essentially a
linear transformation, which transform a vector space to another vector space. So, ah
several examples of second order tensor we observe; for instance a identity tensor.
Identity tensor for of which a identity matrix of n’th order we represent it by I n; so this
is also a second order tensor. Now ah, right now we will only learn about second order
tensor and then in the later part of this module, we will also learn what is fourth order

tensor and it is used for us.
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Index Notation

*  Avector can be represented by,  u = uye; + uye, +useq =Z;’i{ ;e
+ We can remove i and simply write 1 = ue; whereT=1t0 3

*  Example:
Ui = Uyy + Uy +Usg

wvje; = (uy +u )'iff
= (uy 1y + ug)(vieg + vy + v363)

d Dummy and free Index:

*  Anindex which does not appear in equation after summation is carried out is known as
dummy index, Dummy index cannot be repeated more than twice.

*+  Free index is a generic index can have any indicial form.
ajx; : dummy index is i and free index is j
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So, so a vector ah as we were discussing in the last slide, a vector can be represented in
the component form. Now, if you look carefully that if I want to, if I fix the coordinate
system for which the basis is e 1, e 2 and e 3, then we can simply write it as ¢ summation
of 123 uiei Now this e i is the unit vectors. So now for our ease of writing we can
simply remove this summation symbol, and if I write u equals to ui and e i1 and if we
assume that i repeats from 1 to 3, then this type of representation is very helpful for us
ah, because we will ah we will not to write this summation and so this type of summation
in the removal of this type of implied summation is known as Einstein convention or the

initial notation.

For instance if I want to write u i i1 and if [ assume that i repeats from 1 to 3, then it is
simplyu 1 1u2 2 plusu3 3. So, similarly if  want to write uivjejejisthe e is the ah
unit vector, then u 1 is first sound and then v j e j. So v j e j is again summed ah as per the

ah as per our understanding of i j repeats from 1 to 3.

So, in this way we can reduce our computation or we need not to write every vector or
every tensor in a component form. So this is essentially for ease of our notational
notation or also it is known as tensorial representation. Sometimes we will also use only
tensorial notation and notation. So in a component form, we will understand it through

the indicial notation.



Now while doing this we introduce two indices; one is dummy index, another is free
index. So, what is dummy index and index which does not appear in equation, after
summation is carried out is known as dummy index. Dummy index cannot be repeated
more than two times. So, we will see all these during this course and we will also
mention there. So for instance, if [ want to write this summation then ah it is implied that
uie I; it is ah repeated ah till i equals to 1 to 3. So the free index, free index is a generic
index which can have any initial form. For instance if I want to write a if I write this
expression what this mean; a 1j x 1 is the 1 is the dummy index here and j is the free

index.

So, ah here are we, we can assume the value of j and then do all summations over i. So
this is the two types of index you have to keep in mind and we will always use this type
of ah notation to represents our quantities; for instance the kinematic quantities or the

derived quantities.
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Index Notation (Contd.)
O Example:
Yi= 0% = apXy +apk; +apx;
Vi = @g3%; + apX; +a3x°
Y2 = Ay + azX; a3
Y3 = agyX; + agpX; +a33%;
U Vector and matrix representation,

ay A1 G 043
a; = |42 Q= [f1 G2 Gz
as a3y Q3 dg3
O Vector and matrix addition.
ay+b g+ by aptbyy a3+ by
atby=|apthy| @jtby=|ay by aptby dythy
1y +b3 3y + b31

NPTEL ONLINE

IIT KHARAGPUR CERTIFICATION COURSES

So, now let us see some example, if [ write yiaij x j, then I can simply assumed i or [
can simply write in terms of iail x 1 ai2x 2 and i3 x 3 so on. So, similarly for a
different i which is y 1 equals toa 1 1 x 1 and so on. So, in a vector representation if [
write a 1, it means that it has three components, because we will mostly work with the

three component form in 3 dimensional space; so, i i varies from 1 to 3.



Similarly if we want to write a component of a matrix a 1 j, so ai j means it is all
component of a matrix and if the matrix is of dimension or order three ah, then it runs
from i equals to 1 to 3 to j equals to 1 to 3. So, this type of representation will shorten our
writing and this is the only reason we are doing this. So, similarly vector addition if |
write ah ai bi that means, each component of ai is added with the corresponding
component to of the bi, soalb1a2b2anda3b 3. Similarly matrix addition is also

component wise addition and which can be understood from this ah symbolism.
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Index Notation (Contd.)

A, Aty Aag Aay

0 Scalar multiplication:
'{al AR“ Aﬂlg ﬂ.ﬂlg
Aal: Aﬂ”=
Aag Aag, Aas, Aag;

O Outer product: a@l = ajbj
*  Product of two vector with different index. a®b_ o= 2040,
@by azb; ;b ayeq
aibj = |azhy @b, azhy b= b2 tbye,
ashy ash; asb +byey
U Inner product:
* Product of two vector with same index.  a;b; = ay by + azb; + azh;
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So, now scalar multiplication; the scalar multiplication is also similar to that, so if I
multiply ai with a scalar lambda, then it is multiplied with the all component. So, ah
another important thing which probably we have not learned in solid mechanics is the
dyadic product or the outer product or sometimes it is also known as tensor product, so

ah it is a1 bj.

So, if I write a tensor product b a tensor product b, so it is simply a i bj. Now what does
this mean ai bj, so where I runs from 1 to 3 and j runs from 1 to 3. So, similarlyalb1la
2b2a3b 3 and so on, so this type of symbolism also will be using here and another ah
which probably all of you know, the inner product or dot product of two vector which is

adotb.



So, adot b is we write it a 1 e 1 is the two vectors if we write in this form; thatisa l e 1
plusa2e 2 plusa3e3aand then b is also similarly we write a 2 ah, sorry b 1 e 1 and

plusb2e2andb3e3.

So, if we take dot product between two vectors, we know that e 1 ej equals to 1 when i
equals to j, and this dot product will ah ultimately produce a scalar which is ai bi; so
which is essentially if you write a with the summation conventiona I bla2b?2anda3
b 3. So, this is the way we will represent here. So, it is very important to understand

these notations, because ah in this process we can shorten our ah representation.
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Index Notation (Contd.)

J Decomposition of second order tensor into symmetric and skew-symmetric part :

' Symmetric: a;; = a; written as aj) 1 i
ay = 3 (ay+a) +5(ay = a) = ag +ayy)

* Skew-symmetric: a;; = —aj writtenasay;) . 2 " ™ o= L(a+) L L(a-K)
a2 1 z

U Numerical example:

120 2
Given ij = IO 4 3] b = Id,
il 0

Find:  lag=1+4+2=7_ dracc(®) = ]

i bl'b" — blb] + bcbz + li.’_';b:‘ =4+16+0= 2_0
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Now so for instance, decomposition of a second order tensor into the symmetric and
skew symmetric part. I think ah those of you who have learn the matrix algebra, then
probably you must have known this that any vector or a any matrix can be represented in
terms of a skew symmetric matrix and a symmetric matrix. So, any matrix A can be
represented represented like this A plus A transpose plus half of A minus A transpose

right.

So, this if we want to write it in terms of initial notation, it looks like this. So, a ij is the
component of a and a ji is the component of a transpose, and similarly the this part also
we can write. So, here generally we represent the symmetric part is with a first bracket
and anti symmetric part or skew symmetric part with the third bracket. So, this

expression is actually equivalent with the matrix expression this. So, this is essentially



the tensorial notation and this is essentially the indicial notation. So we have to ah we,
we may use both of them to write the our quantities. So, when we write in terms of this
so it is implied that each components are added properly. So, for instance if I give some
example, so if this is a matrix a and this is a vector b, then its component wise it is right
like this. So, if I write aii which is the all summation of all diagonal elements 1 4 2 which

s 7.

So, for your information this is also known as the trace, trace of matrix a which is a ii
right and then if I want to take the dot product with the vector v or b dot b, then as we
have seen earlier which is bi or the square of each components of b,; so which turns out

to be the 20. So, similarly we can use ah, we can give other examples also.
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Index Notation (Contd.)

byby  biby  byby 4 8 0
Fll'ldabb = bzb[ bzbz bzb; —Ia 16 0
biby biby bebs| Lo 0 0

Find : 4. ﬂ[i” =E(ﬂ|‘j +ﬂ ] + = {ﬂ

1120 1.102 111
= = | US| = 2R S
NI 03 21 1122

Find : 5. aijbj = ﬂhbi A ﬂlzbz + ﬂi;qb;;

M 2 o
=2 of+4[4]+0(3

2 1 4

¥
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For instance b i bj, so if I want to do tensor product between the same vectors or the for
instance b, tensor product b if I want to do; so this we will turn out to be the b 1 bj. So
this will ah be this, so component wise it looks in this form. Now one should understand
here this dyadic product or the tensor product increase the dimension. So, essentially b
was a ah single direction or a b was a vector and then when we do its tensor product it is

a, it becomes a tensor and it is a second order tensor.

So, similarly aij or the symmetric part of the matrix we can write it in this form. So,
similarly if I want, if I want to multiply vector b with the matrix a which is essentially a

ij bj, so we can write the component form in this way. So, the first row this is if I take the



I and then, similarly we can multiply with the corresponding vectors of b. So, this is

helpful in understanding the tensorial notation.
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Kronecker Delta
O Definition:
.U=[ﬂfnri¢! = 2 gl
1fori=j 01

O Property: 8 =68
G =01y +6;+633=3
5”:(! = 6f1.’(fj 6,-J|x,- = tﬂj.li
8 = ag,
6‘uarf = Oy
80 =3
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Now, we will define what is Kronecker Delta. I think ah you have learned this in your
solid mechanics course, but just to review, this Kronecker Delta is a actually and
operators or in a similar to ah what we have used in solid mechanics. So delta ij or it has
very interesting property, the property is when i not equals to j then it is zero; when i
equals to 1 it is i equals to j it is 1. So, generally we will use 3 dimensional Kronecker
Delta which represents the identity matrix because all 1 j's are different here so this will

becomes zero, all of diagonal elements.

So, the properties of Kronecker Delta, since its a diagonal matrix, its transpose will be
the same diagonal matrix. So, ah; that means, delta ij is delta g i and its stress will be
always 3, and if [ want to multiply with a vector with the Kronecker Delta the vector will
remain same. So this ah, and if [ want to a multiply a matrix the matrix will not change.
So, similarly delta ij delta jk I can write 3, so this is the property of the Kronecker Delta.

We need to remember this properties, because sometimes we will use these properties.
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Permutation Symbol (Levi-Civita symbol)
U Definition. +1 for even permutation of i, j, k (3 component) 3x3%3 = 2—?-
et O LTIL UL
Eijk = —1for eved permutation of i, j, k (3 Component) .l
0 something else (21 Component) -
U Property. 7y,
Eigy = E231 = E312 = 1 " E
£z = £321 = £33 = =1
B=&an=&gn='"= 0_,
O Application:
Determinant of matrix:
Gy g3
|4‘|”'| = |@y O x| = Eijkailaﬂaﬂ=Eljka1iag'aak
a3 O3 O3
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Now, another symbol or another operator we will use this permutation symbol or Levi
Civita symbol. So, for instance the permutation symbol is known as the epsilon ijk. So, it
has you see the i runs from 1 to 3, j runs from 1 to 3 and k runs from 1 to 3, so total 3

cross 3 cross 3; that means, there are 27 components of this ah operator.

So, if you look carefully that a second order tensor has total 3 cross 3 component. So
stress matrix for instance or stress tensor for instance, is have 3 cross 3 component right;
so it has 6 component, but this permutation symbol is essentially 27 components. So, this
is actually if sigma is the second order tensor, then permutation symbol is actually harder

a tensor, because it is the 27 components.

So, we understand what is third order tensor here. Now this permutation symbol like
Kronecker Delta has a property that if i j k ah, if we writing even permutation, then this
permutation symbol will be 1 and if 1 jk if we write in odd permutation ah this will be on,

odd permutation i, then it will have also three component which will be ah minus 1.

For instance if I write 1 to 3 epsilon 1 to 3 this will be 1, then 2 3 1 this will be also 1 and
epsilon 3 1 2 this is 1. So, if I change this flip these two that is if [ write 1 3 2, then this
will be minus 1 and if it is any one is repeated here, then it will be always 0. So, if you
look carefully then you will see that 21 such components will be zero and there will be 6
such components which will be nonzero which is either 3 of which will be plus 1 and 3

of which will be minus 1.



So, for instance we can use this permutation symbol two evaluate the determinant of A
matrix. So if the matrix A is ah we know the determinant of a matrix already. So if we
write it, so it will be like this. So, you can use pen and paper to expand this expression

and check whether this will ah, this goes to the determinant of a matrix or not.
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Permutation Symbol (Levi-Civita symbol)

O Application: €y € €3
© Crossproduct: @X b= O @) =geab, (@ x b); = &;ja;by
by by, b

*+  Scaler triple product:
[1,v,w] = uie; - (vje) X wyey) = uvwie; - Emjien
—_—

= Emjk UiV Wi Sim
= E”‘k H;ijk
d - fidentity:
—_— M = Gimbjn —Gin S
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So, now for instance another application is cross product. So, all of us know what is
cross product; so whichise 1 e2 and e 3 a 1 a 2 and it will determinant of that. So, if |
write it in terms of permutation symbols which is essentially epsilon ijk ei and then aj bk.

So, the component wise form is just you remove the ei, the vector unit vector term.

Now similarly scalar triple product; so, scalar triple product ah we know which is a dot b
cross ¢ something like that here you dot v cross w, so v and w if we write it initial form it
will just we can write v j ej and w ke k. So you if I write v j e j and w ke k in terms of
this form or this form then finally, we can write this scalar triple product is epsilon ijk uj
vj w k. So, this is another important relation or identity is that relating this permutation
symbol with the Kronecker Delta. So, if I if I write or if I want to relate this so epsilon

ijk is epsilon ah into epsilon m and k should be of this.

So, this is an important relation and this requires to prove some of our relations or some

of the theorems, so ah. Then we will see the coordinate transformation.
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Coordinate Transformation

¥

O Rotation of vector
* ¥,y 7 are formed due to rotation of original axis x, y, 2.

e; = Qije; Qij= cos(x;, x;)

e;= Qe

u'=hu+mv+nw
vV'=lhut+myv+n,w; for 3D
w' = L+ mav + ngw

u'=Lu+my
v = lu+ myy

for 2D
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So, coordinate transformation already you have understood in the ah solid mechanics
course, so we know if we rotate a coordinate axis about something or about a vector, so
we can write we arrive a new coordinate system X prime y prime z prime and our initial
coordinate system was xyz. So, relation between these two coordinate system are already
known to us which is e 1 prime is Qij ej, so e is the basis vectors in x y z coordinate

system and prime basis vectors are e prime j.

So, now, we know that Qi j's are the direction cosines right, so this Q becomes a rotation
matrix. Now for 3 D this looks, if I want to instead of a basis vector, if I want to
transform a vector then which is simply a we know from the calculations that1 lum 1 v
nlw,sol1lm1n 1 are direction cosines. So, similarly in 2 D we can transform a vector
whichis11and 11 uand m 1 v. So this is well known to us, but if we want to transform

a tensor how should I do?.
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Coordinate Transformation

O Rotation of Tensor v'nia,t__
—

zx'x' 1-12 miz f1m| Exx
Eyry; = 122 mzz Ilmz Eyy for 2D
Yy) \all, 2mm, lymy+ Lm,/ \Vy

O M S

£yt = £xx(c030)? + &y, (sin)* + 1,y cos B sin

&'y = Exx(sin6)? + £y, (cos B)? =y, o5 Bsin b
Vx'y' = —2Ex; C0505in0 + 2¢,, cosfsin 6 + Yay((cos 6) = (sin 6)?)

—_

€= QEST €ij = QpQiq€pg
————
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So, before we do it, do that let us see that how we transform our strain or stresses in our
solid mechanics course. If you remember carefully that that prime quantity strains and
prime quantities x 6 strains and prime quantities yy strains and x prime y prime the
engineering stress, the strains,. These are related with the non prime quantity or non
prime coordinate axis strains with this. So, if you look carefully these are the cos theta

square sin theta square cos theta sin theta and so on.

So, if we write now the strains in vector format which is also known as the void notation
ah. So this tensors we can write in a vector form which is of this form; so this is a void
notation. So, if you write prime quantities in a vector format and the non prime quantities
and vector format, then these two are related with the matrix of this form. This is not a
rotation matrix because the rotation matrix isImahl1m 1 andn 1 in 3 D, and for 2 D
whichisl 1 m 1 and m 112 m 2, so ah, but these matrix is the transformation matrix for

the strains.

Now you see a so we can understand from this configuration or the transformation of
strains that each of these direction cosines are multiplied twice and the reason is that,
because strain is not a vector strain is a tensor. So, it has two direction. So if I write it in
a more formal rotation so it comes out to be strain is this. So prime quantities strains
which is here it is a tensor and the non prime quantity strains are related with the rotation

matrix Q is in this way. So Q is epsilon prime, it is Q epsilon Q transpose and if I write it



in initial notation it is of this form. So, ah the reason why this transformation is like this,

because strain has two directions, not one direction.

So, for instance in the previous slide we have seen how to rotate a vector. So a vector is
essentially a hm one direction ah, it has one direction. So, if I want to rotate a vector, so

it is essentially multiplying the pre multiplying the rotation matrix. Since strain is a

tensor our transformation of trends looks like this.
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Coordinate Transformation

(]
€ =QeQ’ €ij = QipQjg€pq
2

£y Iy m?  ont Iymy mn, liny o

Eylyt B om?  n? lm, myn; Ly, £y

Etlt 2 2 2 £,

},",‘, =| & My g lymy Mshy lyng ru for 3D
y‘ryl 2Ll 2mymg Zngng Lmg+bmy mpng +mgny hng + Ly YU

L 2[2!3 2"12'113 zﬂzng rzmj + fgmg Tigfy + fighy !2’!3 + Ignz s
Y's' Yz

2lily 2mymy  2ngny Lymg o lmy myng +mang g+ Dy
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So, similarly for 3 D we can formulate it. So, if I write it in this, I think this ah
expression you are familiar in solid mechanics. So this is essentially this; so these strains,
this is in tensor format and this is a void notation. So, these actually ah formalize how we

learnt ah, how we represent or how we rotate tensors in 3 D.
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Principal Direction

J Characteristic equation
. |ay; fzai-,-| =0
det(A=A)=0  _pij-pLa+1,=0

I,=Trace of the tensor. = trace(A)= a;;

Iﬂn 012‘ |ﬂ22 ﬂzsl ‘011 ﬂ13|
b=

Az1 Qzzl a3z Ggzl A3 33

A1 Gz O3
() Oz Gy
(31 O3z (33

I3= det Iu,-j)=

U Invariant:

* |y, Iy, I; don't change with the rotation of the tensor so it's invariant.
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So, now we will go for what is called principal direction. So, principal direction is all of
us know what is principal stress on which that there is no shear stress right. So how it
comes? So as we know that ah that it is an Eigen value problem. So, if I write the
corresponding Eigen value problem which is if a is a matrix its Eigen value is det of A
minus lambda 1 equals to 0 that we know and this is essentially the characteristics
equation which represents the three roots of a Eigen value lambda and then, this I 1 12
and I 3 are also we know from our solid mechanics knowledge that trace of ais I 1 and
trace of and I 2 is all summation of all (Refer Time: 33:58) and then, [ 2, I 3 is essentially

the determinant.

So, these I 1, I 2, I 3 are known as the invariant of matrix a, which is a second order
tensor and this ah, what is this invariant mean? Invariant means if you rotate this matrix
a, these invariants I 1 I 2 and I 3 will not change. The component of this matrix may

change, but these quantities will not change.
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Principal Direction

J Eigen value and Eigen vector.
+  Solution of the characteristic equation will give three roots of A are known as Eigen value.
+  Each A will give one n which is Eigen vector.

+  After rotation along the principal direction matrix will take the shape.

A 00
0 4 0
00 A4

* The eigenvector n is in the null space of A — Al

* The number A is chosen such that A — AI has a null space. i.e. A — AI must
be singular.

+ The number A is an eigenvalue of A if and only if det(4 = A1) = 0.
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Now so as we were discussing Eigen value and eigenvector, so solution of characteristics
equation will give three roots which are called Eigen value and these Eigen values are
ah, each, for each Eigen value;there is a eigenvector. So, after finding out the Eigen value
the Eigen value matrix will look like this. And so those of you who have little knowledge

about null space or the vector space knowledge.

So, we can say these eigenvectors are in the null space of A minus lambda I. So, the
number lambda is chosens are such that A minus lambda I has its null space and A minus
lambda I must be singular. So, this lambda is a Eigen value o if and only if this (Refer

Time: 35:26) of A minus lambda I equals to zero, so these things we know.
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Principal Direction
d Example 20 0
Find the Eigen value and Eigen vector of the matrix. [0 3 4
0 4 -3

I,=Trace of the tensor.=a;; = 24+ 3=3=2

200, 4,2 0
ey of*[y Sltfy l=6-25-6=-25
20 0
L=lo 3 4|=2(-9-16)=-
04 -3

Characteristic equation : =A° + 1A% = LA + Iy = =4° + 24* + 254 =50 = 0
A-2)A+5)@A-5=
(‘I =2:A2=_5:j:;=5
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So, now with an example we can see that how to calculate this Eigen values. So, this is a
matrix, so the all invariants we can compute and this then characteristics equation we can
find out and we can find out the roots of the characteristics equation which is 2 minus 5

and 5, and then ah we can compute its ah eigenvector.
(Refer Slide Time: 35:37)

Principal Direction
O Eample: For/l;—S (a n —Obecnme
20 0 1 0 0
0 3 4|-5[0 1 0 =
0 4 -3 0 01
_3n1 =
-2, + 4, _[) Solving,n; = 1
an?-8n=0 0
2 1
) = =
*  Finally the Eigen vector matrix will be. 10 0
1 2
V5
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For instance the computation one, computation of one of the eigenvector is this and then

finally, we can compute the eigenvector matrix right. So, I stop here today, so in the next



class we will also ah review some of the matrix algebra and tensor analysis, and then we

will mostly discuss about the tensor algebra.

Thank you



