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Hello and welcome to this lecture in this lecture we will learn some of the statistical methods to
test the observed data, whether they are fitting to some particular distribution or not you know
that in earlier lectures as well as in earlier modules also we have referred several time that while
handling some problem we generally assume that the dataset that is following a particular
distribution and we have seen now we will see that how we can test these things that whether the

dataset is really following this distribution or not.

There are some of the statistical test that | am just going to tell in this in this lecture is that so to
use that one and use the knowledge of this hypothesis testing will be testing it statistically that
how the data is fitting to a particular module. So there are some tests and so we will just pick up

some this popular test to see that how we can test.
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This goodness of fit test this is test are known as the goodness of fit test. So, this is so that is our

today’s lecture title is the Goodness of fittest.
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Outline

O Goodness-of-fit tests

m Chi-squared test
m Kolmogorov-Smirnov test

0 One sample test
O Two sample test
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So, first we will just see that how this can work and after that we will take two test for this
lecture that one is that chi square test this will be chi square, not d, d is mistake that is a chi
square test and other one is the Kolmogorov Smirnov test it is also known as this KS test as an
abbreviated form and this KS test again can be that one sample test and two sample test basically
when we take that this one sample test then we generally test it for one sample that we take and

we generally take that from whether that particular dataset follow a particular distribution or not.

So in this case one is our sample and other one is the standard distribution and when you go for
the two sample test it is basically both are our sample data is there and we look for the answer
whether both the samples are from the same population or not so when the same population
means there are following the same distribution or not. So this is how we go for one sample test
and this two sample test as you know that for this kind of statistical test we need some kind of

significance level and some statistical significance level.

So whenever we generally conclude or we draw some decision from whatever the statistical test
we do we have generally that decision is associated with statistical significance level so that is

important so, what significance level that we are considering either before and that okay at this



significance level whatever we are going to test is satisfied or not in a statistical sense that is

what we will do well.
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Introduction

O It may be necessary to check how well a a
set observed data fit to a particular
probability distribution

O This can be described using certain
statistical tests known as goodness-of-fit
tests

[0 Basic philosophy is to measure the

discrepancy between the observed and

~ theoretical values used in the statistical
7.} model
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So now first we will go to this whatever | just mentioned so far is that it may be a necessary to
check how well a set of observed data fit to a particular probability distribution and this one this
can be described using the certain statistical test known as the goodness-of-fit test and as also, |
just try to indicate that the basic philosophy is to measure the discrepancy between the observed
and theoretical values used in the statistical model. So, this basically are the general thing for all
the test that we going to describe now.

That and this one what we are describing is particularly for the one sample test suppose, when
we are saying that | have a dataset and that follows a particular distribution so what is our
interest is that whether there is any discrepancy between that whatever the observed distributions
that we can see from this data and whatever the distribution that we are assuming to follow
whether it is normal or log normal or even in the discrete side Poisson or so whether those
distribution that theoretical values and this whatever the observed from this data are matching or

not.



So that discrepancy we have to see and that discrepancy we have to decide which through some

distribution we have to draw some inference in a statistical way.
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Introduction...contd.

O Examples of of goodness-of-fit test may
be as follows:

m Whether a sample of a discrete variable
follows a Poisson Distribution

® Whether a sample of a continuous variable
follows a Normal Distribution

B Whether two samples are drawn from
Identical Distributions

So, the example of this goodness - of - fit test may be as follows say thus that what type of
question that we are looking for their answer say that whether a sample of a discrete variable
follows a Poisson distribution or not. So these are just the example it is not that always | am
looking for this Poisson distribution or so. So any distribution so | know that this random
variable is a discrete variable so | have some hypothesize that whether that sample can follow a
particular discrete distribution that we know already and those distribution we have discussed in

earlier lectures, in earlier modules.

So, like that question | have a sample whether that sample follow a Poisson distribution or not.
Similarly, whether a sample of a continuous variable follows a normal distribution or not, or
gamma distribution or not, or lognormal distribution or not like that or incase of the two samples
whether both the samples are drawn from the identical distribution or not so, when we are testing

it, we will just take try to take that all this several types of this problems where we will try to



cover almost all these different cases discrete variable case continuous variable case as well as
the two samples case taking from two different sample we will take and whether we will test that

whether they are from the identical distribution or not.
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Introduction...contd.

O The most commonly used tests are:

® Chi-square (/.) Test
m Kolmogorov-Smirnov (K-S) Test

®m Anderson-Darling Test
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So, as we mentioned, there are some of these commonly used test are there these are standard
test that we generally use for this goodness-of-fit test. The first one is this, chi square test and
then, the Kolmogorov Smirnov test and there also other test which is a Anderson-darling test
which is generally known to be a little improvement over this KS test. And we will take this one

also, but may be for this lecture we will just consider this chi square test and KS test.
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Chi-square test

O The Chi Square Distribution is used for
testing the goodness of fit of a set of
data to a specific probability distribution

O For this, we make comparison of
observed and hypothetical frequencies
that follow the specific probability
distribution

O It can be used for the both cases:
_discrete or continuous
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So now, this chi square test, the chi square distribution is used for testing the good ness of fit of a

set of data to a specific probability distribution.

For this we make the comparison of the observed and hypothetical frequencies that follow the
specific probability distribution so this is that what we have discussed for this basic philosophy
and this is basically, if you see that overall approach is same for all this test so the comparison of
this whatever you have observed from this data and whatever we are suppose to get from that
hypothesize distribution whether they are matching or not so here basically this chi square test is
based on their frequencies so we will find out the observed frequency and also see what is the

hypothetical frequency.

And obviously as we are talking about these frequencies so we have to categorize the data into
different beans and each bean what is the frequency, what is the observed frequency this
observed frequency means whatever the data that we are having based on that what is the
frequency that we can see, and we are hypothesize one distribution. So based on that distribution
obviously, that distribution should have some parameters with that parameters what are the

frequency that we can observed.



And this one can be used for the both the cases means, both for this discrete random variable as

well as for the continuous random variable we can use this test.
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Chi-square test...contd.

O Method:

m Consider a sample containing n observed
values of a random variable

® Let 0,0,0,,.,0, be the k observed
frequencies of the variates and the
corresponding frequencies from an assumed
theoretical distribution be E,, E,, ..., E,
It is required to test whether the differences
between the observed and expected
frequencies are significant

So what is done that may be we will discuss now in a step in different steps, first of all let us
consider that a sample contains in observed values of the random variable, so whatever the data
that we are having that is that n numbers of data that we are having. And now this notation that is
01,02,03...... Ok be the K observed frequencies of the variates and the corresponding
frequencies from the assumed theoretical distribution be E 1,E2,E3...... EK.

So this is that observed that is this is from whatever that data that we are having is the O 1, 02,0
3,0K and these E1,E2,E3,EK, these are from that whatever the distribution that we are
hypothesize that this data set may follow that particular distribution. So from that distribution
whatever the frequency that we are getting is E’s Ei's and whatever from the data that is O1’s.

So this it is required to test whether the difference between the observed and the expected

frequencies are significant or not.



So this are the O1, 02, 03, Ok and these are from the hypothesize distribution, now they are
difference whether this difference from the observed and to the theoretical is significant then we
can say that whatever the data we are having is not following whatever the distribution that we
have and on the other hand if they are almost same then we can say that yes that it is following

that particular distribution.
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Chi-square test...contd.

O Thus the goodness is checked as:

S

O As n approaches infinity, the sampling
distribution of \' tends to a distribution
with v (=k-1) is the degrees of freedom

Now so how to do that one how to find out that discrepancy is through this parameter, we
generally call it as a statistics and that statistics is obtained as that (Oi — Ei)*/ Ei and sum of are
all K’ s means all this groups that is from 1 to K. Now this quantity this quantity is as I told that
this is the statistics and denoted by here X? that we have denoted this one and it has been found
that this X? or this statistics.

It follows a chi- square distribution, if the A tends to infinity that is that obviously the
mathematical limit, for the large number of this sample data that is available this statistics follow
a chi-square distribution and this chi-square distribution is having some degrees of freedom, here
the degrees of freedom is k - 1.So this one show as you know that this particular statistics

follows the chi-square distribution with k-1 degrees of freedom.



That means we know that what are its properties and based on that at what significance level |
want to test whether this is means significantly this is significant or not that we have to test. One
thing is | should mention here that sometimes it is required for example that when we are
calculating this Ei it may require to estimate some of the parameter of that hypothesize

distribution from the data itself.

If that parameter is not known and in that case as many parameters as we are required to estimate
from this data then those many degrees of freedom will be lost. So if you are not estimating any
parameter from that data available that time this the degree freedom is k-1 but if we estimate one
parameter then this degrees of freedom will be k-2 if you are estimating 2 parameters then
degrees of freedom will be k-2 sorry k - 3. So similarly so as many parameters you are
estimating from the data those many more degrees of freedom will be lost.

(Refer Slide Time: 13:17)

Chi-square test...contd.

O Property :
B The ¢ test for goodness of fit should
generally have k=5 and E=5
O Special case:

B Most of the cases we may not have the
parameters of theoretical distribution
Then the parameters should be estimated
from the data itself and the statistic remain
valid if the degree of freedom is reduced by
one for every unknown parameter

So now this one, okay some more things some more properties these are not that means directly |
cannot say that why these are required but for the better results that we report it for the better

result this we should take care before we go ahead with the test. The first thing is that the K



should be greater than equal to 5, so that number of a groups that we have divided that observed

data it should be greater than equal to 5.

And that Ei is that is the frequencies that we got in each beam should be at least 5, so this Ei
should be greater than equal to 5.Now the special case the most of the cases we may not have the
parameters of the theoretical distribution and then the parameters should be estimated from the
data itself and the statistics remain valid if the degree of freedom is reduced by one for every

unknown parameter.

So that is what | just explained, so if you need to estimate the parameter of the hypothesize
distribution from the data then you need to then you need to allow that much degrees of freedom
will be lost. Now assuming that the distribution follows as this one that I told there will be square
here as you have seen earlier this statistics this observed minus this hypothesize square divided

by Ei and their summation.

So if this one is less than this value what is shown is C(layu) and this p as it is already explained
that this is the degrees of freedom, this C(1 — ap) that is C(1-pa) is a value of approximate that
this chi-square distribution with u degrees of freedom at the cumulative probability 1-o so now
this a is that significance level that we are talking about, the assumed theoretical distribution is
an acceptable model at the significant level of this alpha.

So this is what that | was mention initially that all these test should be associated with some
significant level, generally this significance level are kept around say 0.01 or sorry 0.01or 0.05.
So at this cumulative probability 1 —a, so if it is that 5 percent significance level if we say that
means that cumulative probability at which we are testing it is at the 95 %. So if the observed

statistics is less than is less than that cumulative probability of that distribution.

Here it is the chi-square distribution of this 95% if the alpha is 0.05 significance level and then
we can say that yes that whatever we have hypothesized may not be rejected. So yes as | told that

this should be the square.
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Chi-square test...contd.

0 Thus the goodness is checked as:

\.l ) Ly

O As n approaches infinity, the sampling
distribution of .\ tends to a distribution
with v (=k-1) is the degrees of freedom

As we have seen it here also this statistics this y minus Ei power square.
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Example

Q. Consider a given station in a watershed
where the severe rainstorms are recorded
over a period of 70 years, Out of this 70
years, 22 vyears were without severe
rainstorms and 25/14,6,3 years with 1, 2, 3
and 4 rainstorms annually. Test whether the
data can be assumed to follow Poisson
distribution at 5% significance level.

Now we will take up one example and this example we have taken for the discrete case and
because this chi-square distribution can be used for the is for the discrete parameters. So we have
it can be used for the continuous as well as discrete but the other than next one what we are
going to cover is the K S test that is for the continuous distribution, so here we are taking a

discrete example.

Consider a given station in a watershed, where the severe rainstorms are recorded over a period
of 70 years, last70 years we have recorded the how many rainstorms are there in a particular year
and out of these 70 years, 22 years were without severe rainstorms, so there are in 22 years there
are no severe rainstorms, so number of rainstorms is 0 and 25 years,14 years, 6 years and 3 years

are with 1 rainstorm, 2rainstorm, 3 rainstorm and 4 rainstorms respectively.

So 25years we have observed there is 1 rainstorm, 14years we have seen there are 3 rainstorms,
16, 3 rainstorm, and 3 years there are 4 rainstorms are there. Test whether the data can be
assumed to follow a poisson distribution at 5% significance level. So here as you can see that we
are hypothesizing that whether the data that is given that whatever we have recorded whether it is

following the Poisson distribution or not and the significance level is given as 5%.
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Example...Contd.

Sal.:
Average ocourrence rate of rain storms:
A= I (2501 4= 240233 4]
Tl
=183 7 raimstorms | vear

Mow to check the goodness of fit, we use the chi-
sguare distribution at «=5% significance level

As the data is so small, the data of four
starms/year is combined to data of three
storms/year
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So here now you see so the Poisson distribution you know there is some A there is one parameter
that we have discussed earlier modulus that parameter that lambda is the mean rate of occurrence
S0 rate so average occurrence rate of this rainstorm so if you want to calculate then we have seen
that there are 22 years where there is no rainstorms so 22 multiplied by 0 basically the first thing
then 25 yearsl rainstorm 14 years2 rainstorm 6 years 3 rainstorm and 3 years 4 rainstorms are
there are total so in this way out of these70 years what are how many total rainstorms that we

have seen that divided by70 gives you that average rainstorm that can occur in a year.

So 1.1857 rainstorms you can see in a year so A here is that 1.1857 and the t that we are - A t -
that is the total quantity that t is here the per year so one year how much rainstorms has occurred
so this is the quantity 1.1857 now remember that we have estimated this one from the data itself
so this was not supplied sometimes what happens these data could have been supplied directly
whether the test whether the data is following the Poisson distribution with the A is equals to
sayl.3 or 1.1 like that if that is given to us that means we are not estimating that one from the

data.



So they are the degrees of freedom whatever | told that it is k - 1 will be there but here we have
already estimated one parameter so now the degrees of freedom will be k — 2 so now to the check
the goodness- of- fit we use the chi - square distribution at a = 5% significance level as the data
is so small the data for the4 storms per year is combined with the 3 storms per year so this one is
generally done but so there is some discussion is required we can now we have to think that
what distribution you have to hypothesize so it is the Poisson distribution that you have

hypothesize and what is the support for that distribution now the Poisson distribution.

That support that we are looking for is basically starting from the 0 to 0 1 2 the discrete values
and goes up to o now the data that is obviously is given to us is that 1 rainstorm 2 rainstorm 3
rainstorm up to the 4 rainstorm per year but when we are hypothesizing that this is the this is the
Poisson distribution of obviously | cannot cuttle at any particular point so here what is the
general practice is that for the higher side where data is becoming very small we can combine
those things to take care two things one is that so | can declare that yes more than equal to this

value is having this frequency.

And the second thing is that we will also be testing whether that each group is having that
minimum requirement of this frequency is available or not because this kind of asymptotic
distribution that is it is going towards + oo so this type of it should be open bounded but the way
the problem is given it is just as a close boundary at 4 rainstorm per year so here if we just
consider that 2rainstorms are combined together that is the 3rainstormper year and 4rainstorm

per year case then we can say that will greater than equal to 3 rainstorm per year.

So that remains that positive side remains unbounded and also this will help to check whether
that at least greater than 5 that is for the better result that we have mention earlier so here also
what we are doing is that the 4storms per year and the 3 rainstorms per year are combined

together.
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Example...Contd.

Null hypothesis H,: The random variable has
a Poisson distribution with A=1.1897

Alternate hypothesis H,: The random
variable does not follow the distribution
specified in null hypothesis.

Level of significance: « = 0.05
We have k=4, degree of freedom, v=k-2=2
Critical region:

So here the null hypothesis is the random variable has a Poisson distribution with A equals to
1.1897 alternate hypothesis is the random variable does not follow the distribution specified in
null hypothesis what is specified here significance level is 0.05 at 5% significance level
mentioned and we have the k = 4 so the degrees of freedom here are the k - 2 so k - 1 is from
there and one parameter we have estimated so it is k — 2 the degree of the freedom is 2 so that

critical region here is this chi square distribution that is chi square distribution with 2 degrees of

freedom at a equals to 0.05.
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Example...Contd.

Now if you see so this is that chi square distribution table basically you know that we have
discussed this distribution earlier and this standard values are listed in any standard text book so
here if you see that this point at this .95 these that cumulative probability are given here and for
these degrees of freedom 2 this value is .5.99 so these value is our critical value that we have to

test against.
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Example...Contd.

O Thus from the table we get

=599

21.3019 0.0229

25.3428 0.0046

2 14 15.0752 0.0767

3 9 8.2801 0.0626
Total - 70 70 0.1668
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So this is that 5.99 that we got from this table and these are the beans here now so Orainstormper
year 1 rainstorm per year 2 rainstorm per year and this is the greater than equalto3 rainstorm per
year SO now as it is given in this data that there are 22 years where this0 rainstorms are there and
the 25 year are there is that 1 rainstorm 14years 2 rainstorm and 6 years 3 rainstorm and that 3
years4 rainstorms are there so we have combined it here to get the 9 years data where it is

greater than equal to4 rainstorm per year.

So we have avoided that one in one occurrence it is becoming 3 which is less than 5 so that is
also avoided and that right side is kept open and this theoretical frequencies that is these values
what we are getting is that this from this Poisson distribution that A t here equals to this A equals
to that1.1897 and t = 1 sol year so this A t value we will get and from this Poisson distribution if
you just put that x =0 x = 1 x = 2 and x = 3 with that value of lambda t equals to that value then
we will get this values which are the so are the theoretical frequencies for this Poisson

distribution.

So now so these are so these values we are getting when we are putting this x equals to 0 and

this value you are putting when you are putting x equals to 1 from this Poisson distribution so



this is the theoretical frequencies and these are the observed frequencies now what we have to
do we have to get this statistics that is y - Ei whole square divided by Ei so if we do this one
then we get these values and we have to sum it up this one so this is the summation from is
that0.1668.
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Example...Contd.

O From the table we get

,\'.l"' -_'_ I* 0. 1668 - _.;|||;-+ _,,:|

O Hence the Poisson distribution is a valid model
at 5% significance level

O Decision: The null hypothesis can not be
rejected at 5% significance level
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So these one this is our statistics which is equals to 0.1668 that we have seen from the table so
that so which is now is the less than 5.99 that we have seen from the table so this is less than this
critical value so hence the Poisson distribution is a valid model at a 5% significance level so the
decision is that for this test is that the null hypothesis cannot be rejected at 5% significance level
so there could be some other words that we can express okay the null hypothesis is not rejected
and all so what | feel is that this should be the proper decision proper probabilistic or the proper

statistical inference should be written.

As this one that null hypothesis is accepted is not the right thing to declare so rather the complete
thing that we can declare is that the null hypothesis cannot be rejected at 5% significance level

because the result that we have got it depends on what significance level that we have adopted



for so that is what we have to mention that at this significance level the null hypothesis cannot be

rejected.
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Kolmogorov- Smirnov Test

O This test is also most commonly used to
check the validity of the assumed model

O It is not applicable to discrete variables

O It relates to the cdf rather than the pdf
of a continuous variables.

O It compares the observed or data based
cumulative frequency with assumed
theoretical cumulative distribution

Okay so next we will go to that our second test which is the kolmogorov-Smirnov test in brief we
generally mention here K S test this test is also most commonly used to check the validity of the
assumed model and it is not applicable for the discrete variables so mostly that continuous
random variable if the data set is available with that we generally get this one it relates to the cdf
rather than the pdf to a continuous variable so here earlier what we have seen that the frequency
that when we are talking about in this chi square test that is basically a pdf that we are talking
about here this K S test is generally based on this what is there cdf, that is cumulative
distribution function, and it compares the observed or data based cumulative frequency with the
assumed theoretical cumulative distribution. So data based cumulative distribution, sorry this

should be distribution with the assumed theoretical cumulative distribution.

So there are some kinds of discrepancies or short comings | should say, in this chi square test is
that, we need to define that we need to first of all get that beans that we have to first categorize

the dataset, the full dataset that is, okay this is my range and in the discrete it is okay, fine that



whatever the example that we have seen. Now for the as I told this chi square distribution is also

applicable for the continuous distribution.

Now, if we take some continuous distribution in case of this chi square test, what we have to do,
we have to first categorize the data into different beans and each bean we have to see the
frequency and also we have to check that whether each bean is having so, the number of beans
should not be less than5, as well as each bean should have minimum that minimum frequency

should be 5, for the better results that we are mention.

So, these two things are not there in this K S test, so it is directly getting the, it is directly access
the, it is results from the cdf itself directly, so there is no need to categorize the data into beans.
And so, it is avoiding those requirements of these minimum 5 beans and that each bean should

have that minimum frequency of 5,s0 which is not there in this K S test.
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Kolmogorov- Smirnov Test

O Method:
B Let the continuous variable be X and x,,
Xa, ..., X, represent the ordered sample

of size n, the wvalues arranged in
increasing order.

B Now from this ordered set the empirical
or sample distribution function S (x) is
developed. This function is a step
function.

Now, so if suppose that there is a random variable X and we have some dataset of this X1,X2,X3 up
to Xn, o represent the ordered sample of size n. So, whatever the data that we are having from

this actual observation, we can first of all we can make it in an arranged in an increasing order,



and that increasing order if that increasing order is that xi,X2,X, if that is available. Now, from
this ordered set the empirical or sample distribution function Sy(x) is developed and this function
is basically a step function. So, this is from this data so how from this sample how to get that this

cumulative distribution function is as follows.

(Refer Slide Time: 30:37)

Kolmogorov- Smirnov Test

O Thus the cumulative frequency step function is
defined as:

O 5.(x) is the step function and F(x) is the
proposed theoretical distribution

That is for, when this Sy(x)=0, in case, when x is less than xj, S,(X)=k/n when this x is in
between k to k+1 and k can vary from 1,2,3 up to n-1. So, basically for all this x;to x, for this
thing we are defining these value of this cumulative distribution is k/n. And for x>n = 1. So, this
is basically what we are getting is the whatever the representative, cumulative distribution from
directly from the data and each point it is changing, this value is changing, so it will look like a

step function.

So, obviously as you can see this essence should will start from a value 0, it will start from a

value from 0 and at some point it will go.



(Refer Slide Time: 31:40)

It will increase and again from the next one, it should go and like this, it will go somewhere it
will go flat, and in this way what will happen it will ultimately attain the value where it is 1.Now,
this is the distribution basically we got it from this data. Now, the hypothesized distribution,
suppose that | want to match that normal distribution, so that normal distribution with the
parameters of course whether it is supplied or obtained from this sample data is that with that

data, I can also plot what should be the shape of this that particular distribution, say that normal
distribution if | say.

Now if this, whatever we have observed the black line here, if this is very close to this red one
which is the theoretical distribution obviously, then the data is from that particular distribution.
So, this discrepancy, now again, keeping the same approach same for all that test that I mention
at the beginning of this class, is that here also we have seen that what is the maximum difference
between this two distribution that cdf, so one is the theoretical and the other one is the database.

So, that discrepancy we have to assess through some statistical test, this is what.
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Kolmogorov- Smirnov Test

O Thus the cumulative frequency step function is
defined as:

|I. L

O S,(x) is the step function and F(x) is the
proposed theoretical distribution

(%) - |
B |

That is why we have got this S, (X) so, this S, (x) is the step function and this F(x) is the

proposed theoretical distribution that what | have drawn in the reading just now.
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Kolmogorov- Smirnov Test

[0 The discrepancy between
the theoretical model and
the observed data is
camputed and the
maximum difference (D)
between 5S.(x) and F(x)
over the entire range of « Salx) v
is obtained
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So now, here if we see the discrepancies between the theoretical model and the observed data is
computed, and the maximum difference the D, between the S,(x) and the F(x) is over the entire
range of x is obtained, which is denoted as D,, which is the maximum for all x,F(x)-Sn(x)
obvious the absolute value. So, now you can see here, for a particular point here as you can see
so from the blue one that | have drawn, this is also a step function here the blue line, and this

pink one is that your, is that theoretical distribution.

Now, the difference between any point to that theoretical distribution is your that value is the
difference between two things. Now, what we have to pickup from this two information is that
what is the maximum difference so, at each point there will be some difference between this blue
line and this pink line, so that difference at each and every point | have to find out and we have

to select, we have to pick up the maximum one, so what is the maximum difference.

This blue line obviously, as we are coming left towards this, this is 0, and from where it is ending
towards the right to that one it is equal to 1. And so over this entire range, we have to pick up

what is the maximum difference.
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Kolmogorov- Smirnov Test

[0 Thus for a specified significance level a,the K-S
test compares the maximum difference with
the critical value /

O £ is defined as:

PlD <D )=l-a

0 If the observed value is less than the critical
value, then the proposed distribution is valid at
the significance level .,
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So, thus for a specified significance level at a that K-S test compares the maximum difference
with the critical value D,*. Now, what is this D,* this D, is defined as the probability that D,
less than equals to D,"=1-0, again this a here is that significance level that we have mentioned at
the beginning of this class. So, if the observed value is less than the critical value, then the
proposed distribution is valid at the significance level a. So, we have to check that whether

whatever the maximum difference that we get, and whatever the critical value.

So, this probability, that is that observed D, less than equals to that critical value whether, it is

equal to thisl-a or not.
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Kolmogorov- Smirnov Test

O Advantage of K-5 Test

m As in Chi-Square Test, division of data into
intervals is not necessary in this case.

B The test statistic is distribution-free unlike
the case of distribution far Chi-Square Test

m It works for non-normal data (the test can
fail if the data is too far from normal)
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Now, the advantage of this K-S test as in the chi square test, division of the data into interval is
not necessary in this case, so | think this things | was just mentioning while at this starting of this
K-S test. So, we so these intervals are not necessary here, because we are just observing each
and every data point. The test statistics is distribution free unlike in the case of the distribution of
the chi square test. It works for this non-normal data, however the test can fail if the data is too

far from this normality.

So, there is no such restriction that with the data should be approximate normal or so, but it is
better to get the better result again that data should be somewhere near normality that is why the
popularity of this K-S test is we have seen, it is very frequently, it is applied to test whether the
data follow the normal distribution or not that is where the maximum application of this K-S test

has been found.
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Kolmogorov- Smirnov Test

O If the sample distribution n is large,
Smirnov has given the limiting distribution
of Jui, as:

"‘.“l""':“""' : :'H = E-xl{-lzr -1 |~<T- 1]
O For n=50 for u=0.05% and 0.10

C=136/yn and [ =1.22/\n respectively

Now, the sample distribution, if the sample distribution that n is large, not the distribution sample
size, if the sample size n is large, Smirnov has given the limiting distribution of Yn multiplied by
this D, ,s0 this is that D, that we have defined the maximum difference that multiplied by n,
these quantity follow a distribution like this that limit n tends to oo, probability of this quantity Vn
multiplied by that D, the statistic less than equals to z is equals to V2/z multiplied by Y(k-1) to
o exp[-(2k-1)A(%/82%)].

So, this is what it is giving is that for this n tends to .o means, when this n is very large that time
what we can get is that, how this D, is varying is that through this, that we have to find out
suppose that, suppose now so it depends on this what is the significance level that we have fixed,
suppose that this significance level if it is 0.05 that means, this probability is equals to 1-a that
means this 0.95.Now, if we solve this right hand part with equal to that, what is that,0.95,then we
will get that is z becomes 1.36 if you see this quantity here inside this exponential term, that
is,(2k -1)? x n* /82°.

So, this term basically is changing that is from this k = 1 to in infinity, now Kk if k is 1,you can
see that this is just minus of this quantity plus exponential of, if k becomes2 then, it becomes 9,



S0 -9,s0 exponential -9 times of this one and if k becomes 3then it is 25 times of this one, so
basically if you just do just a hand calculation also you will see that, if you just consider the first
term itself that is k =1 only and remaining if you just ignore it then, also you will see for this, this
is almost very closely matching with this one may be, it is just varying after third decimal or so.

So, for this n >50, some times in some text book can refer to that if is n >35 itself, and for this o
= 0.05 that means, this right hand side is equated with this 0.95 and if we just calculate what
should be the value of this z, if we just consider only one value of k= 1 then, you will see that
this z becomes very close to this 1.36.So,for this significance level a = 0.05 that critical value is

1.36 /\/n, so that means this Z becomes 1.36 and this is that 1.Vn.

So this critical value this should be so our observed statistics that is D, should be less than this
particular value to declare that, at that significance level, we can accept that particular hypothesis
or that null hypothesis cannot be rejected. And similarly, if you put that say o = 0.1; that means,
this right hand side if we equate to... if with that 0.9 then, we will see that this quantity, this z is
becomingl.22,

So the critical value is 1.22 /\n and for these lower values of n, this is also available in the

standard table from that distribution and we can refer to those tables.
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Example

(). The data of fracture toughness of plain
concrete specimens made with burnt brick

aggregates is shown in the table in next
slide. The data appears to fall
approximately a straight line on a Normal
probability paper with N(0.540,0.051).
Perform the Kolmogorov-Smirnov test at
5% significance level to statistically justify
the assumption for the given data.
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To get these critical values so, we will take up one example to just to discuss all these things, and
here we have taken one example of this continuous random variable. And as | mentioned that
this is mostly used when we are considering that when, whether the data set is following normal
distribution or not. So, that data of the fracture toughness of the plain concrete specimen made
with the burnt brick aggregate is shown in the table in the next slide.

That data appears to fall approximately a straight line on a normal probability paper, that if it
falls approximate normal on a normal probability paper, there is a possibility of it may follow a
normal distribution, and that the parameters are p=0.54 and the o = 0.051.To perform the
Kolmogorov - Smirnov test at5 % significance level to statistically justify the assumption of the
assumption for the given data.
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Example...Contd.

Fracture toughness (MPayvm) of plain concrete specimens (in
increasing order)

m K, m K, m K,
1 0.451 10 0.508 19 0.557
2 0.481 11 0.5 20 0.59
3 0.484 12 0.532 21 0.591
4 0.484 13 0.538 22 0.602
5 0.489 14 0.538 23 0.605
6 0.494 15 0.544 24 0.611
7 0.494 16 0.548 25 0.658
8 0.494 17 0,548
9 0.502 18 0.55

o
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So data is supplied here that is the fractures toughness, which is having a unit of MPa scales
square root of meter of the plain concrete specimen, and this is already arranged in an increasing
order. So, you can see that, so that there are total 25 samples are therelto up to this 25and this
one that KIC which is the notation for this fracture toughness is arranged in an increasing order,
so from0.451 to 0.658.

So we have to test that whether this dataset is following the normal distribution or not, and

normal distribution having the parameters 0.54 and 0.051.
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Example...Contd.
Sol.:

® Mull hypothesis H,: The random variable has
a NMormal Distribution

B Alternate hypothesis H,: The random
variable does not have the specified
distributicn,

| Level of significance: « = 0.05%
B Critical region(from table in next slide) :
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So, over null hypothesis here is the random variable, has a normal distribution with those
parameters of course. Alternative hypothesis, the random variable does not have the specified
distribution in this null hypothesis, level of significance is 0.05.And the critical region from the
table just show, that is, here what the number of data is25 that is available and significance level
is 0.05.
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Example..Condd.

3 From table;
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Now, if you see this table here, that is, these are the values of this K S test goodness—of-fittest.
This is that for different n is listed in the first column 10, 11, 12 like this, and the second one is
that, is you’re a 0.05. So, this kind of table is available to any standard text book and here, if you
just see this value is highlighted for this n = 25 and the 0=0.05, the value is 0.264,s0 from this

table we have just picked up these the critical value of that test.
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Example...Contd.

0 The cumulative Comudatos SaBuon of Aachurs lughnese
frequency of the
given data is
plotted in figure
with respect to
the equation of 5 -
K-S Test ,

J The theoretical D,..
distnbution
function of
normal model Is

,’j also shown 0
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Now, if we just do this one, do these same methods that we have explained; now whatever the
data that we are having, we have plotted it for it is distribution with this step function as shown
in the blue line here. And the theoretical distribution for this normal distribution that cdf of this
normal distribution with parameter0.54 and 0.051 is shown in the line magenta, now whatever

the maximum difference between these two that we have to pick up.

So, the cumulative frequency of the given data is plotted in this figure with respect to the
equation of this K S test and the theoretical distribution function of the normal model is also

shown, what is shown here.
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Example...Contd.

O From the figure, the maximum discrepancy of
twa functions, D, =0.1348 occurring at

K, =10.5080 [r-..-1|';| -u'll:ll.:l

O i.e, the maximum discrepancy 0.1348 is less than
the critical value 0,264

O Therefore model M{0.540.0.051) is a valid model
at 5% significance level, in other words, the null
hypothesis can not be rejected at 5%

significance level
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From the figure and of course, you can you can check it in this calculation also, the maximum
discrepancy of the two functions is Dmax = 0.1348which is occurring at KIC = 0.508, so at this
value the Dmax 150.1348.S0, this is the only value that we can that we have to pick up from this
comparison, this is what that K S test and sometimes from this point onwards, may be that

further improvement, we will look for that, but that is the later part.

But here from this graph, only one information that we are picking up is, what is the maximum
difference, just one particular value we have to pick up and that value is 0.1348.The maximum
discrepancy is 0.1348, now we can test that it is less than that critical value that we have seen
that also which is the critical valueis0.264 that we have seen from the table. So, what we can see
here, so this model is a normal distribution with parameter 0.54 and 0.051is a valid model at 5

percent significance level.

In other words or | should say that this should be used to declare that the null hypothesis cannot

be rejected at 5 % significance level.
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Kolmogorov-Smirnov two-
sample test

O The same test used in the case of one
sample test can be used to evaluate
whether two samples come from the
same distribution.

O Let the maximum absolute difference
between two empirical distribution
functions be D, ,

7
!
EPPUadnlt y Fhedivinin b On . Rt s LR TR
¥ v peamiin
1

Well, now we will go to that two sample test, keeping the basic philosophy, again here is the
same thing; one is that, so in the two samples; in one sample test what we have done is that one
the data that we have obtained and other one is that sum of some standard distribution that we
already know. So, in the example we have seen that one normal distribution that we have used.
Now, the two sample test means that we are not using any standard distribution, the two samples
are there, two samples both will have their own that event that observed cumulative distribution

function and we have to pick up the difference between two.

So, in the one sample test basically, that is one observed data and other one is some standard
known theoretical distribution. And in two sample test, both are the observed data, and we are
plotting, and what values we have picking up are exactly the same thing. So, the same test used
in the case of the one sample test can be used to evaluate whether the two samples come from the
same distribution or not. Let the maximum absolute difference between two empirical

distributions functions be Dmn.
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Kolmogorov-Smirnov two-
sample test

O Let the two functions be represented as
step functions G,,(x) and 5,(x) based on

mk

two samples of sizes m and n,
respectively.

O Thus the difference becomes as:

= max 7 [x) .‘-'.IJ."
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Now, let the two functions be represented as the step function G , (X) and S, (X) based on the
two samples of size m and n respectively, so that two samples are there, one sample is having the
m data other one is having n data, so this should be flexible. It is not that both the samples may
not have the same size of this data. And what we have to go what we have to get is that from
here, is that we have to find out what is the G, (X) and what is the S, (X), and following the
same equation that we have shown in this one sample test using K S test.

So, thus here, the difference will be that maximum difference that we have to get, which is the
absolute value of this difference between this G, (X) and that S, (X) and that one we have just
pick up only single value again similar to the one sample test, which is denoted as that D r, , this

m is the size of this one sample, other one is the size of the other one.
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Kolmogorov-5Smirnov two-
sample test

0 Kolgomarow- I —
Smirmay 3
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Now, this is one such typical example, how it will look like, the blue one is for the one sample
and the red one is for another one. So, now we have to find out, so basically the red is again
approaching towards this all are 0 value here, and here also red is going all are one- values are
one. So, now each and every point we can find out what is the difference there, so at this point
may be around point-0.4 or so, the difference is shown here between this point and this one, this

is Dmn for this particular value.

So, for all such differences we have to pick up the maximum one, so this KS test for the two

sample goodness of it as looks like this and
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Kolmogorov- Smirnov Test

1 If the sample distribution have large values of
m and n, Smirnov has given the limging
distribution as:
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replacing from one sampletest:

N r

l s
and continuing the test procedure.
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We have to pick up the maximum one. Now again, the sample distribution have the large values
of the m and n, if this if this values are large enough that is m and n, the Smirnov has given the
limiting distribution as this. The square root of m n/ m + n, which is the data size for the two
samples, multiplied / this D m n less than equals to z is equals to square root 2 © / z summation
of k equals to 1 to oo, exponential of - 2k- 1 square multiplied / 7 square /8z square. So, basically
what happens from the single sample, it was here it was square root n and for the two samples

test, it is replaced / this square rootof mn/m +n.

So, basically the sample size in the one sample test we have used it for this n and for the
representative sample size for the two sample test is this quantity m n / m + n. So, if we just
change this one, so if we once, we are having this two samples, so what is the representative data
length we have to calculate first. And the remaining thing is same, whatever we have discussed
for the one sample test, that is, if we take that the significance level is 0.05 say, then this quantity

be equate with this 0.95 then, it will again come that same value which is 1.36.



So now, the critical value that is that D m n should be less than equals to 1.36 / the square root of
this full quantity, earlier it was square root of minnow it is square root of this m n/ m + n that is

the difference.
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Example

(. The table showing modulus of rupture data for
two different groups of timber is shown in next
slide, Supplier deliver item in two lots, The first
lot consists of 50 samples and the second lot
consists of 30 samples. Both the lots were
supplied by a same supglier and the second lot
is clamed to be supenor tO the first lot, Apply
the Kolmogorov-Smirnoy two-sample test to
venfy whether the two samples ara of same
type (from the same population).
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So, we will take one example here, the table showing the modulus of rupture data for two
different groups of timber is shown in the next slide. Supplier delivered items in two lots. The
first lot consists of the 50 samples and the second lot consists of 30samples.Boththe lots were
supplied / the same supplier and the second lot is claimed to be superior to the first lot. Apply the
K S test, the Kolmogorov-Smirnov test, two sample test, to verify whether the two samples are
from the of the same type or not, that is, whether in the statistical sense, we should say that
whether both the samples are from the same population or not. So, this is what we have to decide
and this50samples and 30samples for all these timbers what is the modulus of rapture is shown in
this table.
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Example...Contd.

35.3 | 33.18  30.05  32.68 26.63
36.85 | 36.81 36.38 3444 2325
279 | 3881 37.78 3588 2846
' 2455 | 299 3503  37.51 30.33
L 28,71 | 17,83 34,63 3347 38.05
31,33 | 23.15 33,06 3248 34.56
23,37 | 27.93 3647 34.12 35
23,56 | 30.02 3864 3558 37.65
28 | 33,71 2898 3692 2883
(’* 25,39 | 28,76 32,02 3361 324
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This is the first lot that is lot A, this modulus of rapture is given in Newton per millimeter square.
So, this is35.3and like this, you can see that this is 5/ 10 columns, so all these data refers to the

modulus of rapture for the 50 samples supplied in lot A.
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Example...Contd.
LOT B (Modulus of Rupture In N/mm-“
33.19 4 344 28.97 35,89
28.68 36.53 35.17 39.323
37.69 31.6 38.71 29.11

25.88 22.87 3276 3449
2711 3688 2513 = 38
2393 3203 2584  35.67
33.92  38.16  28.13 _ 30.53
33.14 | 39.2
(%
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Similarly, in the lot B, these are30 data point of this modulus of rapture in newton per millimeter
square which is supplied in the lot B. Now, we have to test whether both this dataset is the same

is from the same population or not.
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Example...Contd.
O Sal.:

m Rull hypothesis Hg,: The ramdom wariables
sampled by the frst 50 wvalues and the
ramdom wariables sampled by the next 20
values have the same distribution.

m Alternate  Biypothesis Ho The  random
variables have differant distributionds.
m Lavel of significance: o = 0,05,

m Calculations: The data from =ach sample are
ramked separatsly with wvaluss of the step
- functions G () and 5 ().
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So, the null hypothesis is that the random variables sampled / thefirst50 values and the random
variables sampled / the next 30 values, have the same distribution or not. And so and the
alternative hypothesis are the random variables have the different distributions, so whatever we
have hypothesized in the null hypothesis is not valid. Level of significance here is0.05 and the
calculation that we have to do is that the data from the each sample are ranked separately, so we
have to make it, we have to sort it. In the last example, it was already sorted and that data was
supplied, but here we have to sort it, first we have to give the rank and from there we have to

calculate their respective cumulative distribution, so both are that step functions.
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Example...Contd.

O The samples are sorted in imcreasing order and
ranked accardingly for both samples and G0
and S.(«] are determined as shown in tabkle in
next slide

I Then the step functiom of both zamples are
plotted

O The maximum absolute difference between the
empirical distribution 5 then delerminad
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The samples are sorted in an increasing order and the ranked accordingly for both the samples G
m X and this SnX are determined as shown in this table in the next slide. And then, the step
functions of the both samples are plotted, the maximum absolute difference between the
empirical distribution is then determined. So, the basic steps what we have seen in the single

sample and this two samples are same.
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Example...Contd.

Rank xatlotA MR atA Rank xatlotA MR at A

1 002 [17.83 26 | 052 33,06
2 0,04 23.12 | - 27 0.54 33.18
3 0,06 |23.25 28 | 056 3347
4 0.08 (2337 29 | 058 3361
2 0,44 | 3202 47 | 094 37,78
23 046 | 324 43 @ 0,96 38,05
24 0.48 3248 49 098 3864
25 0.5 3268 50 1 38.81
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So, this is for the first lot, and you can see this rank 1, 2,this is shortened this is able is shortened
just to accommodate in a single slide that the rank is 1,2,3,4 and this continuing up to
22,23,24,25,26,27 and going up to 50.Now, this is that value of that k / n, that is, that rank m / n,
so it is 0.02,0.04, and0.006 like that from thisO it will go on, and it will come to that 1. So, this is
for this lot A, and similarly, this is for the lot B, and if we plot this one,
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Example...Contd.

O The maximum difference is D=0.12

It looks like this two plots are there, one is that shown by red and the other one is that blue. Now,
the maximum difference we can observe that the difference and we can get it and this maximum
difference is found to be 0.12 and as | told that now, there are two samples, one is that m is the50

data samples and n is the 30, so if we just get it becomes at 18.75, so we have to see what is the
critical value against this sample size of 18.75.
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Example...Contd.

O 0.13 s less than O T T TP 1 T S g ——
the critical : —
values 0,301
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And here if you see, that this sees approximately we have taken is 19 and obviously that for the
proper value. We can go for this linear interpolation between 18 and 19,but here we have just
taken this 0.031 as against this n equals to 19 and this D n 0.05, which is this significance level -
at 5 percent significance level. So, this so 0.12 that is what the maximum difference that we got
here.
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Example...Contd.

O 0,12 s less than
e critical
walues 3,201

o Thigs, nidl
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significance level - - o - :
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Is now less than critical values of this point critical value not s so critical value of 0.301 which I
have seen from this table, so thus the null hypothesis cannot be rejected at 5 percent significance
level. So, that means, both the samples are basically from the same population, so what the
supplier has claimed that the second sample is superior than the first one is not validate at least at
this5 percent significance level.

So, in this lecture, we have discussed two statistical test to test whether now, what type of
particular distribution if particular sample is following through two statistical test, one is the chi
square test and second one is the KS test. Generally, the chi square test can be applied for both
that discrete and continuous random variable and this KS test is for the continuous random
variable, but most of this application, whether the dataset is following the normal distribution or
not that we test, and also we test that whether the two samples that we are having whether, they
are following the same distribution or not, that is what we can test using this K S test. So, we will

take up some other test in the next lecture; thank you.

Probability Methods in Civil Engineering
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