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Welcome, this is the last lecture for the module 3. So, here we are discussing anisotropic
elasticity. So, in the previous two lecture we first discuss the how to find out the number
of independent constant for a general anisotropic material. Then what we did is
essentially we derive the Hook’s Law in a Voigt notation from the general for the

anisotropic material.

And then we found out that it is a 21 independent constants out of 81 only 21 is
independent constant using major and minor symmetries. Then what we did is essentially
we found out the strain energy functions for general anisotropic material and we point
out that that the strain energy function is invariant under coordinate transformation, so

since it is a scalar.

So, using this relation essentially we found out the monoclinic material constitutive
equation of a monoclinic material. Also we have used the indicial notation for the
transformation of the elastic constants to find out the transformed constants of the elastic
components, elastic material constants for the monoclinic material. So, and also we have
discussed the stress strain, comparing the stress strain also we can find out this elastic
constant for the monoclinic material. Now, in this lecture we will basically find out the
how to would come up with the orthotropic material constant, and what does this

orthotrophy means.
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Anisotropic Elasticity

Hence U is a function of the following strain terms
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The approach in the strain energy invariance is as follows: Suppose there is a plane of
symmetry. If | transform the coordinates by a mirror image about the plane of symmetry, we
should have the following relation C,iﬂtl = (jjiq- This is because rotation is about a plane
of symmetry. Alsa considering the fact that the strain energy is a scalar, i.e. it should be
invariant under coordinate transformation, we can eliminate some constants from the
constitutive matrix.

7't = QipQigpq
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So, essentially we will quickly go through the process in the last class we have discuss.
So, strain energy function is a this function, and this is the transformation coordinate

transformation rules for the this thing.
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Monoclinic Material (1 plane of symmetry)
3 1-2 is the plane of symmetry. Taking a mirror image about 1-2 plane
10 0
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Now, upon coordinate transformation, the following terms will flip their signs
€14, €15, 94, E2E5, €364, E3E3, 46, E5E5

Hence, for U to be invariant, it cannot have the above terms

NPTEL ONLINE

IITKHARAGPUR CERTIFICATION COURSES

So, what we did essentially a for the monoclinic material, we used only x 1, x 2 plane or
12 plane is plane of symmetry. So, reflection about x 3 axis gives me the coordinate
rotation matrix of this form, then using this relation we find out the strains which will

change in sign.
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Monoclinic Material

Hence for a Monoclinic Material the strain energy has the following form

U=Ule,? &% 5% e47es?, &% €169, €185, €186, €263, €86, E386, E45)
Comparison with
(1182 + 2C10818, + 20138185 + 20148184 + 20158 65 + 2C1681 66 +]
Cy262% + 2038583 + 205498, + 2058565 + 2Cag8r84 +

Cazea® + 20348364 T 20358565 + 20a66586 +
Caats® + 2058485 + 20,5646 +
Cos€s? + 2054586 +
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|

We see Cyy = Ci5 = (py = (5 = (34 = (35 = (4 = (56 =0
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And then from that we from the general triclinic material anisotropic triclinic or
anisotropic material we have observed that these quantities the rate quantities will flip
the signs. So, which cannot be, which will change the strain energy and since strain

energy cannot be change then this material constant has to be 0 so that it will not change.
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Monoclinic Material

Hence for a Monoclinic Material the constitutive matrix has the following form

0 0 C44 C45 0 64
DENON ) e [

o [Cu CGa Gz 0 0 Gl
G| |Gz Ca Gz 0 0 (ylle
03 = 613 C23 633 0 0 C36 €3
04 ‘_ 0
g5 |0
O6l LCig G Cig 0 0 Coslls

1
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So, we find out finally, the constitutive matrix for a monoclinic material.



(Refer Slide Time: 03:48)

‘FPL LA L,

Orthotropic Material -10 0
Now assume that the plane 2-3 is also a plane of symmetry Q= [ 01 0]
0 =10 01

! ! ! ]
) Hence weget €4y = &9, €y = €37, € 33 = €33,€ 23 = £33,
4 o= A
€13 = 813,12 = ~€12

[ T
4 22 . ; ' ! / !
In Voigt notation £'y=&;,€5 = &,,63 = 3,4 = &,

T o
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X

Now, upon on coordinate transformation, the following terms will flip their signs

X
3 &6 8266, £366 E465

Hence for two planes of symmetry the strain energy has the following form

- R W
W =W(e* ;% &5, €4°€5° €6, €182, €13, £263)
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Now, here in the previous case we have assumed that this 1-2 plane is symmetric plane.
So, in addition to that if we assume that 2-3 plane is also plane of symmetry that means,
if I just draw another plane from here which is 2-3 plane. So, this plane is actually also
the symmetric plane, in addition to our already the 3 1-2 plane symmetry is already there.
So, if I now draw it in this form. So, this is my 1-2 plane symmetry for the monoclinic

material and then again also we assume the 2-3 plane is symmetry.

Then my rotation matrix can be written in this form, then again with the similar concept
we can find out the, what is the stress strain, what is the strains. So, essentially we can
write this strain matrix which is essentially a epsilon dash is essentially epsilon 11,
epsilon 12, which will be minus epsilon 13 which will be minus epsilon 23, epsilon 22,
epsilon 12 minus minus epsilon 13, epsilon 23, and epsilon 33. So, this is my strain

matrix.
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So, once this strain matrix is known to me then we can just simply convert it to the
previous case, that is the these stain matrix. So, we will convert it the Voigt notation. So,
epsilon dash is epsilon 1, epsilon 2 dash is epsilon 2, epsilon 3 dash is epsilon 3 and so
on. So, now if you do this then we can see from here that epsilon 16, epsilon 26, epsilon
36, epsilon 45 these quantities will lead to 0 or coefficient associated to these quantities

will be 0 essentially because these quantities will change the sign.

Now, this 2 understand this we have what we did is essentially we took the previous case
the monoclinic material which is having one plane of symmetry that is x 1, x 2 plane is
symmetry. Now then we are again saying that 2-3 plane is also symmetric. So, 2-3 plane
is also plane of symmetry. So, reflection about x 1 is symmetry. So, that means, x 2, x 3
plane is a symmetry plane, it has it at the 2 plane of symmetry. So, previous case we have
seen what are the components of the what are the components of the or what are the
material constants which will be 0 in the previous case which is essentially C 14, C 15,
and so on this components is 0. Now, on top of that we are this is due to the one plane of
symmetry. Now, on top of that again we are assuming that 2 3 plane is also symmetry

plane of symmetry.
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Orthotropic Material

Hence for a Monoclinic Material the strain energy has the following form
U=Ule? &% 5% e47es?, 662 €162, €185, €186, €263, €86, E386, E45)
Comparison with
[C1161% + 2Cy5165 + 2C1281 €3 + 2C148184 + 2C158165 + 20146166 +]
Can&s? + 20338563 + 20348564 + 20356085 + 20oa8s +
Cazta® + 20346364 + 20asa6s + 2Caglate +
2 Caals® + 20456465 + 204886+
Csses® + 20546564 +
C66562 ik

We see Cyy = Ci5 = Cig = Cyy = (o5 = Cy = C34 = O35 = C36 = (45 = Cys = C56 = 0
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So, then finally, we considered the general anisotropic material for which these due to
the 2-3 plane of symmetry these quantities will again come into or these quantities again
will change the sign. So, epsilon 16, epsilon 24, these no epsilon 26, epsilon 36 these will
change the sign. So, and epsilon 56 will also change the sign. So, these this again this

was there for the previous case.

Now, this we again to do this again we have to again use the ingredients of the strain
energy function so which will again leave it to me that C 14, C 15, C 16, C 24 and so on
this will be 0. So, finally, if I use this condition then it will be my, this case my

constitutive matrix will look like this.
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Orthotropic Material

A material with any two planes of symmetry is called an Orthotropic Material

0y Gy Ca Gz 0 0 07
03 = 613 Cza 633 0 0 0 E3
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So, which will have; if you have remember. So, we had this only these quantities are
there are in the monoclinic material now extra these quantities will be 0 due to the two
plane of symmetry and then these quantities all was also there so this will be again 0. So,
this gives me the full orthotropic material matrix or the. So, a material with any two
planes or symmetry is orthotropic material. Actually if two mutually perpendicular

planes are symmetric then third plane is also plane of symmetry.

So, that means, if we say that orthotropic material is mutually to mutually orthogonal
plane of symmetries are orthotropic material 3 mutually plane of symmetries are
orthotropic material. Now, these can be done through this the previous procedure where
we have seen that this using this C ijkl formula we can also do that, this formula. We can

also use this formula to do the, to find out the changes.
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Now, also we can use the stress transformation formulas. For instance the in the last class
we have discussed that sigma transpose equals to sigma Q transpose or Q sigma into Q
and epsilon transpose equals to Q transpose epsilon Q. If you compare this stress strains
then also we can come up with the orthotropic in case of an orthotropic material what

will be the constitutive constants.

So, in case of a 3D orthotropic material what we have see a C matrix looks this or the
constitutive matrix looks like this C 11, C 12, C 13, 0, 0, 0. So, C 12, C 22, C 23,0, 0, 0;
and C 13, C 23, C 33, 0, 0, 0 and then all Os C 44, 0, 0; then all 0s 0, C 55, 0; 0,0, 0, 0
and then C 66. Now, this is for 3D material.

Now, for a 2D material what will be the case? Now, for a 2D material naturally the strain
components will be, essentially the strain components will be like this for 2D case for 2D
case 2D orthotropic case the strain components will be epsilon 11, epsilon 22, and 2
epsilon 12. So, these gives me in a Voigt notation epsilon 1, epsilon 2, epsilon 6 right

with the previous assumption because we have a assume that 12 is 1 and 12 is 6.

So, now my for a 2D constitutive matrix will come like this C 11, C 12, 0; C 12, C 22, 0;

0, 0, C 66. So, this is 2D constitutive matrix so, finally, the stress strain relation will be
your sigma 11, sigma 22, sigma 12 willbe C 11, C 12,0, C 12, C 22, 0, 0, 0, C 66. Now,
this will be your epsilon 11, epsilon 22, 2 epsilon 12.



Now, you see now there is another condition, that condition says that this constitutive
matrix what should be the value of this material parameters. For instance can it be C 11,
can it be any value C 12, can it be any value C 13, can it be any value. Actually what are
the possible values of these constants are also very important because for instance all of
you must have heard that Poisson’s ratio if you remember the from the strength of
material or solid mechanics concept that Poisson’s ratio the range of the passions ratio is

0.5 to minus 0.1.

So, this why this range is given I think we will discuss it a later, but here what do you
want to point out that these matrix the component of these matrices this C and for 2D
case. For instance, this, this matrices what is the condition for which the component
values what should be the values of these C ij’s. So, that this matrix is representing a real
anisotropic material. So, the basic condition is that that these matrix has to be the

positive definite matrix.

So, what is positive definite matrix? So, the positive definite matrix means here is
essentially all principle minors are determinant of all principle minors should be 0. So,
for instance I will explain with for this 2D case. For instance this is the first minor C 11.

So, C 11 has to be greater than 0, right.

So, now determinant of this C 11 second principle minor that is C 12 and this C 12, C 22
this has to be greater than 0, right. And then the third one that is the C 11, C 12, and 0; C
12, C 22, 0; and C 0, 0, C 66 this has to determinant of this has to be 0.

So, now see this gives us a condition on which the C 11 and C 22 and C 13 and it is inter
relation how it is related, it is these condition gives us. For instance C 11 cannot be
negative. So, it has to be greater than 0. For the second condition what we see that that C
11 into C 22 minus C 12 square has to be greater than 0. This imposes another restriction,

right. So, this quantity has to be greater than 0.

Now, similarly this if you look carefully that C 66 into C 11, C 22 minus C 12 square this
has to be greater than 0. So, this also this C 66 has to be greater than 0. So, this is how
these for 3D case also we can represent its C 11 C; in that case we can also represent this
all principle minors for instance if I write it this has to be greater than 0. Then again this

condition, this condition will evolve and then this condition which is actually the



determinant of 3 cross symmetrics this will be 0 then multiplied with this. So, all these

quantities has to be 0.

So that means, the even though we know the material properties, the material properties
of a constitutive tensor that means, constitutive we know how it looks like the
constitutive matrix is, but we do it is we have to be very careful how this material
parameters can be taken. So, this is for instance in this orthotropic case how we cannot

take this arbitrary value of the material parameters. So, we cannot take C 44 with 0.

So, the basic premises of these is that the strain the constitutive matrix has to be the
positive definite otherwise what will happen is that the strain energy will not be positive
definite or strain energy or the strain energy cannot be greater than 0. So, this will restrict
the constitutive matrix to be symmetry is coming from the major and minor symmetry,
and positive definite coming from the existence of a strain energy and which is greater

than 0. So, this, this actually restricts the component of the elasticity matrix.
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Now, again another thing I want to point out here is that, suppose we were discussing
about 2D material where the 2D orthotropic material where will have C 11, C 12, 0 and
C12,C22and0; 0, 0, C 66, right.

Now, if you remember first class we have discussed this is C 11 can be also represented

in terms of engineering constants, for instance if it is a 2D orthotropic material. So, this



is x 1 and x 2 component, x 2; x 1 and x 2 axis. So, C 11 is along the modulus along x 1

direction and C 12 is a 12 direction, and then C 22 into 2 direction.

So, now this C 66 is the shear direction shear part. Now, these C 11 can also be
represented in terms of engineering constant. For instance that we will discuss separately
how to represent it in the engineering constants, but basically what we have seen earlier
is that I am repeating it here again that we have defined the anisotropic material or the
orthotropic material here that along 1 direction it is E 1, along 2 direction it is E 2 along

and the Poisson’s ratio is nu 12 and G 12 is my shear modulus.

You see there are 4 independent, 4 independent material constant and from these matrix
also we observed that this is a 4 independent material constant which are actually C 11,
C 12, C 22, and C 66. So, these all 4 constants are equivalent to this constant. So, I this
constants can be represented in terms of E 1, E 2, E 3, nu 12 and G 12. Again there is
another case which we will also discuss probably in subsequent lectures that these

material maybe in a orthotropic in a particular direction.

So, that is x 1, x 2 display in this direction it is orthotropic. Now, if it if I rotate this is
called the material axis, but the body axis the a structural axis may not be the same as the
material axis. For instance the structural axis could be in the x 2 dash x 1 dash direction x
1 dash direction. So, this is my body axis or the structural axis, but my material direction
is like this. For instance, this case will appear in case of a woven composites where we
will have the material axis is along this direction and the structural axis is along that

different direction.

So, this is my structural axis x 2 x 1 dash and x 2 dash this is my structural axis, but my
material axis is in this direction x 1, x 2. That means, when I have the material property
the Young’s modulus is along E 1 is this E 1 not in this direction. My body axis or the
structural axis is along this direction, but my material axis is along this direction. So,
when to when we solve a particular problem we have to solve it in the body axis or in x
2, x 1 dash or the prime direction. So, we have to convert this constitutive tensor to the

again to the body axis.

So, again the rotation matrix comes and so the the formula that again C ijkl we can write
itQipQi,QjQand QkrQcs,Cpgrs. So, this rotation this if you if you see this

rotation is along theta. So, here Q will be different so cos theta sin theta minus sin theta



cos theta one for 2D case. So, this has to be properly transform this rotation matrix has to
be properly this constitutive matrix or the ¢ matrix has to be transformed to the structural

axis.

Now, due to this transformation it will look like. So, if this is the theta this angle is theta
s0, this C in the prime coordinate system may not look like the same form. So, C 1 11, C
12 dash, C 13 dash, C or sorry 16 dash, C 12 dash, C 22 dash, C 26 dash, and C 16 dash,
C dash 26 and C dash 66. So, this is this prime coordinate system this is the this is the in
x 1, x 2 coordinate system it is C but in prime coordinate systems it is C dash right. So,

because you have to solve the problem in the structural axis.

Now, this does not represent orthotropic material right. So, and apparently it means it
may looks like that these relventory represent the orthotropic material but it is actually
orthotropic material it is coming from the rotation of these matrix, so these matrix. So,
when we see it is an orthotropic material we are talking about the material axis, we are
not talking about the structural axis. This distinction has to be remembered carefully
because we may need to transform the material in the structural axis in that case the form

of the orthotropic form may not be preserved.

So, these are the even though it looks in C that 1 2 3 4 5 6, there are 6 independent
components in this form, but actually there are 5 independent components. The 5
independent components come from here that C 11, C 12, C 22, C 66 and the theta. So,

the rotation as well as the material constant in the material axis.

So, essentially is rotated orthotrophy or special class of orthotrophy, so where we will
essentially rotate the material axis to match with the structural axis. So, this is the one
point, one has to remember when applying for a composite material. We will discuss this

composite material in a detail form in the subsequent classes.

So, here I stop today in the next module. We will again discuss some parts of the
anisotropic, and then basically will discuss transverse isotropy and then isotropy, and
then some strain energy, form of strain energy and then will go for the composite

analysis.

Thank you.



