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An important result
We saw that a Fredholm equation with a real symmetric kernel
has real eigen values andorthogonal eigen functions. A non-symmetric
kernel may however possess characteristic numbers that are not real.

The usefulness of extracting the eigen values and eigen functions
of such an integral equation stems from the following result: Any
function f(x) generated from a continuous function w(x) and a

b
continuous real symmetric kernel K(x,&) as: f(_\-)_j.{(_\-,f)w(;)d-__’

can be represented in the interval (a,b) as a linear combination of
the eigen functions of the homogeneous Fredholm integral equation
that has K(x,&) as its kernel. Hence for all f(x) generated in this
manner we can write :

e N b
éﬁ) [(@)=2C,,(x) where y,(x)= A[K(x,&)y,(£)ds (™)
. n=1 a
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In this final lecture of our series on numerical methods in civil engineering, we will
attempt to complete our discussion on integral equations. We will let us recapitulate very
important result which we encountered in the last lecture. We saw that a Fredholm
equation with real and symmetric kernel and also a continuous kernel, always has Eigen
functions that are real, the Eigen values that are real and Eigen functions that are
orthogonal, right. We saw that when the kernel is real and symmetric, however when the
kernel is not real or it is not symmetric, we have not guaranteed that the Eigen functions,
the Eigen values may not be real in that case when the kernel is not symmetric, right. So,

that is one we have already encountered in the previous lecture.

Now, we want to talk about another important result which allows us a lot of freedom
which basically leads to the usefulness of this Eigen decomposition, finding the reason
why we do this, we go to the trouble of finding the Eigen values and Eigen functions will
become clear when we see this result. These results basically says that if |1 have any
continuous function psi of x can be for instance that function, if I integrate that function

and the kernels for instance | am referring to this integral.



So, | integrate K of x of xi and psi of xi, | integrate that within the limits a and b and
suppose, | get a function f of x is equal to integral a to b K of x xi psi of xi and the only
requirement is that psi be a continuous function. In that case, | am guaranteed that f of x
can be expressed as a linear combination of the Eigen functions of the integral equation,
where this is my integral, this is the Eigen value problem and if I solve this problem, |
get the Eigen functions y n and | can represent f of x as a linear combination of these

Eigen functions, right.

So, this is very important because then only restriction on psi has to be continuous
function, right. If psi is a continuous function and 1 get f of x by operating with psi with
the kernel operator, so operate in the sense of a integral equations | mean integrate within
the limits a to b, right. | get a function f of x and that of f of x can be expressed as a

linear combination of the Eigen functions.
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Iterative Method for eigen values
This is very similar to the concept that any » dimensional vector
can be represented as a linear combination of the eigen vectors of

a nxn symmetric matrix A, since they form a basis for the space.

As seen earlier, if the kernel is separable the eigen values and
eigen functions can be obtained analytically so long as the
coefficient matrix (I-AA) is of order 4 or less.

However for integral equations with separable kernels that give

rise to larger systems, or for integral equations with kernels that
are not separable, iterative procedures are adopted to find the

eigen values and eigen functions.

(___T_hc iterative procedure for real, symmetric and continuous kernels
-{is ery similar to, that adopted to find the eigen values and eigen
wevectors of real symmetric matrices.

So, this is we have seen before. So, if you have a symmetric, if you have a linear, if you
have a linear system and the coefficient matrix is symmetric and if the Eigen values are
real and the Eigen vectors are orthogonal and the Eigen vectors form a basis for that
space, then in that case, you can represent any vector belonging to that space as a linear
combination of those Eigen vectors. Similarly, this function f of x can be expressed as a
linear combination of the Eigen function. So, the ideas are very similar.



So, how do we find the Eigen values and Eigen functions? Well, we have seen that for a
separable kernel, all we need to do is to solve the characteristic equation. We can write
down the characteristic equation and the characteristic equation is the determinant of this
I minus lambda a, where the unknown is lambda. So, this is a polynomial in lambda. The
determinant of this becomes the polynomial in lambda for a separable kernel, and if that
polynomial we get lambda, but if the order is greater than 4 or more, sorry this should be
more is we can solve it. So, as long as it is 4 or less, but if it is more than 4, then we
cannot get an analytical solution because of more than equation. We know that we

cannot solve it analytically.

So, we have to solve it numerically. So, for a separable kernel if the order is more than 4,
we have to solve it numerically. However, if the kernel is not separable, then it is hard to
find the analytical procedure. So, we have to go ahead and solve it numerically using
iterative procedures. Thus, it is very important that we have some idea of how we go
about finding the Eigen values and Eigen functions of these integral equations, basically
how we use these iterative methods to come up with the Eigen values and Eigen

functions.
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lterative Method for eigen values
Recall that iterative methods to determine the eigen values and
eigen vectors of the linear system Ax=ix tend to determine the
largest eigen value and the corresponding eigen function first.

Subsequently the next highest eigen value and the corresponding
eigen function is determined, as so on and so forth.

For integral equations however, the iterative methods tend to
determine the characteristic number with the smallest absolute value
first. Subsequently higher eigen values and the corresponding eigen
functions can be determined in a sequential manner in ascending order
of magnitude of the eigen values.

Tﬁg reason for this becomes clear if we rewrite the eguation

g, e b
W -ﬂ.j‘!\'(.\-,:)y(:) dé as y(x)=AKy with K being a linear operator.
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Recall again that if for the linear system, we encountered an iterative method for solving
the Eigen values and Eigen functions and there we have got the first estimate was of the

highest Eigen value, and the corresponding Eigen vector used in iterative scheme which



gave us the highest Eigen value and the corresponding Eigen vector. In case of integral
equations, it is just the reverse, right. Our iterative scheme gives us the lowest Eigen
value and the corresponding Eigen vector. Why is that? The reason for this becomes
clear. If we rewrite this integral, this Eigen value problem as an op in terms of an
operators instead of y x is equal to lambda. This if | write y x is equal to lambda K times

y, where K is no longer the kernel, I am thinking of K as an operator, right.
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lterative Method for eigen values
On comparing this with the eigen value problem for the coefficient
matrix A, i.e. A'x = Ax, it is clear that the eigen values A for the
integral equation are analogous to the inverse of the eigen values
for the linear system of equations.

The procedure commences by choosing an initial approximation to
the eigen function corresponding to the smallest eigen value. Suppose

this approximation is ()

We then substitute this approximation in the right hand side of
b b

() = [K(x,) y(©)dg (*) to obtain ¥ ()= [K(x,&) yV(§)dé

»'?(x) thus obtained is then substituted again into the right hand side
OT:RS :and the process repeated until satisfactory convergence is

ed.
NPTEL

I compared this with my Eigen value problem for a linear system and for the Eigen value
problem, for the linear system is lambda star x is equal to K a x. So, a x is equal to
lambda x while here it is 1 by lambda y x is equal to Ky, right. So, you can see that the
Eigen value for the integral equation is analogous to the inverse of the Eigen value for

the linear system of equations, right.

So, you can understand that when we are using an iterative procedure, we end up with
the highest Eigen value for the linear system. When we are trying to use an iterative
procedure for the integral equation, we will end up with the smallest Eigen value and the
corresponding Eigen vector just because the Eigen value problem is a little different
instead of a x is equal to lambda x. So, this is my coefficient x, this is my linear

operating on x is equal to lambda x.

Here | have lambda times the linear operator is equal to v, right. So, it is just lambda is

on the other side of the equation, right. So, because of that our iterative procedure is



going to give us an estimate of the smallest Eigen value rather than the largest Eigen
value. How do we go about the iterative procedure? Well, we start with some function y
1 of x which is our estimate to the smallest Eigen value. We construct a function which
we think may not be even close with, but it is an estimate, our first guess to the lowest
Eigen value and then we operate with the kernel, and then we come up with something

else, with another function, right.

So, this was my input. | put it on the right hand side, I came up with this on the left hand
side and I do this repeatedly. So, y 2 of x again | put it on the right hand side, operate on
it with the kernel, and come up with an improved estimate. Why is it an improved
estimate? We will talk about that later on, but for the time being let us assume that we

get another estimate.

(Refer Slide Time: 08:52)

lterative Method for eigen values
The procedure converges at iteration » if »"”(x) obtained as

¥"(x) j;{(_r‘-;)_1-'3'-""'(§)¢f§ is such that y*(x)= "™ (x)

It can be shown that when K(x,&) is continuous, real and symmetric,
the successive approximations y*’(x) tend to the characteristic
function y,(x) corresponding to the characteristic number A unless
the initial approximation »“'(x) is orthogonal to y,(x)

In view of the result (****) each of the y"’(x), k =2... obtained
-] N
as _1-"“(_r)_IK(_\-_;) YUP(£)dE can be repesented as:y”(x) =3 C,y,(x)
=l

a

178
1S-
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W’j}ecall that for separablereal, symmetric and continuous kernels N
inite number while for non-separable kernels N is infinite.

We keep on doing this until satisfactory convergence is obtained. What do we mean by
satisfactory convergence? Well, two iterates are about the same right up to a certain
tolerance to define some sort of tolerance, but these two iterates are about the same in
some norm, right. Their difference is very acceptable and is beyond is below a certain
cart of value, right. In that case, they are close. It can be shown that when K xi is a
continuous real and symmetric, we can prove that these successive approximations 10 to
the characteristic function corresponding to the smallest Eigen value. We can show that

and unless there is a limitation, but for the time being let us leave the limitation aside, but



it can be shown that in most cases, whatever guess we take to y 1 of x if we perform this
operation repeatedly, we are going to end up with the smallest Eigen value and the

corresponding Eigen vector, right.

So, how is that? Well, we will use the result which we just encountered which says that if
you have a function, if you have a continuous function and you operate on that with the
kernel and you get another function, that function can be represented as a linear
combination of the Eigen functions, right. That was the result we just encountered here,
right. That was our result here, right. So, look at the form. It is exactly the same.

So, what we are saying is that the operation that we are repeatedly performing, we are
operating, we are assuming that my y 1 xi is a continuous function, my y 2 xi my y 2 x
that | get after operating on that with the kernel, 1 will be able to express that as a linear
combination of the Eigen functions of the integral equation from my result before, right.
We recall that for separable real symmetric and continuous kernels, we have a finite
number of N. The number of Eigen functions is finite while for non-separable kernels N

is infinite.
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lterative Method for eigen values
Hence »“(x)= IK(.\'_..,"‘) YW(EdE = Z(’,i,\‘”(,\'}

] N N b
Therefore y®(x) = [K(x,£) 3 C,3,(x)dé = X C, [ K(x,£) y,(£)de
a a= n=l °

N

¥, (x)
¢ Zn
Z7,

A,

n

b N y iy N i
Similarly, »¥ (0= [k o 3¢, 2P dg=3 ¢, ";;"

N . =, N bl
Hence, in general, y"'(x)=%"C, J (‘) = ] )":Z('f" Y2C.p,(x)
= Ay M n=l A

Since 4, is the smallest eigen value, as r— « only the first term

--4n the above series survives, i.e.
&

e ; O
2 Lim y"(x) = ()7 C oy (x)
3 e /‘1

So, we do this and we get y 2 of x which is something like this which we know can be
expressed like this because y 1 of xi are initial guess is a continuous function. So, now
when | put y 2 of x in this equation back again on the right hand side to get my y 3 of x,

look what we can do. We can pullout the summation outside and inside | have an integral



atob K x xiynxid xi, but each of these y n xi’s are the Eigen functions of my integral
equation, right. So, that means, integral of ato b K x xi y n xi, it is going to be equal to 1
by lambda y n of x 1 by lambda n y n of x because this times lambda n | know is equal to
y n of x because this is a Eigen function.

So, I can write this as sigma n is equal to 1 to capital N ¢ n y n of x by lambda n, right. I
can write it like that. So, again | substitute. When | do it again, when | substitute y 3 of x
to the right hand side, I just substitute this right again. I pullout sigma ¢ n and again |
have integral a to b K x xi y n xi which, sorry this should be xi. I apologize, this should

be xi.

Then | end up with y n of x by lambda n. And finally, | get sigmanequaltoltoncny
n of x by lambda n square, right and if 1 do it r times, | can write get in general that y r of
x is equal to just analogous to this, right. Just by induction we can see that y r of x will be
equal to sigma n is equal to 1 to N ¢ n y n of x lambda n divided by lambda n to the

power n minus 2. Look at this y 4, you have lambda n square.

So, y r, it will be lambda n to the power r minus 2, right. So, we can write this and then |
do a little bit of manipulation. | multiply top and bottom by lambda 1 to the power r
minus 2 and | bring 1 by lambda 1 to the power r minus 2 outside, and | have this sort of
an equation. Now, look at this. Look at this term. The term within this summation sign, I

know that lambda 1 is the smallest Eigen value.

So, when n is equal to 1, this term is going to become 1, but for n greater than 1, this
term is always going to be less than 1. It is always going to be less than 1 and what does
it means that if r goes to infinity as r becomes larger and larger, all those other terms
except the term for n is equal to 1 are going to become smaller and smaller, right. Those
are the terms that become even smaller, right.

So, that means, those in the limit that r goes to infinity, those terms are going to go to 0.
Only the first term is going to survive and | will be left with this 1 by lambda 1 to the
power r minus 2 ¢ 1 y 1 of x. So, you can see that as | increase the number of iterates, my
iterate is going to 10 to the first Eigen function and whatever | get here, | can get my

Eigen value from there, right lambda 1 from there.



(Refer Slide Time: 15:08)

Solving non-homogeneous eqns.
If y¥(x) is chosen to be orthogonal to y,x), C, =0 in which case
Lim y(x)=0
Once the characteristic function y,(x) is known to an acceptable
level of accuracy, 4, and y*(x) can be found by taking the starting
vector of the iteration »“(x)=y,(x). A similar procedure can be
extended to evaluate y™(x)...efc. but the errors are significartly higher.

Uptill now we have focussed on solutions of the homogeneous
integral equation of the second kind. We have seen that the solutions
of this problem yields the eigen values and the eigen functions.

We have also seen that for real, symmetric and continuous kernels
the eigen functions possess the highly desirable orthogonality property.
I¥éxtywe will show how the eigen functions can be used to find
p%f?]mfns of non-homogenous integral equations.

However, if our first iterate by some chance | chose my first iterate to be orthogonal to
the Eigen function corresponding to the lowest Eigen value, then my r goes to infinity.
My y r is going to go to 0 because this ¢ 1 has got to be 0 because ¢ 1 is the coefficient of
the first Eigen function in my expansion, right. There ¢ 1 is the coefficient of the first

Eigen function.

So, if by some chance | choose my y 1 such that it is orthogonal to my first Eigen
function, when I say first Eigen function | mean the Eigen function corresponding to the
smallest Eigen value. In that case, | mean this thing will break down, right. I will not be
able to find, but that is relatively rare situation, right. So, this iterative method is
guaranteed to yield the Eigen function and the smallest Eigen value. Similarly, once |
have found this smallest Eigen value and the corresponding Eigen function, | can use that

as the starting iterate, right.

In that case, | will end up with y 2 because | know that what | get at the end, it will not
contain y 1, right. When | say y 1, I mean the first Eigen function because if | choose, so
I will end up with y 2 and if I do this and after | find y 2, I can find y 3 and so on, but this
is actually one must qualify this and say that it does not really work. That way it works
very well usually to find the first Eigen value and the first Eigen function, but beyond
that up to second third, it breaks down. Why? Because it is not the errors are so high. The

errors are sufficient. So, whatever you get does not really it can be shown. | have not



done that because it can be shown that the higher order Eigen functions, it is not possible
to get them accurately using this method. It is only the first Eigen function, maybe the

second, but not much beyond that, right.

So, until now we have focussed on solutions of the homogenous integral equation of the
second kind, and we have found ways of finding the Eigen values and Eigen functions,
and we will see that for real symmetric and continuous kernels, these Eigen functions
possess highly desirable orthogonality property which will allow us to use this Eigen

functions to solve non-homogeneous integral equations.
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Solving non-homogeneous eqns.
We consider the simplest case first i.e. the case where the
kernel is separable. For the non-homogeneou s case the Fredholm

N
equation is: ¥(x) = F(x)+ 2 ¢, [, (%) (+)
n=1

] N
where ¢, - Jg,l(.\')‘1'(.\‘) dx, n=12,...N and K(x,&)= Z_,ﬁl(_\‘)g"(r)
a n=1

Similar to the homogeneou s case, we multiply both sides of (+)
with g, (x) and integrate between (a,b) to get:
c=R+Aca,+Aca,+.. ey oy

c,=f,+Ac ay,y+Ac, 0y 4 Acy ayy

Cy = PytAcay +Acay, o Aoy oy

’ P b b
‘-\@re B = [F(x)g,(x)dx and a,, = [ g, (x) f,(x)dx
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How are we going to do that? Well, let us look at this simple case where we have a
separable kernel, but earlier we looked at the situation where it was homogenous, but
now we are considering a non-homogenous situation, where f of x is not equal to 0 and
we are interested in finding the solution of that equation. Again these we have defined
already c n, I defined earlier and K x xi is equal to f n x g n x because it is separable,
right. Again, | have a mistake here. It is g n of xi, right f n of x g n of xi K of x xi is equal
to that and similar to the homogenous case if we multiply both sides of this withtheg 1 g
2 g 3 and so on and integrate within the limits a to b, I end up with a system of equations.
This system of equations is identical to the previous system except for these terms beta 1,
beta 2 through beta n which now appear because | have this integral also on the right



hand side f of x g m of x d x. | have this integral also on the right hand side. That is why

these additional terms beta 1 through beta n.
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Solving non-homogeneous eqns.

In matrix vector form, we get (I-4A)c=b where I is the identity
matrix, A the matrix [«,, ] ¢ the vector [¢,] and b the vector [5,]

If at least one of the A's do not vanish, a unique non-trivial solution
of the above system exists if the determinant (I-.4A) does not vanish.

If the determinant vanishes, the system is either incompatible and
hence no solution exists or the equations are redundant in which case
infinitely many solutions exist.
This is best understood by an example. We consider the non-
1

homogeneous problem: y(x)= /‘t!(l—l_\‘j)y(;)d.fi—F(_\‘). This is the same

b 0
prﬁ:R as considered earlier, except for the forcing function term F(x)
&
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Then finally, we end up with a matrix system like this. I minus lambda a c is equal to b.
Recall for the homogeneous system, | had | minus lambda a ¢ equal to 0, right. So, | is
the identity matrix, a is the matrix of alpha m n, where alpha m n is defined like this.
These are all familiar. So, I am not spending too much time on this because we have seen
this before. So, now, we have this system like this if at least one of the b’s do not vanish,
and this coefficient matrix is invertible, then we can find a solution, right. A unique non-
trivial solution to the above system exists if the determinant I minus lambda A does not

vanish.

What happens if the determinant vanishes? Well, if the determinant vanishes, the system
becomes either it is incompatible. That means, there are no solutions possible or they are
linearly dependent in which case there are infinite number of solutions possible, right.
We will look at this situation by considering an example where we are considering and
this was an example we considered earlier except that now we have non-homogenous,

right. There is a forcing function f of x.
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Example: Non-homogeneous eqn.
The eigen functions and eigen values were found earlier to be:
v(x)= A(1-2.548x) for Ai=-3.6457 and
y(x) = A(1-0.7847x) for A=16457

For A=-3.6457 the 2x 2 system becomes:

1

12741, —c, = -
P 3.6457

jf—'(_r) dx

1
J' xF(x)dx (+)

0

1.2741¢; - ¢, =

1.43046

If 4=1.6457 the 2x2 system becomes:

1

-.3923¢,-¢; =
© 1.6457

j[F(.\')al\'
0

P
&
\i \k
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5 0197] j.\‘F(,\‘)a{\‘ (++)
* 0

3923¢,-¢, =

So, let us look at this and we found the Eigen values and the Eigen functions for this
problem. Earlier, the Eigen values were lambda is equal to minus 3.6457 and lambda is
equal to 1.6457, and these were the corresponding Eigen functions. Now, suppose
lambda is equal to one of the Eigen values, then this 2 by 2 system becomes the
following, right. 1t becomes the following and if lambda is equal to 1.6457, this becomes
the following, right.

You can see that the left hand side is identical, right. The left hand side of these two
equations are the same, but the right hand sides are different. The right hand side of this
equation is different from this as is the right hand side of this from this, right. So, what
does this mean? This means that this system is going to be incompatible unless this is
equal to this. Similarly, this system is going to be incompatible unless this is equal to
that, right.
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Example: Non-homogeneous eqn.

It is clear that the equations (+) are incompatible unless the
prescribed function F(x) satisfies the equation :

1

3.6457 1.43046

in which case the pair of equations (+) are redundant.

j[_\' F(x)dx

/]

‘][F (x)dx =

To satisfy the above constraint, it is clear that:

: 3.6457
F(x)(1--= x
JFe( 1.43046"

0

Ydx = j F(x)(1-2.548 x)dx =0
0

Thus no solution exists for A=-3.6457 unless F(x) is orthogonal
to (1-2.548x) over the interval (0,1). But (1-2.548x) is the eigen
#Toqgction corresponding to 1 =-3.6457.

MNPTEL o

So, it is incompatible unless this condition is satisfied, this is equal to this. So, to satisfy
this constraint, we can see that this condition has to hold, right. If this is equal to this
bringing the terms, to bringing this to the left hand side and pulling out F of x, | get this
equation, right. What does it mean? That means, my f, but look at this. What is this? This
is actually the Eigen function corresponding to that Eigen value, right. So, it turns out
that in this case, in order to have a solution, my F of x must be orthogonal to the
corresponding Eigen function, right. 1.25, this is the Eigen function corresponding to
that. So, unless F of x is called orthogonal to that Eigen function, I am not going to be

able to get the solution, right.
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Example: Non-homogeneous eqn.
This implies that unless the forcing function is orthogonal to the
eigen function corresponding to that particular eigen value over the
interval, no solution for the integral equation can be found.

Similarly to salisfy the constraint
16957
2.0971°

1 1
[Fea- ydx = [ F(x)(1-.7847 x)dx = 0
0 1]

Again (1-.7847 x) is the eigen function corresponding to A=1.6457
and it is clear that no solutionis possible unless the forcing function
is orthogonal to this eigen funciton over the interval.

If the orthogonality constraints are satisfied, it is clear from (+) and
(4=, that the either of tie constants ¢, or ¢, can be assigned arbitrary

va?fﬁ . Thus infinitely many solutions exist in this case.
NPTEL

Similarly, for the other case in order to make the equations compatible, they must satisfy
this equation and if | rearrange the terms, you can see that f of x in 1 minus this integral
over 8, 0 to 1 must be equal to 0. So, that means, my forcing function must be orthogonal
to my Eigen function, right. So, the forcing function must be orthogonal to the Eigen
function. If the orthogonality constraints are satisfied, then it is possible to come up with
a solution, but go back to this system. This means that these two equations, when this is
equal to this means that these two equations are identical, right. So, | can find the
solution, but only up to an unknown constant, right. If I assume one of the constants ¢ 1,
I can find c 2 or vice versa, right. So, | know the solution up to an unknown constant.
That means | have infinitely many solution because that unknown constant, any arbitrary

value can be assigned arbitrary values. Thus, infinitely many solutions exist in this case.
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Example: Non-homogeneous eqn.
If A+3.6457 and A #1.6457 the unique solution of the integral
equation can be expressed in terms of the eigen functions. Recall
that because of the separability of the kernel the integral equation
can be expressed as: y(x)=F(x)+A(c, —2¢c,x)

We can rewrite the above solution in terms of the eigen functions as
well:  y(x)=F(x)+ ¢/(1-2.548x)+¢,(1-.7847x)
where ¢ +¢i=Ae¢, —2.548¢ .7847¢, = 2Ae,

which yields: ¢ =A(1.455¢, -1.1342¢,)

¢, = A(—445¢,-1.1342¢,)
Thus any solution to the non-homogeneous integral equation for 4
not equal to the characteristic values can be expressed as the sum
:t.‘\n]; “(x) and a linear combinationL} of the characteristic functions.
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So, if lambda is not equal to this, so the unique solution can be expressed in terms of the
Eigen functions. Let us see how. So, recall that this is because separability of kernel, the
integral equation can be represented by this. We have seen before because of this
separability of the kernels, we can write the solution in these terms and then we can

rewrite the above solutions in terms of the Eigen functions?

So, if I write this as | know that the solution can be expressed in this form. We have seen
that before, right. Now, suppose | say that I am going to write it in terms of the Eigen
functions. This is one Eigen function; I know this is another Eigen function. That means,
my ¢ 1 prime and ¢ 2 prime that gives two equations for ¢ 1 prime and ¢ 2 prime, right.
So, ¢ 1 prime plus ¢ 2 prime must be equal to lambda ¢ 1 because this is the constant
term, ¢ 1 prime plus ¢ 2 prime is the constant term here and here, the constant term is
lambda ¢ 1. So, equating the constant term, | have this equation and the term involving x

is minus lambda 2 ¢ 2 x here.

So, here this must be equal to minus 2 lambda c 2, right. So, that gives me two equations
for ¢ 1 prime and ¢ 2 prime. | solve them. So, | can get ¢ 1 prime and in terms of ¢ 2 and
¢ 1 prime and ¢ 2 prime in terms of lambda and ¢ 1 and ¢ 2. So, what does it mean? That
means, the solution to the non-homogeneous integral equation is equal to the forcing
function plus the forcing function plus linear combinations of my Eigen functions, right.



So, that means the solution of the non-homogeneous integral equation for lambda not
equal to the characteristic value can be represented as the sum of f of x, and a linear
combination of the characteristic function, you can now see by knowing the
characteristic functions is so very important because if I know the characteristic function,

then | can write down the solution straight away, right.

I can write down the solution straight away like this, right and then it is just a matter of
evaluating these constants ¢ 1 prime and ¢ 2 prime, right. It is just a question of
evaluating the constants ¢ 1 prime and ¢ 2 prime which I can do if | know the boundary
conditions, right. So, that is why it is very important to that Eigen analysis. It is so very

important to finding the solutions of integral equations.
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Approximate methods

We have considered approximate methods for finding the eigenvalues
and eigen functions of integral equations. Approximate methods also
exist for finding the solutions of integral equations.

For instance, the solution of the Fredholm equation of the second kind,
b
_r(.a-):F(_\-)+)_IR'(_1-,;)_\-(§)J; is approximated by a linear combination
g

of suitable basis functions _i'-‘(_.\-):Zq_go;_(_.\‘). This requires that

e (x)= F(x)+ A Ko, T eupu(§)dE.

Denoting j'K(_\',__’f)g?;(;f)sz_!gll._(';), in order to adequately satisfy the

in,teSal equation, the coefficients ¢, must satisfy the condition:
&

S el () - Ay ()]~ F(x) Vxe[ab] (%)
k=1
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So, we have talked about ways of solving integral equations, we have talked about the
Eigen function approach, but after all, this is supposed to be a course on numerical
analysis. So, we would like to talk a little bit in whatever time remains about
approximate methods for solving integral equations, right. So, how can we do that? Well,
we will talk about that in the context of the Fredholm equation of the second kind which
I know is given by this, right and the solution to this is usually approximated by a linear
combination of suitable basis functions. | say that if | am going to construct an
approximate solution to this integral equation as a linear combination of some

independent basis functions, right.



If that is a good approximate solution, this requires that if I substitute this here, right. So,
this becomes ¢ k phi K x is approximately equal to f of x plus lambda K x xi and then 1
substitute that here this must be approximately equal to that, right. If this is a good
estimate to the solution, then | denote this thing integral, a to b K x xi phi K xi d xi.
Basically, all the terms involving xi as another function psi K of xi, then in that case just
for convenience of notation, just for easier writing, so in that case this condition becomes
this sigma ¢ k phi K minus lambda psi K approximately equal to f of x. This condition
has to be satisfied if this is a good approximate solution, right and this has to be satisfied

for all x belonging to a and heading interval a b.
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Approximate methods

Since there are N ¢,'s, N conditions are required that would give rise to
the necessary N equations todetermine the ¢,'s.

The various approximate methods for solution of integrals equations each
correspond to a different set of conditions for the determination of the c¢.'s

What makes the situation somewhat complicated is the fact that there areg
N

situations where for a particular y(x) = ¢,¢,(x), while the relation given
k=1

by (*) may be satisfied to an acceptable level of precision, ¥(x) may not

represent the analytical solution of the integral equation, y(x). to an

acceptable level of accuracy, i.e.

> o lg (D)- Ay ()] -F(x) <&
— k=1 .
wﬁe(%.e is an acceptably small number, but |y(x)-¥(x)|>>¢
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So, now, you can see that. So, basically it is a question of determining these constants ¢
k, right. So, we are assuming that we know our basic functions. When we know that, we
know the independent where we know the x. The way the basic functions in which I am
going to expand my approximate solution, right and | have to find out what are the
values c¢ k, such that what | construct the approximate solution | construct is a good

estimate to my true solution.

So, then ¢ k must satisfy this relationship, right and you can see that there are n ¢ k’s. So,
I need conditions, | need n conditions to evaluate each of these n ¢ k’s. What are those n
conditions? What are those? So, there are different methods for approximate methods for

solving integral equations. Each of those methods, they are a different way of



determining or satisfy of supplying the conditions to determine the c k, right. So, let us

go back to that equation I have to determine the ¢ k’s, there are n ¢ k’s.

So, I need n conditions. How am | going to come up with those n conditions? There are
for instance, there is a collocation method. The collocation method will tell me this is the
way of coming up with the n conditions for determining the n ¢ k’s. Then there are ways
for instance the Galerkin method. For the Galerkin method, it will give a different set of
n conditions to come up with these ¢ k’s, right. So, the different ways of the conditions to
determine the c k’s that determines the approximate method for solving that problem.

So, the various approximate methods for solution of the integral equations correspond to
a different set of condition for the determination of the c k’s, right. However, there is a
little K v hat | want to introduce here. Suppose | come up | satisfy that condition, right.
Suppose | satisfy that condition sufficiently meaning that this minus this is lesser than in

some norm, it is less than some small number.

So, that means, that 1 am satisfying my criterion right here up to an acceptable level.
Does that mean the solution that | get why tilde K is equal to sigma K equal to 1 ton c k
phi K is that going to be close to the exact solution by a very small amount is not
necessary. So, it is very important and some way it is complicated. In fact that for a
particular y tilde x via the relation, this relation may be satisfied that relation may not be
satisfied, norm of y x minus y tilde x may still be large, right. So, in that case it satisfies
the integral equation. It satisfies represent the analytical solution to y, it may not satisfy
the analytical solution closed enough. That means, my y tilde x may not be close enough

to the analytical solutions, that is a problem.
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Dependability of the solution

This implies that while y(x) satisfies the integral equation, it is quite

different from the exact solution y(x).

A more dependable estimate of y(x) can generally be obtained if in
N . N4l

addition to ¥(x) =Y ¢,¢,(x) satisfying the condition (*), ¥(x) = ¢,0,(x)
k=1 k=1

also satisfies (¥).

It is of course assumed in the above that the constants ¢, are determined

using the same condition for both y(x) and 'f'(.\').

What are the possible conditions for determining the constants ¢, ? One

condition is given by the collocation method. Yet another is given by

Galerkins method. Recall that both the collocation and Galerkin method
C . :

ate examples of weighted residual methods.

[ AN
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So, typically how people get around, it is that they find out y tilde x for say n basis
functions for n constants and n basis functions and then they find out y tilde, they find
out another approximate solutions for one more basis function, and one more constant. If
these two are close enough, then it is quite likely that my approximate solution is
actually close to my true solution. So, my y tilde x is close to y of x usually. So, what are
the possible conditions for determining the constants? We will talk about two methods if
time permits. Very briefly we will talk about the collocation method and we will also
talk about the Galerkin method.
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Collocation for integral egns.
The collocation method supplies a set of N conditions for determining
the N unknowns ¢, by requiring that (*) be satisfied at N distinct

points in the interval [a,b]
If in (*) we denote ¢, (x)— Ay, (x)=z,(x) then (*) can be written as:
> ez (W) - F(x)x 0 (*%)

If the N points in [a,b] where (**) will be satisfied are given by
{x,,x,,...x,} then the N equations for determining the ¢ 's are:

ez (x)=F(x) i=12...N

N
ting z,(x)=z, we have > z,c, =F and thus a linear system Zc =F

k=1
Mibith can be solved to determine the coefficients c,

In the collocation method, what we do is that we say we have to satisfy that condition,
right. The collocation we have to satisfy this condition and we are going to satisfy that
condition at n discrete points, right. So, the collocation method supplies a set of n
conditions for determining the n unknown c¢ k by requiring that this equation be satisfied

at n discrete points, right.

It says that at x is equal to 1, x is equal to 2, x is equal to n, this equation is satisfied, then
what do | have? | have n equations because | write down this equation for X is equal to x
1. I have one equation. | write down this equation for x is equal to x 2. | have another

equation I write down that equation for x is equal to x n, I have one as the n-th equation.

So, | have n equations, | have n unknown constants ¢ n, | solve that n that system of n
equations and I find out my coefficient c, right. So, that is the way to find the collocation
method to find out the constants. So, in stars this is again some notation I am using. If |
denote this term phi k minus lambda psi k as an intermediate variable z k, then | have

sigma.

My criterion becomes sigma K equal to 1 to n ¢ k z k x minus f of x is approximately
equal to 0 and then | satisfy that at n points, | try to satisfy that at n points and then |
have a linear system and | solve that linear system I find out the coefficients c k, right.
So, that is the essence of the collocation method which we have encountered earlier also

in different context, but this is how we can use it to solve integral equation.
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An Example
Given an interval [a,b] what should be the collocation points {x,,x,...x,}?
It is quite possible that one set of collocation points willgive a better

approximation to the exact solution than another.

We consider the use of the collocation method to solve the integral
1

equation ‘1'(.\-):.\--+-J‘K(.\:g']‘1'(§)d§ with a kernel of the form: K(x,&)=x(1-¢)
o

when x <& K(x,&)=£&(1-x) when x> ¢&

Considering polynomial basis functions with ¥ =3. We assume:
dx)=x  p()=x" @)=’

x 1
Then y,(x) = [ &1~ x)EdE + [x(1-£)& d& = é_\-(l -x)
T 0 X
-k-.;é’*("‘):[*‘“ )¢ d&-[,\(l §F dg = a1l x)

4
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So, here is a little example where | have used the collocation method to solve this
problem. So, here is my integral equation. This is the forcing function X, right and the
kernel is of this form. So, kernel is K x xi is equal to X 1 minus xi when x is less than xi,
and K x xi xi 1 minus x when x is greater than xi and now, suppose | choose my

polynomials, my basis functions to be polynomials up to order 3.

So, | choose the first basis function to be x, the second to be x square and the third to be
X cube. So, my approximate solution is ¢ 1 phi 1 of x ¢ 1 x plus ¢ 2 x square plus ¢ 3 x
cube. I am interested in finding those ¢ 1, ¢ 2, ¢ 3 using the collocation method. So, I find
out my intermediate variable psi 1 of x is equal to integral of the kernel times, this phi 1
which we denoted earlier.

So, if we do that, here we are integrating between 0 to x and between x to 1. When |
integrate between 0 to X, x is always greater than xi. So, this part of the kernel is going to
contribute xi 1 minus x. When | integrate between x to 1, xi is always greater than x. So,
this part of the kernel, this branch of the kernel is going to contribute. So, | have x 1
minus xi X 1 minus xi d xi and then | integrate between these limits | get psi 1 of x is
equal to that here I get psi 2 of x is equal to this, where I use phi 2 of x here, right. Same
thing except that instead of using phi 1 of xi, | have used phi 2 of xi. You can see | have
replaced xi by xi square here. That is the only difference, right and then | evaluated psi 2

of x.



Similarly, I evaluate psi 3 of X, right and then if I go back to the solution, I haveck zk ¢

k is nothing but phi k of x minus lambda of psi k of x. I just devaluated psi k of X, right.
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An Example
w,(x) = I-f(l -x)&' dé + '!lA\‘(l -&)& dé = %—\‘(1 -x")
Thus (**) becomes :
¢ (x- %(l—,\':)) +{'1(,\': - é(l ) +c'j(,\"‘ - %(l —x=x

1 1
-

Using the collocation points x, B 5

3 Z
following system:

2109 .0420 .00317 | ¢, 25
4375 2135 .10156 | ¢, [=].50
6953 5264 .39624| c, Fi v

Solving this one gets the constant coefficients and thus the

3
% E we get the

solution.
&
£
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So, now, | can write my solution as ¢ 1 x minus, this is of course, my psi 1, right. That is
my psi 2, this is my psi 3 and this is nothing but my phi K of X, right. So, this is my phi
1, this is my phi 2, phi 3 and this must be equal to that. So, this condition has to be
satisfied for the solution to be good, right. This condition has to be satisfied for my
approximate solution to be good. Then how am | going to use that? | am going to use the

collocation method. So, I am going to satisfy, | have got three constants.

So, I will say that I am going to satisfy that equation at three different points, right and if
| satisfy that equation at three different points, | get a system of equation in 3 by 3
systems for my ¢ 1, ¢ 2 and ¢ 3. | invert this coefficient matrix, | solve formyc1,c 2, c

3. I know my solution, right.
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Galerkin for Integral Egns.
An alternative method for determining the N conditions for determining
the constants is to use the Galerkin method.

Recall in the Galerkin method, we require the residual to be orthogonal
tothe space of weight functions. Denoting the weight functions as the
set of N linearly independent functions @(x), i=12...N the N
conditions are of the form:

jZ(ci_.-,. —F)3(x)dx=0-> .-Z‘“*' [20)(x) e = [ F (1), (x)

Again we end up with a system of equations:

b y
Mc=b where m, = j@_(,\‘):_,(.\')ci\'; b= jF ()@, (x)dx
{ \k a a
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So, that is an example of using the collocation method for solving an integral equation
like we have an alternative method for determining the n conditions, for determining an
alternative method which gives the n conditions for determining the constants is known
as Galerkin’s method. So, in the Galerkin’s method, recall the requirement is that
whatever is my error, whatever is my residual, it must be orthogonal to a set of weighting
functions, right and these weighing functions are again linearly independent set of

functions.

So, what is the residual here? The residual here is nothing but this term because this has
got to be equal to 0. If this is approximately equal to O, then I know that my approximate
solution is good, right. It is smaller, better is my approximate solution. So, I am going to
take this residual and integrate it with respect to these basis functions with these

weighing functions.

So, here you can see that. So, denoting the weighting functions as a set of n linearly
independent functions phi i bar x i is equal to 1 through n, then conditions are of this
form sigma k equal to 1 to n ¢ k z k minus f phi bar i x d x and then I pullout this
summation outside sigma k equal to 1 to n ¢ k integral a to b z k x phi bar i of x and then

that must be equal to f of x phi bar i of x, right.

So, this is my condition again. | can evaluate these integrals, | can evaluate the z k if the

z K phi phi bar i x I know, right. These are my known basis functions z k’s. | have found



out from earlier that was my z k y phi k of x minus lambda psi k of x. Remember, now
there are two sets of independent, linearly independent functions that is the psi k which 1
used to construct my approximation, right. My approximation y tilde is equal to sigma ¢
k psi k. So, the psi k’s are the basis functions for my approximation and in addition, I
have another set of basis function which I am denoting as phi bar of i of x which are my

waiting functions, and these waiting functions are also linearly independent.

So, the requirement is that this condition be satisfied. Again, | end up with a linear
system, m c is equal to b where m i j is equal to that condition and b is equal to that
condition, right. I invert this equation, I solve for ¢ I, get my constant. | can find my
solution and | know that this solution satisfies the orthogonality requirement with respect

to the weighting functions, right.

So, this is a way to find. So, this is my Galerkin equation. So, in case | choose my phi
bar, phi bar to be of the same form as my psi’s. In case | chose my phi bar to be of the
same form as my psi’s, my basis function for the approximation, then | have the standard
Galerkin formulation also known as the Bubnov Galerkin formulation, right. However, if
I choose my phi bars to be different from my psi’s, then | have what is called the Petrov
Galerkin formulation where my waiting functions are different from my basis functions
which | use to construct my approximate solution which are in certain context. They are

known as the trial functions, right. So, that brings us to the end of our lecture.

So, thank you very much.



