Numerical Methods in Civil Engineering
Prof. Arghya Deb
Department of Civil Engineering
Indian Institute of Technology, Kharagpur

Lecture - 36
Orthogonal Basis Functions for Solving PDE’s

In lecture 36 of our series on numerical methods in civil engineering we will end up our
discussion on spline functions, which we started last time and then move on to a

discussion in orthogonal basis functions for solving partial differential equations.
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This technique uses a combination of spline functions to construct the
interpolation. The idea of spline funcbons stems from engineering design
where designers often use an elastic ruler known as a spline to pass
through a given set of points, v = f(x ) i=L..n

Since a spline function itself is a combination of polynomials of

the same order, if s (v) and s.iv) are two spline functions, a

linear combination of the two, ¢,s,x)+¢.s.(x) is also a spline

function, and hence spline functions form a linear space

The power and flexibility of spline functions stem from their ability
to have different polynomial representations (of the same order)

if-difprent intervals, while at the same time ensuring sufficiently

sbidng continuity across the interval boundaries

Let us recall that spline functions are another set of basis functions, which can be used
for constructing an interpolation. This technique uses a combination of spline functions
of combination of functions, and the idea of spline functions we found stems from
engineering design, were designers often used in elastic rule as a known as a spline to
pass through a given set of points and people found that the spline was nothing but a

series of cubic’s defined over the intervals of interest.

If I have several grid points and | know the function values at those grid points. The final
fit was obtained by considering cubic functions, cubic polynomials over each of those
intervals and then ensuring continuity in the function values, as well as in the derivatives

across the element boundaries not only the first derivative, but also the second derivative.



In case of cubic splines and these basis functions are independent. So, the different cubic
polynomials, different basis functions in different intervals only difference with the type
of basis functions at we were considering earlier. These basis functions have local

support. So, they are defined over small intervals not over the entire domain.

And the spline functions are combination of these polynomials in the power and
flexibility of spline functions stem from their ability to have different polynomial
representations in different intervals while at the same. So that is why you can basically
modify a complicated function with lot of variation using different functions in different
intervals, you do not have to use a very high order. The other alternative is to use a very
high order polynomial throughout the interval but that is no longer required. So, you use
a relatively low order polynomial in case of cubic splines a cubic polynomial over these

intervals and they are different over each interval.
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The cubic spline in [a,b] has the following representation in terms
of a cubic polynomial in |, ,.x |
gixi=ry =0y +hrl=nfk dNl=n=ik =dn|
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k,'s are are obtained by solving a tndiagonal system of equations

hok  +2h+h Wk +hk =3hd +h d)i=12...m=1{**

The system is tridiagonal because equation / involves & .k, and

keronly. The coefficients of the other £'s in the equation are zero

And we also found that, the cubic spline has this representation. So, if I define the spline
over the interval x 1 minus 1 x i and denoted by q y, | denoting this interval i minus 1 i,
then that cubic spline has the following representation, where t is nothing but x minus x i
minus 1 by h i. So, it is the parameter over that interval x i minus 1 x | for all x belonging
to that interval h i is just the size of the interval d i is the slope slope y i minus y i minus
1 by hiand the k i’s the k i’s in this equation. In this expression for the cubic polynomial

are obtained by solving this tri diagonal system of equations.



And towards the end of the last class, I told you that this k i’s are nothing but the second
derivatives of this g I and this system is to. So, what we find at the end of last class was
that given this representation of q given this representation of the cubic polynomial. It
satisfies continuity in the function values and continuity in the first derivatives by
construction the way it is constructed. It always satisfies continuity at the ends of the
interval both in the function values as well as in the derivatives but in order to ensure that
the second derivative is also continuous across the intervals. The k i’s have to satisfies
equations of these sort and you can see that this system. So, there is m minus 1 equation
but there are m plus 1 m plus 1 k i’s. So, because of that we need two other constraint

equations, which we are going to talk about later.
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To prove continuity in the derivatives we use the result —
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And from as | said that given the definition of y continuity in the function value is
satisfied by construction. So, since in X i minus 1 x i, if x is equal to x i, this means t is
equal to 1. So, t goes from 0 to 1 throughout the interval. So, if I am looking at the hand
point at x is equal to x i at this point, when t is equal to 1. If I substitute t equal to 1 in
this equation | can find that, this gives me g i x i is equal to y i. Similarly, if I am looking
at the interval x i, x i plus 1 the adjacent interval to that interval if x is equal to x i t must

be equal to 0, because it is at the starting point of the interval the left hand starting point.

So, at is equal to O if | substitute t is equal to O at that interval in this equation and

evaluated at x i i instead of g i. I will use q i plus 1 and evaluated at x i, | am also going



to get y i that means, what the function values g i x i is equal to q i plus 1 x i, that means,
it is continuous at the interval of the function values of are continuous at the interval
boundaries to prove continuity in the derivatives. We use the following result d t d x is
equal to 1 by h i and try to find the derivative of this expression. | try to find the

derivative of that expression.
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So, I find g i prime X, while prime x instead of now t is the independent variable. So, d q
i d x i want to find but then | have used this intermediate parameter t. So, lusedqidt,d
tdx.dtdx is equal to from this expressiond td x isequal to 1 by hi. So, I have 1 by h i
times d g d x, d d t of this expression. | have d d t of that expression. So, | get that and
then if | want to evaluate g i prime. So, | look at the interval x i minus 1 x i and | want to
evaluate g i prime at x i minus 1. Our g i prime means the derivative, if this function is

belongs function cubic function with respect to this interval x i minus 1 x i.
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d
Evaluating the derivative ¢/(x)

—| v, = v A0 (=200 k
I

Therefore

And | am going to evaluate it at x i minus 1. So, that means | evaluate it at t is equal to 0
because the interval is x i minus 1 x i tis equal to 0 at x i minus 1 t is equal to 1 at X i.
So, | evaluate this at t is equal to O if 1 do that I get k i minus 1. So, i just substitute t is

equal to 0 in this expression then if | want then | want to evaluate g i prime at X i.

So, I am using the same interval x i minus 1 x i and | am evaluating the derivative at X i
that means | am evaluating the derivative at t is equal to 1, if I do that I substitute t equal
to 1 in this expression | get is equal to q i that equal to Kk i.
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Since ¢(x._,)=k_, one obtains by replacing / by i +1 above
¢, (x )=k But we aready have ¢'ix =4

Thus by construction ¢ ensures that the first denvative of the spline

funchion is conbinuous at the interval boundanes

But in addibon the second derivatives of the spline also have to be

continuous across the interval boundanes ie. ¢'x )=¢",(x )

This is ensured by the linear system of tndiagonal equations (**) along

with two addditonal condibons to determine all the unknown £ 's
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Then, | use the fact that since g i prime g i prime at x minus 1 is equal to k i minus 1 if |
want to evaluate if | replace i by i plus 1 I can get q i prime g prime at i plus 1 just
replacing i by i plus 1 in this expression x i is equal to k i. But, we have already found
that q prime at g i prime at x i is equal to k i. So, that means for the interval X i minus 1 x
i, if I evaluate the derivative at the right hand point, I get k i. For the interval x i x i plus
1, if 1 devaluate the derivative with at the left hand n, | get k | that means, that the
derivatives are equal at the boundaries and therefore, we have continuity in the derivative

as well.

Thus by construction q i is the construction, g i has continuous function values and
derivatives of the spline function at the interval boundaries but in addition the second
derivatives of the spline also have to be continuous across the interval boundaries, that
means, this condition has to be satisfied at the end of interval x i minus 1 x i. The second
derivative must be equal to the second derivative at the beginning of the interval x i X i

plus 1, which is this condition. And then if I impose that condition on this equation.

If | use this equation, | put I impose that condition. That is the second derivatives are
continuous at the interval boundaries on this equation. | get these equations here, these
diagonal system and then | need to solve that tridiagonal system. But, as | said we need
two additional equations but because there are fewer equations than the number of

unknowns. So, we need to solve that system with constraints.

(Refer Slide Time: 10:22)

The most common constraints used require that the spline be a straight
line outside [a.b] ie. s"(x)=0%x<aor v2h

If ,(x)is the cubic in the interval [x.. x| and g_(x) is the cubic in

[x,.,.x, | this requires ¢/(a) =g (h)=0

Spline 15 a straght lne outsade the

mierval




And the constraints we use require that the spline be a straight line outside the interval. If
it is a straight line, that means it is curvature got to be 0, curvature got to be 0 that means
that the second derivative got to be 0. So, as double prime x is equal to 0 for x lesser than
or equal to a and x lesser than or equal to b. So that means we are looking at the first
interval and the last interval. So, if g 1 x is the cubic in the first interval and g m x is the
cubic in the last interval, this means that g 1 double prime at a must be equal to g 1, g q
m double prime at b because q m refers to the last interval and both must be equal to 0
both must. you can see these are spline’s straight line outside that interval. What

happens?
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This leads to the equations

If a cubic sphine is used to approxmate a funcbion f(v) whose

second derivatives are not zero at [a.b] then a good fit is stil

obbaned near the centre of the interval

Near the center of the interval the emor=o(/) ) while the emor

near the boundanies of the interval are larger

&

So, these conditions give me, these two additional equations you can see that, the first
equation involves k 0 and k 1, because it repels to the first interval the last equation
involves k minus 1 k m, because it repels to the last interval and these two are the
additional constraints. Now, | have m plus 1 equation for my m plus 1 constraint. | can
solve them, | get my k values and once | know my k values, | can split my I can fit my
spline throughout the interval.

So, it is not expensive because the system as we have seen earlier is a tridiagonal system
solving a tridiagonal system is not that hard. Now, we have said that we are going to use
a cubic spline to exactly fit the function values but suppose in that interval but suppose

my actual function does not have O curvature, then my spline has got O curvature, then



what happens if my actual function does not have 0 curvature, then in that case there is
some loss of accuracy the fit is not as good. So, the good fit is still obtained at the center
of the interval but towards the end of the interval the errors are somewhat larger. So, near
the center of the interval the error is of the order of h to the power 4. So, you can see the
error is really, it is the order of accuracy is really high. So, h to the power 4 if | as you
reduce the size the error becomes goes down like (( )) where the error near the
boundaries are somewhat larger, if the real function does not have 0 curvature at the ends
of the interval.

So, with that I want to draw close to my discussion of spline functions. So, these are very
useful functions, because they have this. They give me very good accuracy recall, if |
have a polynomial with a lot of with a maxima and minima in order. If | have a function
with a lot of maxima and minima in order to have a polynomial maxima and minima in a
certain interval lots of stationery points within an interval. If | have to use a polynomial
to fit that function, it has to be a very high order polynomial and as we have seen with a
high order polynomial, if we have equidistant grid we are going to get erratic behavior
ill-conditioning and we. So, poor fit at the ends of the interval.

So, alternative to do that, we found that were one alternative was to use chebyshev
interpolation, other alternative is to use splines, where you use a relatively lower order
polynomial do not have to use a very high order polynomial use a relatively lower order
polynomial fit it across that interval which assumes different forms within each
subinterval same order but different form and then you can get a good fit even using a

equidistant grid.
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The notion of a linearly independent basis for a funcbon space is widely
used:itis the foundation of techniques such as the Galerkin method, the
collocation method and weighted residual methods such as the Finte
Element method for the solution of ordinary and partal differental

equabons

Suppose we have a linear pde denoted by the action of a linear operator
L on the variable 11 Lu

Also suppose that 17 = /) where [) is a subset of ' where /' is the A
dmensiond Euclidean space

In D). Lu=f. On D), the boundary of /). suppose that u satifies the

fffo g relabonship defined by the action of another linear operator [

BT 11 =g on )

So, with that we are ready, we have talked enough about orthogonal basis functions. So,
we want to use these basis functions for solving our partial differential equations and we
can say, we will see that, this idea of orthogonal basis functions is the foundation of most
of almost all widely used methods used for the numerical solution of partial differential

equations including the finite element method. So, let us do that.

So, notion of linearly independent basis functions for a function space is widely used. It
is the foundation of techniques such as the galerkin method, the collocation method the
weight and weighted residual methods such as the finite element method for the solution
of ordinary and partial differential equations. Suppose we have a linear partial
differential equation denoted by the action of a linear operator L which is have
encountered earlier on the variable u. So, L u is also, suppose that u belongs to the
domain D, where D is a subset of R k, R k is the k’th dimensional Euclidean space, so

two dimensional Euclidean space or 3 dimensional Euclidean space.

In D L uis equal to f. So, this linear operator operating on u is equal to f. a given
function f suppose and on the boundary of D so on. Del D which is the boundary of D let
us suppose, that u satisfies another relationship again defined by another linear operator
in this time, in this case L bar. So, L bar u is equal to g on del D. So, within the domain

D L uis equal to f on the boundaries of that domain L bar u is equal to g.
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Examples may include any of the canonical pds encountered earfier

0. Laplace's equation in a 20 domain with a fully constrained

on On . -
boundary: .+ .= fixyyonDef
(1 oy

mx.vi=uon |-]r|
In this case L=+ =\ the Laplacian operator in 20 space
[} ()
while /. is the idenbtiy operator and ¢ is equal to zero
The general linear problem (A): Lu=fin D). Lu=g oncD can be
simplified somewhat if we can solve the two independent problems
Ly =finD Lu=0oncD (B) Luw.=0inD, Lu, =goncD (C)

i1@9ﬁe solution of (A) can easly be obtained as 1=, +u

So, examples can include any of the canonical partial differential equations, we
encountered earlier for example, Laplace’s equation in a 2 D domain. So, del 2 u del x
square del 2 u del y square is equal to f of x y on D, which is the subset of the 2

dimensional Euclidean space and u is equal to 0 on del D.

In this case, L obviously is del square x square by del square plus del square y square
laplacian operator in 2 D space, while L bar is the identity operator, because L bar u is
equal to u. So, L bar is the identity operator and g in these cases equal to 0. So, the
general linear problem A, if we define the general linear problem A to be L u is equal to
fin D and L bar u is equal to g on del D can be simplified somewhat if we can solve two
independent problems what are the 2 independent problems 2 independent problems are
LulisequaltofinDandL barulisequal to0on D. Now, instead of solving this
problem we solve. So, the instead of solving this problem, we solve the homogeneous

problem, First the homogeneous boundary condition.

So, Lulisequal tofin D butL baru 1 is equal to 0 on del D, same problem with
homogeneous boundary condition, that the first part, the second problem is L u 2 is equal
to 0. So, within the domain L u 2 is equal to 0. The boundaries L bar u 2 is equal to g.
So, it is the complimentary problem. So, this is the problem b and it is complementary

problem c, if we solve B and C then we can always obtain a solution for A as u is equal



to u 1 plus u 2 as the sum of these two solutions, why? Because this operator L is a linear

operator.
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This is because taking advantage of the lineanty of the operators:

Lin+uw )=l +lu.=fmD Lin+n)=lu+Llu.=gmcD

Recall that one of the analytical techniques for solving 2nd order linear
pde's encountered earfier was the method of eigenfuncions

In this technique the eigenfunction of the linear operator was found by
solving the eigenvalue problem /i1 = -/n subject to homogeneols
boundary conditons

We found that if the operator /. were self - adjoint, then the eigen funcbons
formed an orthogonal basis for the solution space of /i = f subject to
gr_ﬁ boundary conditions. Thus any solution could be expressed as a

linea£ombination of the eigenfuncons

So,LulplusL2isequal toLulplusL 2which is going to be fin D, because L u 2 is
equaltoOintLulisequaltofinD. So,LulplusL 2isgoingtobefinDandL baru
1 plus L 2 plus u 2 again taking advantage of linearity it is going to L bar u 1 plus L bar u
2 this is equal to O, that is equal to g. So, this whole thing u 1 plus u 2 satisfies my
original problem. So, if | can solve the problems B on and C then | always construct
solutions to my original problem A, | adding those two solutions together taking

advantage of the linearity of the operator.

Recall that one of the analytical techniques we looked at for solving second order linear
partial differential equations was the method of Eigen functions. In this method we found
the, we solve the Eigen value problem. So, initially we solved this problem L u is equal
to minus lambda u subject to homogeneous boundary conditions and we found that, the
solution if this operator was self-adjoint, if this operator was self —adjoint then the Eigen
functions formed an orthogonal basis for my solution space of this function. So, it
formed an orthogonal basis for the solution space. So, any solution could be constructed
by taking a linear combination of my Eigen functions that we have seen in great detail
earlier we have used that technique for solving the wave equation and the diffusion

equation and so on.
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Often the operators / and | are too complicated or the domain is too

cumbrous to solve the eigenvalue problem analytcally. In such a
situation it is not possible to obtain a solution for (A) in terms of the
eigen functions
However in that case given an appropriae set of finearly independent
basis functions Y| = iy, ...y, | we attempt to construct approximate
numencal solubons « taking advantage of the fact that any » belonging
to the » dimensiond function space spanned by | can be expressed
as a linear combinabion of the basis functions y . j=1.2....n

n=Ech +cN,+...C N
There are a number of methods which can be used to construct the
QW in the above manner. The methods differ in the choice of the »

dimefisiond function space spanned by Jy/|

However the operators L and L bar are often too complicated. They never if they are not
as simple as my Laplacian, if they are complicated or if my problem domain geometry is
really horrendous, it is very complicated. Then it is not possible to solve this problem
analogically to get the Eigen functions. So, then my analytical approach is break stop, I
can no longer solve my Eigen functions and | can no longer construct my solution using

those Eigen functions. Then what do | do?

Well, in such a situation it is not possible to obtain a solution for in terms of Eigen
functions. However, in that case given an appropriate set of linearly independent basis
functions we attempt to construct approximate numerical solutions u tilde. Taking
advantage of the fact that any u tilde belonging to the n dimensional function space
spanned by psi. These basis functions can be represented as a linear combination of the
basis functions. Now, there are number of methods, which can be used to construct the
solutions in this manner. These methods differ first on the choice of the basis functions,
first on the choice no not just the basis, it depends on the choice of the space, choice of
the function space, n dimensional function space spanned by psi.
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A particular method may require the function space to be the space

of funcbons with continuous first derivatives (™' ) while another may
require it to be the space of all conbnuous functions ((""). In addiion

the methods differ in the way the coefficients ¢,.c..c,...c, are

evaluated

Since the problem (A) can be easly solved if (B) and (C) can be solved
approximate solutions for (B) are considered (If we cansolve (B) we can
solve (C) as well). To solve (B) we use n dmensiond subspace //” such
that 1 obtained as above also sabisfy the conditon [ n =0 ¥ nell

f1" may. for instance, comprise polynomials of order 0 to » multplied by

G@Tpropnab function in order to satisfy the boundary condibions. The

memphrs of //° are denoted by J } j=1....n

Particular method may require the function space to be the space of functions with
continuous first derivatives. Another method might require the function space to be a
space of continuous functions only. It only requires continuity in the function values not
in the derivatives. In addition, the methods may differ in the way the coefficients are

evaluated. The coefficientc 0,c 1,c 1, ¢ 2, ¢ 3, and c n the way | form my coefficients.

So, it depends on the function space on which function space. | choose to construct my
approximate solution. So, once | know my functions space probably the basis functions
are known. So, then | depends on the basis functions and then finally, depends on the
coefficients. I depend on the coefficients since the problem A can be easily solved, if B

and C can be solved approximates.

We will consider approximate solutions to the problem B to this problem. We will
consider approximate solutions to the problem B. So, if we can solve B, we can easily
solve C as well. So, we will only consider solutions of B. The same methods can be used
to solve C and once we have solved B and C we can construct solutions to A to solve B.
We can use the n dimensional function space H n such that, u tilde obtained as above

also satisfies.

So, u tilde obtained as above | mean u tilde obtained like this. So, that is a typo. So, it is

c1lpsil, c2psi2andcnpsin. So, if I construct u tilde like this, I construct it. But, u



tilde also has to satisfy this condition. So, u tilde belongs to the function space is

constructed by taking a linear combination of the basis functions spanning.

The function space H n which | am denoting as psi 0, psi 1 through psi n. But, u tilde in
addition it satisfies the boundary condition for my problem B which is L bar u tilde is
equal to O for all u tilde belonging to H n. So, H n may for instance comprised
polynomials of order O to n multiplied by some appropriate function in order to satisfy
the boundary conditions. The members of H n are which we have already seen are
denoted by psi j j is equal to 1 to n.
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Tosolve L s [ with i =cy, +cap, +...cp, 11", we have to
Sahsh ol W+ .,-r s+ [ Wy !
The criterion used to enforce the condiion that / is indeed approximately

equal to ¥ ¢ [y determines the soluton method

If Least Squares Minimzation is used, this condibon is enforced by
requiring that |/ -3 ¢ Ly | be a minimum

If the /.. norm is chosen for the least squares minimization

(_)_ Lyl =(f=Nely.f=Y cly)must be a minmum

To solve the L u tilde as approximately equal to f with u tilde is equal to ¢ 1 psi 1, ¢ 2 psi
2 through ¢ n psi n, we have to satisfy this equationc 1 L psi 1 plusc2 L psi2pluscnL
psi n is approximately equal to f. The criterion is very important, the criterion used to
enforce the condition, that f is indeed approximately equal to sigma c i L psi i determines
the nature of the solution method as we will see least squares approximation is different

from galerkin, why because the criteria used to enforce this condition is different.

So, the criteria defines the method, the criteria used to enforce this condition, that L u
tilde is indeed approximately equal to f determines the approximate solution method, if
least squares minimization is used. This condition is required, is enforced by requiring
norm of f minus sigma i equal to 1 ton c i L psi i be a minimum only then it is the best

solution it is the minimum.



If the L L 2 norm is chosen for the least squares minimization that means, this square
which is in the L 2 norm. This is equal to the inner product norm square is equal to the
inner product. So, this is equal to f minus sigma i equal to 1 ton ci L psi i f minus. This

inner product must be a minimum.
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Recal from the discussion of linearly independent polynomials that
in order to minimize the approximation emor in the [, nom

f- l Ly has to be orthogonal to each and every Ly, i=1..n

o/ -\.u J[.'J'r ! W =¥y, = 2

This requires that ( /./y )=

Denoting ¢ = (c,.c,

And we have seen from our discussion of linearly independent polynomials, that in order
to minimize the approximation error in the L 2 norm. This has to be the residual, the
residual f minus sigma i equal to 1, c i L psi i has got to be orthogonal to each L, each L
psi i. Because | am taking the linear combination of the L psi i’s to construct my

approximate solution.

My approximate solution is equal to ¢ 1 L psi 1 plus ¢ 2 L psi 2 this must be equal to f.
So, f minus L this 1 must be equal to these building blocks, L psi 1 my approximate
solution is actually ¢ 1 psi 1 and so on and so forth, but this is my approximately equal to
linear combination of these and we have seen that in the least squares method the
residual must be equal to these quantity must be orthogonal to these quantities L psi 1, L
psi 1 L psi 2 L psin.

It must be orthogonal to the building blocks of my of what is approximately equal to f?
The quantity, which is approximately equal to f is that is clear. So, earlier we were
looking at we were not looking at differential equations. So, there was no L, there we are

just trying to fit a function but now we are solving a partial differential equation. Now,



there is operator L. So, the difference must be orthogonal to L psi 1, L psi 2, L psi 3 and
L psi n.

So, this must be orthogonal to that. For all psi j, j is equal to 1 through n. And this
requires if I just expand this out expand this inner product out that means, f L psi j must
be equal to sigma c i L psi j, L psi j, psi i, psi j sigma c i L psi i, L psi j which again if |
pull out the constant | get that. So, denoting these c i’s as the vector ¢ vector f f L psi 1, f
L psi 2 with the scalar components of f being L psi 1 inner product f L psi 2 inner
product f and so on. So, | get a vector here, | denote that as a vector and here | get a

matrix whose components are these dot products.

So, the first component is L psi 1 inner not a dot product, it is inner product. So, L psi 1
L psi 1 second component is L psi 1, L psi two-third components are L psi 1, L psi 3 and
so on. So, then | get a system which is equal to A, cis equal to f A, ¢ is equal to f where i
this is my A. So, if I know my basis functions, | can evaluate the components of A,
because this is nothing but L psi 1, L psi 1 inner product of L psi 1 with itself. This is L
psi 1 inner product L psi 2. So, | know the components of A, | know the right hand side,
because my function f is known my L psi 1, L psi 2, L psi 3 are known. So, my hand side

is also known. So, then I can solve for my ¢’s and I get my solution.
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we finally get the matrix vector equabon
Ac=f

Solution of the above system yields ¢.c....c. and thus 11=%cw

the approximate soluton

If instead of evaluating the inner products (/. . [y ) and
Ly . f) as integrals over the problem domain, we evaluate the
inner product at a discrete set of say 'm' points in the domain, we

get what is known as the collocation method.

Ijn‘ja[case L =YLy xlyx) f=Y fix)lyix)
{8 nk vy

If I only get the matrix vector equation a c is equal to f solving the above systemac1c 2

through ¢ n and once, | get ¢ 1 and ¢ 2 through ¢ n and i get u tilde is equal to sigmac i



psi i. So, that is my least squares method, then if instead of evaluating these inner
products. So, these are inner products that means. It involves evaluating an integral it is
continuous assuming. That the functions are continuous and | am evaluating that inner
product over my domain of interest. So, if instead of evaluating that integral, that is

treating it as a continuous basis function. This psi i’s as continuous basis functions.

If | treat it as a discrete problem and | start evaluating the inner products at discrete
points suppose m points in the domain, we have what is known as the collocation
method. So, in that case my a j I, | am going to evaluate as the sum and that sum is going
to involve these sort of L operating on psi j evaluated at x k. So, I am again, | am
evaluating my basis functions at discrete points at x 1, x 2, X 3 to x m. So, L psi j
evaluated at x k times L psi | evaluated at x k and then | sum it over k is equal to 1 to m,
I have think like that, I have made a mistake here, there is no sum here.

So, ajiisequal to L psijL psiixKk there is no sum here, there is no sum. So, each of
those components are evaluated there or is there can we see, no there is a sum |
apologize again, there is a sum ,because this involves | am just evaluating that integral
but | am evaluating that integral at a discrete set of points So, there is a sum | am sorry,

for the confusion.

So, the only difference is that instead of evaluating that inner product as an integral. | am
evaluating it as a sum. So, | am evaluating these basis functions at each of my grid points
and then summing them up to get. So, to get A j I, I am evaluating psi j at k is equal to 1
psiiatkxx 1then L psijatx 1L psiiatx1thenlam addingtoitL psijatx 2 timesL
psi i at x 2 and so on. So, it is the sum | am sorry for the confusion and then f j to

evaluate the f j i similarly, I convert it into a sum.

So, again i evaluate L psi j at x 1 times f evaluated at x 1 add to that L psi j evaluated at x
2 times f evaluated at x 2 and. So, on and. So, forth and | get my f j the contribution to f
of sort of taking the projection with psi j. So, this allows me to evaluate these evaluate
my coefficient matrix as well as my hand side in a discrete fashion without performing
the integration.

This gives me, what is known as the collocation method, because as we will see in case
in the collocation method typically, these psi j’s are delta functions. So, basically they

are the delta functions. So that means, that each of these basis functions are 1 suppose psi



jis 1 atx 1 but 0 everywhere else psi 2 is 1 at x 2 but 0 everywhere else and so on. So, if
these are delta functions, then in this summation only. So, L L, it is becomes a lot
simpler, if once they are delta functions is that clear. So, the number of contributions
they comes much smaller in that summation. And actually, if they are delta functions
then we are going to get whole thing becomes uncoupled. So, my coefficient matrix is

actually going to become a diagonal matrix see.
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Unlike the least squares minimization technique and the
collocation method which follows therefrom, the Galerkin method
determines the coefficients using a different criterion

In the Galerkin method the residua function /- ¢ Ly is

required to be orthogonal to each and every member of /f
This imposes the critena ( / - E Ly .y )=0%y ell’,

j=l2..0 (**)

Companision of (**) with (*) reveals the difference between the
Galerkin and the least squares method. In the least squares method
the residual 1s required to be orthogonal to each and every linearly

="‘I|n9:enderl component of the best approximation to / i.e. to each

wid-every Ly

So, then we let us talk about the galerkin method, which is slightly different from the
least squares method, unlike the least squares minimization technique and the collocation
method which follows there from which we have seen earlier, where the collocation
method is just the discrete version of the least squares method. It is just the discrete
version of the least squares method. The galerkin method determines the coefficients

using different criteria.

In the galerkin method, the residual function which is f minus sigma i equal to 1tonc i
L psi i remember that, we are constructing the best approximation to f using the basis
functions psi i. So, L psi i linear combination of that is approximately equal to f is
required to be orthogonal to each and every member of H n. This is different, because the
least squares method what did we see, this had to be orthogonal, this residual was
orthogonal to each of the L psi i. So, it is orthogonal to the linear operator operating on

each of the psi i, L psi one, L psi two, L psi 3 and L psi n. So, residual is orthogonal to L



psi i’s but in this case, the residual has to be orthogonal to the basis functions
themselves. So, it is orthogonal to each and every member of H n this imposes the
restriction that this imposes the criterion that f minus sigma i equal to 1tonci L psi i

comma psi j is equal to O for all psi j belonging to O to n.

So, if I compare this with let us see with that, you can see the crucial differences are
orthogonal to L psi j, that one in the galerkin method it is orthogonal to psi j. In the least
squares method, the residual is required to be orthogonal to each and every linearly
independent component of the best approximation to f. It is and the best approximation

to f is considered to be this.

The residual must be orthogonal to each and every linearly independent component of
the best approximation to f linearly component independent component of best
approximation to f are L psi 1, L psi 2, and L psi 3. So, this is by the definition of the
least squares method f must be orthogonal to each and every linearly independent
component of the best approximation to f, that is why we have this criteria, while in the
galerkin method this residual is required to be orthogonal to my basis functions for that
function space. So, that is a very important point of difference. So, that is the basic

difference between the galerkin method and least squares minimization.
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In the Galerkin method on the other hand, the residual is
required to be orthogonal to each and every member of the space

of functions //* and thus by extension to each and every basis
function of /" i.e to each and every y

The Galerkin method and vanations of it. such as the Finite Element
Method are widely adopted in the numencal solution of partal
differential equations because the Galerkin method posseses
something known as the “best approximation” property

Recall that the operator /. defined on a space //* equipped with an
inner product is said to be a self adjoint operator if (Li.v)=(m.Ly)
,f)n € H" In addtion the operator /. is positve definite if (/1.i1) >0

s H NTEL

In the galerkin method on the other hand, the residual is required to be orthogonal to

each and every member of the space of functions H n and thus by extension to each and



every basis function of H n, it is required to be orthogonal to each and every psi j. The
galerkin method and variations of it such as the finite element methods are widely
adopted in the numerical solution of partial differential equations why because the
galerkin method possess something known as the best approximation property and by
extension since the finite element method is also a galerkin method there are variations

but let us assume that. So, it is a galerkin method it also possess the best approximation

property.

Recall that the operator L defined on a space H n equipped with the inner product is said
this. We have discussed when we talking about partial differential equations operator L
is self adjoint if L u v is equal to u L v for all u v belonging to H n in addition. The
operator L is positive definite if L u comma u is greater than O for all belong A, u
belonging to H n if u is not equal to 0. So, that it is positive definite that is true.
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Assuming /. is seff adjoint as well as positve definte, a new norm
and associated inner product can be defined on the function space

H" as follows: v =(n Lv), = lmy=u" YuveH

This inner product as distinct from the inner product associated with

the /., nom is defined with respect to the operator /

If L is positve definite and 1" is the solution of (B) ie. Lu" = f on [

and [ =0 on cl). then the Galerkin method gives the best possible

approximation to « in the function space //" measured in the |, nom

Assuming L is self —adjoint as well as positive definite we define a new norm new norm
associated with the operator L and what is that new norm the norm of u v is we an
associated inner product the norm depends on the inner product. So, the inner product u v
is equal to u comma L v it is no longer equal to my original inner product which I
defined earlier u v. Now, it is the inner product is with respect to this linear operator. So,
this is a new inner product | define and using this inner product I get this norm. So, u u

using this new definition of the inner product is u comma L u and this norm is equal to



the norm square is equal to the inner product. So, this norm square is equal to that
because the norm square we said is equal to the inner product, so in this new definition
of the norm. So, every a function space has a certain inner product a function space with
an inner product and the norm is always related to the inner product the norm arises from

that inner product.

So, in this case the inner product is defined by that and this gives raise to this norm u. So,
norm of u is @ member of that function space. If | am interested in the magnitude of u in
the norm of u, how am | going to evaluate the magnitude of the norm of u? I am going to
take the inner product of u with itself and now my inner product is different. It is no
longer u dot u it is u dot L u and whatever | get there is the square of the norm of u is the
square of the norm of u. So, there is a one to one relationship between the norm and the
inner product norm vector space in a norm function space, the norm is related to the

inner product in this way.

So, the inner product is distinct from the inner product associated with the L 2 norm
inner product and it is defined with respect to the operator L. So, what is the best
approximation property is this? If my operator L is positive. Definite meaning that it
satisfies this property, satisfies that property. If my operator L is positive definite and u
star is the solution of my problem my problem B which was L u star is equal to fon D L
bar u star is equal to 0 on del D and u star is the solution is the true solution of the
problem. Then the galerkin method always gives the best possible approximation to u

star in the function space measured in this norm.

Best approximation as soon as we say it is a best approximation, we have to show in
what norm it is the best approximation. How do you say it is the best approximation? We
say it is the best approximation we if your solution obtained in the galerkin method. That
differs from the best solution we calculate the difference between the solution obtained
using the galerkin’s method and the true solution in some norm which norm is that, this

norm which we have defined that gives me the smallest possible norm.

So, it is closest to the true solution in this norm. It is closest to the true solution in this
norm. So that is the property. So, if we have a norm defined like this and we get the
solution of a problem using galerkin’s method. That solution to the problem obtained

using galerkin’s method differs from the exact solution but the difference is minimum in



that norm. So, in that if you obtained the solution by some other method for instance by
the least squares method and you calculate the difference in this norm that difference will
be larger than the solution we have got obtained using galerkin’s method that difference
will be larger than the solution, you obtained using galerkin, this is the property, this is
the best approximation property of the galerkin method, which passes on the finite
element method and that is why the one reason why the finite element method is so

widely adopted.
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From the solution of the emor minimization problem, the best possible

solution u in /1" in the (,) norm must satisfy the requirement
n-u".v)=0 for each and every ve
However v.ur=n ' =(v.Lin=u ) =(v.Luy=(v.Lu")

(v.Luy=(v. Ny=(v.Lu=f)

Thus requiring (v.u=u" ' =0is equvalent to requiing (v. Lu=[)=0

But from (**) (v.Lu~ f)=10 s the Galerkin condiion. Hence finding
the best possible soluion n < /7" in the (. nom is equivent to

ﬁnd? the solution using the Galerkin method

From the solution of the error minimization problem, the best possible solution u in H n
u must belong to H n. It is the best possible solution that can be constructed from the
basis functions used in H n must satisfy the requirement u minus u star comma v is equal
to A 0 for each and every v belong. That is we know solution of the error minimization
problem, we know that the residual inner product v must be equal to 0 for each and every

v belonging t H n.

However v, if | evaluate that, u minus u star comma v | take advantage of symmetry
write it like that and that can be written as v L u minus u star, because this inner product
means v comma L u minus u star my usual inner product my usual inner product and that
is equal to v comma L u minus v comma L u star again taking advantage of the linearity
of the operator. So, | get B comma L u minus v comma f, because L u star is the exact

solution u star is the exact solution L u star has got to be equal to f. So, v.comma L u



minus v comma f which I can write as v comma L u minus f thus requiring v.comma u
minus u star is equal to 0 is equal equivalent to requiring v comma L u minus f is equal
to 0 but v comma L u minus f is equal to 0 is nothing but the galerkin condition which
we have seen v comma L u minus f is equal to 0. That was my galerkin condition. That
was my galerkin condition if psi is v and | think of psi as v and this is f minus L u that is

my galerkin condition.

So, to minimize the error if 1 minimize the error, if I minimize the error, then | satisfy
galerkin’s condition to minimize the error | have to satisfy that requirement that | know
from earlier to minimize the error. | have to satisfy that requirement and satisfying that
requirement is equivalent to satisfying the galerkin condition hence finding the best
possible solution u belonging to h n in this norm is equivalent to finding the solution
using the galerkin’s method. So, instead of finding the best possible solution to u and this
norm, if | solve the equation using galerkin’s method find the best solution using
galerkin’s criterion by basically find reduce the make ensure that approximation satisfies

this criterion. The galerkin’s criterion then I am going to also get my best approximation

property.
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It can be shown that the best approximaton property of the Galerkin
solution also ensures that it minimizes the funchonal (1. 4i)=2(f.1n)

if this functonal can be written as w=u .n=n" = .

W=t t=u =(=n . An=An)
(0 A=t A Y=t Ayt Au)
= Awy=(n fy=0Aw ny+n ., Au ) (due to symmetry)

s, Awy=(m fr=0 v+t Aw y=in, A= .+ n

This establishes equivalence. Thus if w=u'. (ur. diny=2(f.u) is

n:ﬁisiged among all functions i for which the functional (1. 1n)=2( i)

&l

It can be shown that the best approximation property of the galerkin’s criteria. It is not
only minimizes, it not only gives me satisfies that condition it also minimizes a certain

functional which if | define that functional like this. It is also minimizes, that functional



what is the advantage of why do we want to emphasis this? The fact, that the galerkin’s
solution minimizes that functional well we are going to see that later on. Actually it can
be shown that, this functional can be written like this u minus u star inner product of u
minus u star u minus u star minus inner product of u star u star, why well let us see how

let us see.

U minus u star inner product u minus u star, I can write it as u minus u star A u minus A
u star by definition of the inner product. This I can write as u comma A u minus u
comma A u star minus u star comma A u plus u star comma u A A u star taking
advantage of linearity, this becomes equal to u comma A u minus u comma f because A

u star u star remembers the exact solution.

So, A u star is equal to f u comma f and again | have interchanged u due taking
advantage of symmetry. We can write as A u no sorry, | have not interchanged. | have
taken advantage of the fact, that my operators self adjoint. So, A u star comma u A u star
comma u plus u star comma A u star u star comma A u is equal to A u star comma u,

because the operator A is the self adjoint operator.

This I can write as u comma A u minus u comma f minus A u star. | can again replace by
f minus f comma u plus u star comma u star A star. So, this is equal to u comma A u and
then again taking advantage of symmetry, | can write f u as u f. So, minus 2 f comma u
plus u star u star inner product u star comma A u star. | can write as inner product of u

star u star is that how | define my inner product.

So, you can see that inner product of u minus u star u minus u star minus inner product
of u star u star is actually equal to u comma A u minus 2 f comma u if u is equal to u star,
that means if u is equal to the true solution, then this thing becomes 0. So, this difference
is minimized u comma A u minus twice f comma u is minimized among all functions u

for which is the functional u A u minus 2 f u exists, because then it becomes O.
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Since Galerkin's method gwes the best approximation to # in the

nom, it also minimizes the above funcbonal in //

In many problems of mechanics, vanationd principles exist which lead

to denvation of the governing equations of a problem by minimzing a
functional, typically the energy functional associated with that problem

The Galerkin method for self adjoint operators /. is thus a way to
minimize the associated energy functional, if the energy functional can
be-gipressed in the above form, and thus can be regarded as a
\érighonal method

Since, galerkin’s method gives the best approximation to u star in that norm. It also

minimizes the above functional in H n since galerkin’s method.
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It can be shown that the best approxmaton property of the Galerkin
solubon also ensures that it minimezes the functional (i, Au)=2(f.n)

if this funcbonal can be wntten as n=u".n=u" - u .

=(u=u, An=An")

lity=(or A Y=t Ay A )
ly=tw fy=CAw )4 v ) (due to symmetry)

ly=im Fy=0 4t Aw y=in, Amy=2 f.00)+

This establishes equivalence. Thus if u=n", (1. dn)=2(f.u) is

MDM among al funcbons « for which the funconal (r..1n)=2( f.u)

&

We have seen that galerkin’s method gives me the best approximation to u star since
galerkin’s method. So, if I calculate u using galerkin’s method. | am assured that, this
difference is going to be a minimum, because galerkin’s method gives me the best
approximation to u star. So, this norm is going to be minimum, this norm is going to be

minimum, that means that also gives me, it minimizes this functional. It minimizes the



galerkin’s method minimizes this functional. Why is that important? Well we are just

going to see.
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Since Galerkin's method gives the best approxmaton to # in the

norm, it also minimizes the above funcbonal in //

In many problems of mechanics, vanationdl principles exist which lead
to denvation of the governing equations of a problem by minmzing a
functional, typically the energy functional associated with that problem

The Galerkin method for self adjoint operators /. is thus a way to

minimze the associated energy functional, if the energy funcional can

be-gipressed in the above form, and thus can be regarded as a

\érigtiona method

In many problems of mechanics variation principles exists which lead to derivation of
the governing equations of a problem by minimizing a functional typically, the energy
functional associated with their problem. So, | am able to write an expression for the
energy and by minimize by the variation principles which by minimizing that energy

allow me to get the equations of motion.

So, we write an expression for the work. The principle of virtual work for instance
principle of virtual work. So, all that depends on this | do not want to get much
mechanics but there you can write an expression for the energy minimizing that you can
get the equations of motion. So, the galerkin method for self adjoint operators L is thus a
way to minimize the associated energy functional, because we have seen that by when
we solve the problem using the galerkin’s method, when we find the solution using
galerkin’s method, we are also minimizing that potential, that functional like this. So,
when we are solving the problem using galerkin’s method we are minimizing that
potential. So, if this potential of this functional 1 am always talking potential, but if this
functional is the energy potential it is the energy potential energy associated with that

problem. I am also minimizing the energy.



So, galerkin’s method for self-adjoint operators, L is thus a way to minimize the
associated energy functional, if the energy functional can be expressed in the above form
and thus can be regarded as a variation method. The galerkin method what self —adjoint
operators can therefore, be regarded as a variation method, because it leads to the same
result. Is that clear? | think we will stop there, and we will talk about weighted residual

methods and specialize them to finite element methods in the next class.



