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A Driet recapituiation

In the last lecture we obtained error bounds for elementary
operations such as addition, subtraction, multiplication and
division.

Before atarting owr discussion on linear operators, Ax =y we
would like spend some time on error analysis of functions in
general.

In particular we would like to bound the error in a dependent
variable y, a function of independent variables x,, x,, ....x,, in
casa the errors in the independent vanables are known.

)

In civil engineering, we are going to talk about Linear Systems. In the last lecture we
obtained error bounds for elementary operations, such as addition subtraction,
multiplication and division. Before starting our discussion on linear operators, which are
typically written as A times x is equal to y, we would like to spend some time on error
analysis of functions in general. In particular, we would like to bound the error in a

dependent variable y, a function of in a dependent variables x 1, x 2 up to x n.

In case the errors in the independent variables are known, for instance if our function is a
linear function, if we know the errors in the depend in the independent variables A x, X
then we want to find out what would be the error in y, after we operate on x operator

with the linear operator A.
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“due to cancellation
We also wish to talk briefly about a type of numerical
operation that is particularly prone to errors and that often

leads to problems in the solution of linear systems.

Numerical calculations involving subtractions between two

numbers, where the difference between the operands is
considerably less than either of the operands, are prone to
large errors.

Suppose we wish to calculate v = x; — x, and the error in the
__calculation of x; and x, can be denoted by Ax; and Ax,

PTEL

We would also like to wish, we would also like to talk briefly about a type of numerical
operation, that is particularly prone to errors, and that often leads to problems in the
solution of linear systems. Numerical calculations involving subtractions between two
numbers, where the difference between the operands is considerably less than either of

the operands, are prone to large errors.

Suppose, we wish to calculate y is equal to x 1 minus x 2 and the error in the calculation
of x 1 and x 2 can be denoted by delta x 1 and delta x 2, that is x 1 and x 2 are my
independent variables; and | know the error in x 1 and x 2 which is given by delta x 1
and delta x 2.
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Then the error in y, Ay is given as:

W[ S A, [+ [Ax,

\v| AN+ |AY,

| 4 ,\'I— \7

Then the relative error in y can be very large if v, = x|
is small, i.e. the two numbers x, and x, are nearly equal

Then the error in y, delta y is given as bound on the error in delta y, mod of delta y is
lesser than or equal to mod of delta x 1 plus mod of delta x 2, we have seen this from our
last lecture, where we found the bounds on simple operations likes subtraction. So, from
that equation dividing both sides by mod of y, we get delta y by y mod of that is lesser
than or equal to mod of delta x 1 plus mod of delta x 2 divided by mod of delta x 1 minus
x 2. It is clear from the last expression, that the relative error in y will be very large, if

mod of x 1 minus x 2 is small that is the two numbers x 1 and x 2 and nearly equal.
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For example, if
x, =.5764 and the absolute error in x, 15 .5 10 !

- c i
x, =.5763 and the absolute error in x; 1s also .5x 10

Then x, —x, = 0001 but the error bound on the
numerical approximation of x, —x, is:

5x104 + 5x104 = .001

Thus the error bound on x, —x, isas large as x, —x,
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For example, if x 1 is equal to 0.5764 and the absolute error in x 1 that is delta x 1 is 0.5
into 10 to the power minus 4, and x 2 is equal to 0.5763, and the absolute error in x 2 is
also 0.5 into 10 to the power minus 4. Then x 1 minus x 2 is equal to 0.0001, but the
error bound on the numerical approximation of x 1 minus x 2 is the sum of this absolute
errors in x 1 and x 2. So, that is equal to 0.5 into 10 to the power minus 4 plus 0.5 into 10
to the power minus 4 equal to 0.001, thus the error bound on x 1 minus x 2 is as large as
X 1 minus x 2, recall x 1 minus x 2 is 0.0001. But, the error bound is actually 0.001,

which is actually in order of magnitude greater than x 1 minus x 2.
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Hence the error bound is as large as the estimate of the result!

One can avoid errors due to cancellation of terms by rewriting
formulas to avoid subfraction between between nearly equal
terms.

Hence, the error bound is as large as the estimate of the result, one can avoid errors due
to cancellation of terms by rewriting formulas to avoid subtraction between nearly equal

terms.
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Let us consider a function y(x,.x,.x5...x))
and suppose we want to estimate a bound for the magnitude
of the error:

W= (.. X ) = (g g X)) where
v are the approximate values for the vanables

1.4, -..x, whose exact values are x; . x) . x

This general problem is of great interest while performing
experiments where empirical data are put into mathematical

?‘:gq;els.
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Let us consider in general a function y, which is in general function of x 1, x 2, x 3 up to
x n and let us suppose we want to estimate a bound for the magnitude of the error, that is
we want to find out a bound on delta y. Where y is actually function of x 1 tilde, x 2
tilde, up to x n tilde, minus y of x 1 0, x 2 0 up to x n where x 1 tilde, x 2 tilde, x n tilde
are the approximate values for the variables, while x 1 0, x 2 0, x n 0 are the exact where

values of the variables.

So, the variables are x 1, x 2, x n whose exact values are x 1 0, x 20anxn0and x 1
tilde, x 2 tilde, x n tilde are the approximate values for those variables. We want to find
given that we have the approximate values of x 1 through x n, which is x 1 tilde through
x n tilde, we want to find what would be the error in y due to the error in x. This general
problem is of great interest while performing experiments, where empirical data are put
into mathematical models, for instance we do some experiments where we find the

values of x 1, where the independent variables in my experiments are x 1 through x n.

I do that experiment and | find the values x 1 tilde, x 2 tilde, x n tilde, because of some
experimental errors x 1 tilde, x 2 tilde, x n tilde are not the except values, which are
actually x 1 0, x 2 0 and x n. But, given x 1 tilde, x 2 tilde an x n up to x n tilde | want to
find what is the error in y due to the error in my experiment, but due to my experimental

error.
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Ay = 1(X) - v(x,)

= 4-1
It can be shown that : A\v = S ——(x).Ax, and hence
r=rpls:

So, we denote x tilde is equal to x 1 tilde, x 2 tilde through x n tilde and x 0 is equal to x
10, x 2 0 through x n 0 and we denote delta x i is equal to x 1 tilde minus x i 0 and delta
y is equal to y of x tilde minus y of x 0. That is the numerical solution which is y of x
tilde minus the exact solution y of x 0, which gives me my error in y, it can be shown the
delta y is approximately equal to the sum of the partial derivatives of y, with respect to
the independent variables x i evaluated add the approximate solution x tilde times delta x

Since that is true the bound on y must be lesser than or equal to the sum of the individual
partial derivatives, times the error in each of the individual variables, that is mod of delta
y is lesser than or equal to sigma i is equal to 1 to n mod of del y del x i evaluated at x
tilde times mod of delta x i. This result again we get from our previous lecture, were we

talked about the error bounds on sums.
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One can derive the above formula as follows:

Suppose we go from x, to ¥ in n steps, changing one
coordinate at a time. Thus for i=1,2,...... n-1, we set:

X = e MW

Obviously,

One can derive the previous formula, this formula as follows, suppose we go from x 0 to
x tilde, x 0 being the exact solution, x tilde being the approximate solution in n steps. In
each step we change we start with x 0, x 1 0, x 2 0, x 3 0 up to x n 0 at each step, we
change one of the individual variables to it is approximate value. For instance, we when
we go from step i minus 1 to step i, we change x i 0 to x i tilde, otherwise all the

variables, all the independent variables have the same value between x i minus 1 and X i.

It is only the independent variable x i, we changes value from x y 0 to x i tilde obviously,
if you perform this through n steps, at each step changing the value of a one particular
independent variable, at the end of the n steps are x n will be equal to our approximate

solution x tilde.
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propagation
In going from the i-1" step to the i step, the i coordinate is
changed from /" to x, while the rest of the coordinates are
left unchanged.

Then by the mean value theorem, there exists a & < [x, . v, ]

such that:

yix ) —y(x,)

where the partial denvative of ywort. x atl is
approximated by the partial derivative at the end

of nsteps

In going from the i minus 1 th step to i th step, the i th coordinate is changed from x i 0
to x i tilde, while the rest of the coordinates are left unchanged. Because of this, due to
the mean value theorem, there exists a xi i which belongs to the interval x i minus 1 x xi
such that, y of x i minus y of x i minus 1 is equal to del y del x i evaluated at xi i times
the interval which is equal to x i tilde minus x i 0, which is approximately equal to del y
del x i evaluated at x tilde dotted with delta x i. The approximation is because, we have
evaluated the partial derivative of y with respect to x i at xi by the partial derivative at
the end of my n steps, that is an evaluating del y del x i at the final value which is x tilde.
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A= y(x, )= y(x,). we can wrile

Iy i—.[l‘(.\') J‘(.\'_,)]
1

Hence. (*) can be re - written as

: g l‘hl' _' l~‘<'
Iy = —(¥)-Ax _Z - (X)) |2
=t OX, 1




Since delta y is equal to y of x n minus y of x 0, recall y of x 0 is the solution where with
the exact values for the independent variables. And y of x n is the solution where we
have replace the independent variables, the exact values of the independent variables
with the approximate values. So, delta y is equal to y of x n minus y of x 0, we can
actually write delta y as the sum over i to n y of x i minus y of X i minus 1, it turns out
that if you do this summation all the intermediate quantities are going to cancel out. And

we would be left with y of x n with i equal to n minus y of x 0 were i is equal to 1.

Because of this, we can rewrite this expression as delta y is approximately equal to
summation, basically we are taking the sum ((Refer Time: 12:44)), if we take the sum on
both sides of this expression. Then we get delta y from this expression, delta y is
approximately equal to sigma i equal to 1 to n del y del x i x tilde dotted with delta x i,
which again from our bounds an additions is lesser than or equal to sum of sigma i equal
to 1 to n mod of delta y del xi x tilde dotted with mod of delta x i.
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In the above Ay was approximated with the total differential of
y. This means that in a small nbd. of x.containing x, one
can approximate y with a linear function.

Because of the approximation involved in evaluating the

partial derivatives at X usually <. | isevaluated at X

X

Then 5 to 10 percent of the value is added as a margin of
safety.

In the above if you go back to our previous equation and look, we are actually
approximating delta y by the total differential of y, this means that in a small
neighborhood of x tilde containing x 0, we are actually approximating y with a linear
function. However, because of the approximation involved in evaluating the partial

derivatives of at x tilde, recall that instead of evaluating the partial derivatives at xi, we



are evaluating the partial derivative at x tilde, there is some approximation involved

there.

So, what is actually done is that all though we evaluate del y del x i mod of del y del x i
at x tilde, 5 to 10 percent of the value is added as a margin of safety. Because, we are not
evaluating del y del x i at the exact point xi i,, but at x tilde, which is the approximate

value.
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propagation

However in order to get a strict bound on V(X) one should
use the maximum absolute values of the partial derivatives in
a neighborhood of X thatincludes x'"

This is particularly important if the derivatives have relatively
large variation in the neighbourhood of X or the Ax,are very

In order to get a strict bound of y of x tilde, one should use the maximum absolute values
of the partial derivatives in a neighborhood of x tilde, that includes x 0. This becomes
particularly important, if the derivatives have relatively large variation in the
neighborhood of x tilde, or the delta x i are very large. So, we are saying that in order to
get a strict bound, we should not really evaluate the partial derivatives at x tilde, we
should actually look for the maximum value of the partial derivatives in a neighborhood

of x tilde, that includes the true solution x O.

This is important particularly when the derivatives are varying significantly, there is
significant variation in the derivatives. So, it is important that way in order to obtain a
proper upper bound, that we take the maximum value of the partial derivative in a

neighborhood of x tilde.



(Refer Slide Time: 15:39)

seneral formula for error

propagation

The bound for |Ay| obtained above covers the worst possible
cases where the sources of error Ax; contribute with the
same sign and cancellation of error contributions is not
accounted for.

For this reason the bound for |Ay| thus obtained is called the
maximal error.

Often the maximal error bound, particularly for a large number
of variables, is too coarse. It predicts unrealistically high error

-{ﬁn@ds
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The bound for mod of delta y obtained above, covers the worst possible cases where the
sources of error delta x i contribute with the same sign, and cancellation of error
contributions is not accounted for. For this reason the bound for mod of delta y thus
obtained is called the maximal error, but the maximal error bound is often not very
useful, particularly for a large number of variables, because it is true codes, it predicts an

unrealistically high error estimate.

(Refer Slide Time: 16:24)

A more realistic error bound
The theory of probability can be used to obtain a more
realistic estimate of the error in terms of the standard
deviations of the variables x and y

Assuming the x; are independent random variables with mean

zero and standard deviation ¢, it can be shown that the
standard deviation of y, € is given by:

e f{ ':," ) #
‘_I' ox,

The standard deviation of y, £ is known as the standard error.
.}i"\_}z‘fgen gives a more realistic estimate of the true error than
thefaximal error.
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So, instead of using the maximal error, sometimes we use something which is known as
the standard error, how do we get the standard error, we use the theory of probability to
obtain the standard error. What do we do, we assume that the x i is are independent
random variables with mean 0 and standard deviation epsilon i, if we assumed that it can
be shown. That the standard deviation in the dependent variable y is given by a
summation of the partial derivatives of y with respect to x i square times the standard

deviation square and the square root of that.

If that is epsilon, which is by standard deviation in y and this standard deviation is
known as the standard error, it often gives a more realistic estimate of the true error than
the maximal error. Because, it gives the narrower bound, if instead of the previous error

bound, this error bound this much more realistic.
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ems Important:

Linear operators are the simplest type of mathematical
operators encountered in numerical analysis.

Even problems that are non linear often require as part of
their solution efficient ways of solving a linear system

A is a square matrix, but in many physical applications A
is not always ‘full’ and may have a special structure.

2—~_We will first explore some commonly encountered square
: *'\}rnatrices with special structures.
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So, with that discussion we are ready to talk about linear systems, why are linear systems
important, because linear operators are basically the simplest type of mathematical
operators encountered in numerical analysis. Even problems that are non-linear often
require as to obtain solutions of linear systems, for instance if A is a square matrix, and
many physical applications A is not always full, and may have a special structure. Recall
our definition of linear systems which we obtained earlier, which says that we want to
solve the system A x equal to y. Typically in those linear systems A is a square matrix,

but in many physical applications A is not always full, and may have a special structure.



We will first explore some commonly encountered square matrices with special

structures.
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Triangular Matrices
Triangular matrices have the following form:

1. 0

Lol 0
o Lower tmangular matnx

Upper tnangular matnx

We will first talk about triangular matrices, triangular matrices have the following form,
for instance we have some matrices known as lower triangular matrices, which contained
only non-zero terms below or at the diagonal. Either the terms are non zero below the
diagonal or along the diagonal, all terms above the diagonal are zero, that is a lower
triangular matrix. And upper triangular matrix is a matrix which contains zeros along the

diagonal, which contains zeros.

And all terms which are below the diagonal, which contain non zero terms along the
diagonal and above the diagonal, that is an upper triangular matrix, but both upper and
lower triangular matrix share a common property, which is that the determinant of such
matrices are given by the products of the diagonal terms. So, for the lower triangular
matrix, the determinant of L is equal to | 1 1 times | 2 2 times | n n, similarly for the

upper triangular matrix the determinant of R is given by r 1 1 timesr 2 2 times r n n.
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Partitioning Matrices

Partitioned Matrices
Often desirable to partition matrix into blocks of sub matrices

7392 71392 73192

15611 15611 451611
1321419 [13(21419 | |132[1419

2 51913 Z | 51913 2 51913
In general. any matnx A can be thought of as bemg built of matrices of

lower order :

Next the other type of typical matrix that we are going to encounter in the solution of
linear systems, are partitioned matrices, it is often desirable to partition a matrix into
blocks of sub matrices. In general any matrix can be thought of as being built of matrices
of lower order, for instance if A is partition matrix comprising of A 11 A 1 2 through A
I1n,A21A22throughA2n, AnlAn?2through Ann. So,these A11A12A1n
these are all actually matrices, but they are partitions of the bigger matrix A, soc A11A

1 2 are all matrices of size smaller than the full matrix A.
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Addition and subtractions on partitions can be performed
as if the blocks were scalars:

( 'u - ,\I' + Bll where ,\I' and Bll are blocks of the partitioned

matrix A and B

For the product C = A.B, C is a partitioned matrix with each
of its several blocks obtained by summing the products of
blocks of A and B with the same row index and same
column index

B
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Operations on partitions addition and subtraction and partitions can be performed as if
the blocks were scalars, that is if C i j is the summation of two partition matrices A and
B. Then C i j is basically the sum of the partitions AijplusBij, Aijand B ij being
blocks of the partition matrix A and B. So, basically let me go with that again if A and B
are partition matrices with blocks A'i j and B i j, then if we want to some those matrices
A and B to obtained a third matrix C. Then the blocks of C, C i j a just the sum of the
individual blocks Aijand B ijof A and B.

If we want to evaluate the product C of two matrices A and B, where A and B are
partition matrices, then we obtained the product by summing the products of blocks of A
and B with the same row index, and the same column index. Thatis if Aikand B k j are
partitions of A and B, we obtained C i j a partition of C by taking the product of Ai k B
k j summing over k equal to 1 to n. So, by treating these individual blocks, as if there
elements of a matrix we can obtain the partition C, corresponding to the product of the

partition matrices A and B.
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nal Matricrac
2l Matrices

A block diagonal matrix is a matrix that can be written in
partitioned form as A = diag (A, Ay, A, with the A, as
square matrices:

Similarly it is possible to define block triangular matrices:

L, 0 o0 Ry, R, R,,
L,L,0 .0 0 R,R, R,
n Lo R .

N A, AP, O 000 .. R,
detL =L,,-L,,...L detR =R, 'R,, . R

o o

Next we want to talk about block diagonal matrices, a block diagonal matrix is a matrix
that can be written in partition form as A is equal to diagonal A 11 A 2 2 through Ann
that is a is a partition matrix, but A1 1 A 2 2 A n n are actually matrices, they are not
individual terms in the matrix A, they may be full matrices. But, the occupy diagonals on

my full matrix A, on my matrix a on the diagonals | instead of having individual terms, |



have actually matrices. So, this type of matrix is known as a block diagonal matrix, it is

as if the diagonal elements of A are actually blocks of matrices, blocks partitions.

Similarly, it is possible to define block triangular matrices, which have the same
structure is triangular matrices, but instead of individual entities on the diagonal or below
the diagonal we actually have blocks of matrices, at these locations. For instance L 1 1 L
2 1 L 2 2 are actually blocks of matrices, but they have with the same structure as a
lower triangular matrix. Similarly, a block upper triangular matrix has the same structure,
as an upper triangular matrix the only difference isthisR 1 1 R 1 2 R 1 n, instead of

being individual scalars are actually individual matrices.

However, when we tried to the evaluate the determinant of this block triangular matrix L,
we can basically do the same, we can do the same thing that we did earlier. So,
determinant of L is equal to L 1 1 times L 2 2 times L n n exactly like we did earlier,
similarly determinant of R is equal to R 1 1 times R 2 2 through R n n. So, the same
structure follows, the same structure with individual upper triangular, lower triangular

matrices had passes over continues into block triangular matrices.
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The set of all n dimensional vectors form a vector space
R, of dimension n

The inner product of two vectors x, y is calculated by:
(X, Y) Y+ X2V + X3V + XnVu

If x is considered to be a column vector, the inner

product can be interpreted as a special case of matrix

multiplication

(xy) =xTy

Next we want to talk about vector spaces, the set of all n dimensional vectors form a
vector space R n of dimension n, for instance the set of all three dimensional vectors
form a vector space R 3 of dimension three. Similarly, for two dimensions, the set of all

two dimensional vectors form a vector space R 2 of dimension two. The inner product of



two vectors x and y is calculated as follows, how we are defining the inner product, we
are saying that the inner product is defined by the product of the components summed
together. So, the inner product of two vectors x yisequaltox 1y 1 plusx 2y 2 plus x 3
y 3 through x n y n. If x is considered to be a column vector, the inner product can be
interpreted in matrix notation, the inner product between x and y can be interpreted in

matrix notation, as the transpose of x times y is the product of the transpose of x and y.
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*  Thevectory = ¢,X,+CX+
of the vectors x,, X,

+  The vectors x,, X,, X, are said to be linearly dependent
if there is some set of constants ¢, ¢,,.... ¢, not all equal to
zero, such that:

Y= Crx1+02x2+ Crrxn= 0

*  The vectors x,, x,, X, are said to be linearly independent
when y=0 if and only if ¢, ¢,,.... ¢, are identically equal to

®

]

Next we want to talk about the notion of linear independence, a vector y which is
obtained by taking a linear combination of vectors x 1, x 2 through x n by multiplying
them with scalar C 1 through C n, is said to be in linearly independent. If there is some
set of constant C 1 C 2 through C n not all equal to 0 such that, that sum C 1 X 1 plus C
2 X 2 through C n X n is equal to 0. On the other hand, the vectors x 1, x 2 through x n
are said to be linearly independent, when this condition is only satisfied if and only if all
the C 1 through C n are 0.

So, x 1 through x n are linearly dependent, if there is some set of constants C 1 through C
n not all equal to 0 such that, C 1 X 1 plus C 2 X 2 plus through C n X n is equal to 0, X
1 through X n is linearly independent if that condition is only satisfied if all the C 1 are
0. Basically we are saying there is no set of non zero constants C 1 through C n such that,
we can sum x 1, x 2 through x n after multiplying them with the scalars C 1 through C n

such that, we get 0.
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The maximum number of linearly independent vectors in R,
Isn

Any set of linearly independent vectors x,, x,,.... x, form a
basis for the vector space R,

Any vector v belonging to R, can be expressed as a linear
combination of the basis vectors x,, x,,.... X, i.e.

V = apXy+ QX+

_kwith not all a;=0

£

The maximum number of linearly independent vectors in R n is n, any set of linearly
independent vectors x 1 through x n form a basis for the vector space R n. Any vector v
belonging to R n can be expressed as a linear combination of the basis vectors x 1
through x n, that is v if x 1 through x n comprise a basis for this space R n. Any vector v
can be represented as a linear combination of x 1 through x n, what do you mean by a
linear combination, we can right be as a scalar multiple alpha 1 times x 1 plus alpha 2
times x 2 plus alpha 3 times x 3 through alpha n times x n, were not all the alpha are

equal to 0.
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The set of vectors given by all possible linear combinations
of vectors x,, X,,.... X, With k<n, form a linear subspace R.

The vectors X, X,,.... X, span the subspace R.

The subspace R has dimension k if x,, x,,.... %, are linearly
independent.




Next we want to talk about linear subspaces, the set of vectors given by all possible
linear combinations of the vectors x 1, x 2 through x k with k less than n form a linear
subspace R. And the vectors x 1, x 2 through x k are set to span the subspace R, the
subspace R has dimension k, if x 1, x 2 through x k are linearly independent, that is the

subspace R k is has got basis vectors x 1, x 2 through x k.
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~adnNK O a matrix

+ A matrix A (m, n) can be thought of as being built up of
column vectors and row vectors.

+  The maximum number of linearly independent column
vectors of A is equal to the maximum number of independent
row vectors of A and called the rank of A

Hence rank(A) = r< min (m, n)

If r=m=n, Ais non singular i.e. it has a non-zero
determinant and can be inverted.

’%\%
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Next we want to talk about the rank of A matrix, a rank of a matrix A is setto be r, if r is
the maximum number of linearly independent column vectors or row vectors of A. So,
basically the rank is the maximum number of linearly independent column vectors or
row vectors of A; and those the maximum number of linearly independent column
vectors of A is always equal to the maximum number of independent row vectors of A.
Rank of A therefore, must be lesser than or equal to the smaller of m and n, where m is

the number of rows in A, and n is the number of columns in A.

Since, the number of linearly independent columns must be equal to the number of
linearly independent rows, it is obvious that the rank which is equal to the number of
linearly independent rows, and number of linearly independent columns must be lesser
than or equal to the minimum of m and n. If the rank is equal to m is equal to n that is if
m is equal to n means A is a square matrix, and if the rank is equal to m and equal to n,
then the matrix A is said to be nonsingular that is it has got a non zero determinant, that

is it can be invertible.
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ear sysiem

f equations

«  Alinear system of equations with m equations and n
unknowns:

+a,x, =b,

X +a,.x,+
e -

ml

can be written in matrix notation as Ax =b

A linear system of equations with m equations and n unknowns, we will be actually write
it out, which we have in done up till now can be written like thisal 1lal2aln are the
components of the co-efficient matrix A. x 1, x 2 through x n are my independent
variables X, I can think of x as a vector with of dimension n and b is my right hand side,

and we want to solve for x 1, x 2 through x n with satisfies this condition A x equal to b.
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If b =0, the system is said to be homogeneous
A homogenous system always has a trivial solution, x = 0

If rank (A) = r < n, then Ax =0, has (n-r) independent
solutions

Any vector x which satisfied Ax =0 is a “null” vector of A
and the set of all such vectors comprise the null space of
A

__Since Ax = 0, has (n-r) independent solutions, the null
.- space of A has dimension (n-r)

If b is equal to 0, the system is said to be homogeneous, so A x is equal to 0 is said to be

a homogeneous system, a homogeneous system always has a trivial solution, what do we



mean by trivial solution, that is a homogeneous system will always be satisfied by x 1, X
2, X 3 to through x n equal to 0. If rank of A is equal to r is less than n, then A x equal to
0 has n minus r independent solutions, any vector x which satisfies A x is equal to O is a
null vector of A.

And the set of all such vectors comprise the null space of A, the null space of A has
dimension n minus r, because as we recall the set that if rank of A is equal to r less than
n, then A x is equal to 0 has n minus r independent solutions, so the null space of A has

dimension n minus r.
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where a,, a, ... are the columns of A

Thus b can be expressed as a linear combination of the
columns of A

Hence for the system Ax = b to have a solution, b must
. belong to the subspace R spanned by the columns of A

The system of equations A x is equal to b can be written as x 1 a 1 plus x 2 a 2 through x
n a n equal to b, basically we are taking the rows of A. And multiplying scaling each row
by x 1 through x n scaling the first row with the x 1, the second row with the x 2, the
third row with the x 3 and so on, and so forth. And the last row a n by x n and setting that
equal to b, this is just another way of writing the system A x equal to b, but this way of
writing makes clear that b is actually a linear combination of the columns of A, which

again makes it obvious that if the system A x is equal to b is to have a solution.

b must belong to the subspace r spanned by the columns of A, because we call that x 1 a
1 plus x 2 a 2 plus x n an is equal to b, which basically means that b is a linear
combination of a1 a 2 through an, x 1 and x 2 x through x n are just the scalar multiples.

So, b is a linear combination of the columns of A, a 1 a 2 through a n thus b must belong



to the subspace R which is spanned by the columns of A, so in this case columns of A
are the basis of that subspace. And b is obtained by taking a linear combination of those

basis vectors a 1 a 2 through a n, after scaling them with the scalars x 1, x 2 through x n.
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Existence of solutions
+  This condition can also be expressed as rank (A,b) =
rank (A)

+  Since b is a linear combination of the columns of A (for it
to be a soln. of Ax = b) the augmented system has the same
rank as A

+ [fm=n=rthen system Ax =b has a soln. for any vector
b since now that A has full rank, the cols. of A form a basis for
the space R ..

* . Thus any vector b can be expressed as a linear
gomBbination of the column vectors of A
MPTEL

This condition can also be expressed by the requirement that rank of A, b is equal to rank
of A, for this means since b is a linear combination of the columns of A that means, if we
add we if we augment A by adding an additional column b we do not change the rank of
A. Because, b is a linear combination of the columns of A, so we add an additional
column to a which is b, it does not change the number of linearly independent columns
of A. So, since b is a linear combination of the columns of A, the augmented system has

the same rank as A.

If m is equal to n is equal to r that is if A is square matrix, an as got full rank, then A x
equal to b has a solution for any vector b, since now that a has full rank, the columns of a
form a basis for the space R n. A has full rank means, A has rank n that means, each of
the columns of A are linearly independent vectors and since, the space has dimension n
and since | have n linearly independent vectors, which are the columns of A, which
means that this implies that the columns of A form a basis for the space R n.

And since the form a basis for the space of R n, any vector b can be represented by a
linear combination of the column vectors of A, thus any vector b can be solved for, even

any vector b we can find x such that, A x is equal to b.
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Eigen values and eigen

+  Let Ax = Ax, for a matrix of dimension n x n, vector x and a
number A

* Then Ais an eigenvalue of A and x an eigenvector

*  Ax=Axcanbe writtenas (A - Al)x=0

+  This system has a soln. only if det (A — Al) = 0, which on
expansion gives the characteristic equation of A

+  Since the characteristic equation is a n"" order polynomial
in..A there are n real or complex roots A, A,,... A,,, if every
fost s counted the number of times equal to its multiplicity

Next we wish to talk about Eigen values and eigen vectors, let A x is equal to lambda X,
for a matrix of dimension n by n, a vector x and a scalar lambda. Then lambda is an
Eigen value of A and x is an eigen vector of A, we can rewrite A x is equal to lambda x
as a minus lambda i, where i is the identity matrix. A minus lambda i operating on X is
equal to 0, notice that A minus lambda i x equal to 0 is a homogeneous system, from
what we have looked at previously, this homogeneous system is only going to have a

solution, if determinant of a minus lambda i is equal to 0.

If we expand this determinant out, if A write out the determinant, determinant A minus
lambda i we get a polynomial in lambda, and that polynomial in lambda is called the
characteristic equation of A. And depending on the dimension of A, the dimension of the
polynomial also varies for instance, if A is a 3 by 3 matrix the characteristics equation is
a polynomial is a cubic, is a polynomial of dimension three. If A is the 4 by 4 matrix the
characteristic equation is a polynomial of dimension four, and depending on the roots of
the polynomial we get the Eigen values of A, a lambda 1 lambda 2 lambda n which may

be real or complex numbers.
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Similai Ity transrormations

+  Let C be a non-singular matrix. Then the transformation
C-'AC is said to be similar to A, and the transformation is called
a similarity transformation.

Then if Ax = Ax, (C'AC) C-'x = A C-'x
Denoting B = C-'AC, we have B(C-'x) = A(C-'x)

+  Thus after similarity transformation the eigen values are
preserved while the eigen vectors are transformed as C-'x

)

MPTEL

But, if we count each root equal to the number of times equal to it is multiplicity, we get
n real or complex roots of that polynomial which are the Eigen values of A. Next, we
want to talk about similarity transformations, let C be a non singular matrix that is C has
determinant which is non zero, that is determinant of C is greater than 0. Then the
transformation C inverse A C is said to be similar to A, that is if we start with the

original matrix A.

And when we transform it according to the rules C inverse A C, then the matrix we get C
inverse A C is said to be similar to A, and the transformation is called a similarity
transformation. Let us go back to the Eigen value problem A x is equal to lambda x and
suppose, we perform a similarity transformation on A to get C inverse A C, we can see
that if we pre multiply both the left hand and right hand side with the matrix C inverse,
we get C inverse x A X is equal to lambda times C inverse of x C inverse of x.

I can rewrite as C inverse A C operating on C inverse times X, because C and C inverse
on taking the product they give me the identity matrix. So, I can rewrite A X is equal to
lambda x as C inverse A C operating on C inverse x, which is equal to lambda operating
on C inverse x. But, in this last equation, this has the exact structure of an Eigen value
problem which becomes evident, if we replace C inverse A C with B, now so that we can

write B operating on C inverse X is equal to lambda times C inverse of x.



Thus we see that after similarity transformation of A, the similar matrix C inverse A C
has the same eigen values of as A, it has a same Eigen values lambda, but it is
eigenvectors are no longer x. They are now C inverse X, thus after similarity
transformation the eigen values are preserved, where the eigenvectors are transformed as

C inverse of x.
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+  An arbitrary square matrix of dimension n x n has n eigen
values and n eigen vectors, Ax; = Ax, i =1

+  These n equations can be written as:
AX=NX  where X = (X;%,.... ;)
A =diag(A, A,,..

+  If the eigen vectors are linearly independent, then X has
full rank and is non singular.

*  Hence we can write: X'TAX=A

An arbitrary square matrix of dimension n by n has n eigen values and n eigen vectors,
each of which satisfied the relation A x i is equal to lambda x i, these n equations. If we
can combined all these equations together, we can write it in matrix form as A x is equal
to lambda x. Where now A X is no longer of vector x is a combination of all this eigen
vectors each eigen vector occupies a column of the capital matrix x. So, x 1, x 2 through
x n are individual eigen vectors and have combined them together, to form the matrix big
x and lambda is another matrix, whose which is basically a diagonal matrix.

And the diagonal elements of lambda are the individual eigen values lambda 1, lambda 2
through lambda n corresponding to the eigen vectors x 1, x 2 through x n. If the eigen
vectors are linearly independent X is going to have full rank, and is going to be non-
singular why, because if the eigenvectors are linearly independent each of the columns of
A are linearly independent. And each of the columns of x are linearly independent, x has
full rank and that is x can be invertible and x is non-singular. Since, x is invertible we

can write x inverse A x is equal to lambda, basically we scale, we pre multiply A x is



equal to lambda x with x inverse both on the left hand and the right hand side, when we
get x inverse A x is equal to lambda. And recall lambda is a diagonal matrix that is it has

got 0 is everywhere, and lambda 1 lambda 2 through lambda n on the diagonals.
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Slimilarity transrormation

+  Thus a similarity transformation by X, the matrix of eigen
vectors, transforms A into a diagonal matrix which has the
eigen values of A as its diagonal terms.

If the eigen values of A are distinct, ie. A, is not equal to A,
for all i not equal to j, then the eigen vectors are always linearly
Independent.

+  For a real symmetric matrix, the eigen vectors
corresponding to distinct eigen values are in addition
orthogonal i.e. (x)™x =0

>
&

Thus a similarity transformation by X, the matrix of eigenvectors recall that earlier the
transformation that we look that, this relationship this is basically a similarity
transformation on A. So, what we are saying is that, if we do a similarity transformation
on A using the matrix X, we get a diagonal matrix we transform a into a diagonal matrix
which has the Eigen values of A as it is diagonal terms. If the Eigen values of A are
distinct that is lambda i is not equal to lambda j for any e i or j, then the eigen vectors are

always going to be linearly independent.

So, if a matrix has got distinct eigen values that each of it is Eigen values are different
from each other, then the eigenvectors are also going to be linearly independent. And we
know that for a real symmetric matrix, the eigen vectors corresponding to distinct Eigen
values, in addition to being linearly independent they are also orthogonal. So, that is not
really true for always, but it is only true for real symmetric matrices, when the
eigenvectors corresponding to distinct eigen values are mutually orthogonal. What it
means, what does orthogonal mean it means that, if we take the dot product of two of
those eigen vectors x i dotted with x j or been matrix notation x i transpose X j, we are

going to get 0.
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Slmilarity transrormations

* Evenif all the eigen values are not distinct, the eigen
vectors of a symmetric matrix, corresponding to the same
eigen values, can be chosen to be orthogonal.

*  Thus for every symmetric matrix there is an orthogonal
matrix X such that XTX = |, such that A= XTAX

+ (A +cl)x = (A+c)x i.e. adding constant diagonal terms to a
matrix, shifts its eigenvalues by a constant

o A= AAx=A Ax =A% Hence, Anx = Anx

=#~\§'hus if P(z) = a,z" +a,z™! +.... a, be an arbitrary
wpafnomial then P(A) has eigen values P(A)

Even if all the eigen values are not distinct, the eigenvectors of a symmetric matrix
corresponding to the same eigen values can be chosen to be orthogonal, there are
procedures for orthogonalization, which we are going to talk about later in this course.
For basically for a symmetric matrix corresponding to distinct eigen values,
corresponding to an eigen value, if there is more than one eigen vector we can make

those eigenvectors orthogonal to each other.

We can define the eigen vectors, so that dot product to those eigenvectors is equal to 0,
thus for every symmetric matrix, there is an orthogonal matrix x such that, X transpose x
is equal to i that is such that, lambda is equal to X transpose A X. Next, we want to see
how the eigen values change if we perform certain simple operations on a matrix, for
instance we have an initial matrix A. And suppose we add the same constant scalar C to
each of the diagonal terms of A, that is we form the matrix A plus C i, i being the

identity matrix.

In that case what happens is that the eigen values of a just get shifted, that is instead of
the eigen values remaining as lambda for the eigen values become lambda plus C. So,
adding a constant to the diagonal term just shifts the eigen value by a constant C, so that
is one property of eigen values the second property, we want to talk about is. If we take
powers of a matrix for instance, if we take a product if a matrix with itself, for instance A

square x | can write it as A product with A x, but A x | know | can write as lambda x.



Thus A operating on A x | can write as a operating on lambda X, but we can since
lambda is a scalar I can move it out and so we have lambda times A lambda x is equal to
lambda times A x, but again A x is again equal to lambda x. So, we are going to get
lambda square X, thus if we take a power of matrix, if we take n th power of A, then the
eigen value of the n th power of A, is basically the eigen value of A raised to the n th

power.

So, the eigen value of A to the power n is equal to lambda to the power n, because of this
property if P is a polynomial of the form A 0 z to the power n plus A 1 z to the power n
minus 1 through A n, an instead of z if we replace that by the matrix A, then we can see

that P A is going to have eigen values P of lambda.
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Let A be a m x n matrix of rank r. Then there exist:

A m x m orthogonal matrix U (i.e. UTU =)

A n x n orthogonal matrix V (i.e. VTV =1)

A r x r diagonal matrix D with strictly positive elements,
called the singular values of A such that:

A=UE¥", E= sl
0 D

Finally, for the today's lecture I want to briefly introduce something, which is known as
singular value decomposition. In our next lecture we are going to talk in much greater
detail about this, but I just want to introduce this, so suppose A is an m by n matrix of
rank R, then there will always be m by m orthogonal matrix recall what is an orthogonal
matrix. An orthogonal matrix is a matrix all of whose columns are orthogonal to each
other, so if | take the dot product of a column i, with a dot product of another column j |

am going to get 0.

So, what | am saying is that, if we can always do a singular value decomposition of a

matrix A into orthogonal matrices U and V and an r by r diagonal matrix D such that, |



can represent a as a product of U sigma and V transpose. A sigma is such the D occupies

the diagonal elements of sigma.

Thank you, we will continue with this discussion in our next lecture.



