Numerical Methods in Civil Engineering
Prof. Arghya Deb
Department of Civil Engineering
Indian Institute of Technology, Kharagpur

Lecture - 29
Differential Operators — 111

In lecture 29 of our series on numerical methods in civil engineering we will continue

with our discussion on differential operators.
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+ The difference operators we have considered thus far that

include (£. \, &, u, V) can be operated on using the rules
of algebra and calculus to find approximation formulas

In the last lecture we showed that ™ =1+ A where D is the
differential operator and \ is the forward difference operator
Hence we also got :
Y A
hD =\ Rirg (**)
Similerly we also obtained a relationship between the differential
operator D and the central difference operator &

4. (***)
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The differential operators, we have consider thus for include the shift operator. The
forward difference operator, the central difference operator, the average difference
operator and the backward operator and we have seen that, they can be operated on using
the rules of algebra and calculus to find appropriate formulas in the last lecture. We
showed, we dealt with operator calculus and during that we showed relations between
various operators and various operators for instance between the difference operators.
The forward difference operator and the differential operator and we showed that, they

are related to through the exponential function.

So, e to the power h D is equal to 1 plus delta where, D is the differential operator and
delta is the forward difference operator using this. We also showed that h D is given by

this relation in terms of delta. We also obtained a relation between the difference



operators in this case the central difference operator and the differential operator and we

showed and we showed that relation is something like this.
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By squaning (***) twice, we can get a similar expression
equivalent to application of the differential operator twice, and by
extension 1 imes
Dfest -2 s...
12 90 360

Sometmes direct application of (***) may present certain
difficultes. That is because the leading order term in the expansion
of hD) in terms of the o operator is o

| /] '
Recall that of = —[/(x+ :.- f(x= J: )]. Thus evaluating the

derivative in terms of o requires us to know the function values at

mmms of the intervals. If the function values at the mid points of

thehtervals are not known, that adds to the complexity

By squaring this last relation twice we can get a relation between D Square, that is the
differential operator applied twice and various powers of the central difference operator.
However, sometimes if you want to apply this relation directly, it creates problems well
why is that well, let us recall that the central difference operator is given in terms of
function values at the mid step at the mid step. For instance delta f is equal to half of f of
X plus h by 2 minus f or x minus h by 2. So, we need the function values at the middle of

the step at x plus h by 2 and x minus h by 2.

If we do not have function values at those steps at the mid steps then, it is hard to use the
central difference operator evaluating the derivative in terms of delta therefore,
derivative D in terms of delta requires us to know the function values at mid points of the
intervals, if the function values at the mid points of the intervals are not known that adds
to the complexity meaning the cost you have to evaluate the. So, it is always better if we
can get the get the difference operators in terms of function values at the grid points at x

plus h x plus 2 h x minus h and so on.
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To avoid this problem we note that

: h |
ud(x)= pl f(x+=)-f(x==)]==[f(x+ )+ f(x)]
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=[S flx=W)]=-[f(x+h)= f(x=h)

Similady 0. o etc. can also be shown to involve function
values evaluated at step intervals only. Thus if we can get an
expression for /D) in terms of w0 rather than o then the issue

would be resolved

This can be done in the following manner, Recall

1 I el B
ulix)==fix+=m+=[flx==h)
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How do we avoid this problem? to avoid this problem, we note that mu del f x that is if
we apply the central difference operator first on a function and then we apply the average
operator the mu then, what do we have. So, if we apply delta on f we get f of x plus h by
2 minus f of x h minus 2 on top of that if we apply mu then, what do we get half of. So,
mu of f of x plus h by 2 is equal to half of f of x plus h plus f of x minus half of f of x
plus f of x minus h. So, mu operating of f of 1 of x minus h by 2 is equal to f of x plus f
of x minus h it is the average difference operator. So, x minus h by 2 it takes it goes 1half
steps back and it goes half step forward and adds them together and takes the half of that.
So that is my average operator, that operating on this part gives me this part that
operating on this part gives me that. So, again it goes half step forward, half step back
and adds it together. So that is given by that.

So, and then if we add these 2 together, we get half of f of x plus h minus f of X minus h.
So, what do we see, if instead of directly applying the central difference operator if we
apply the central difference operator first and then use the averaging operator then we
can get it in terms of the grid point value. So, f of x plus h and f of x minus h similarly,
we can show that, mu delta cube that is mu operating on delta operated three times or mu
delta to the power 5 mu operating on delta after it has been operated 5 times can also be
shown to involve function values evaluated at step intervals only but, step intervals |

mean grid points at grid points only.



Thus, if we can get an expression for h D h D instead of mu delta cube, mu delta 5
instead of delta cube, delta 5 and delta. Then the issue would be resolved. We would be
able to evaluate the functions at the grid points. This can be done in the following
manner, let us recall that mu of f of x is equal to half x plus half h plus half x minus half

h, that is we just talked about that is just little while ago.
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Using £ =¢", we have

1, hy b hD hD
ufix)y==[e *+e ]S (x)=cos(—)/f(x) Hence u=cos(—)
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We aready know that = = sin(—). Since cosh’ /i-cosh’ fi=1
we have: 1 s = =(l+ A Therefore (] + A} =1
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Expanding the left hand side : 4l - )=1

$ 128 104
Multiplying the right hand side of (***) with the expansion above
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Then using e is equal to h D, we have f of x plus half h. I can write this as h D by 2, we
can think of it as this shift operator. x plus half h, I can think of that as the shift operator
operating over half a step. So, e f of x plus half h is equal to e operating on f for half a
step and then, | know there is a relation between e and the difference operator that
involves the exponential. So, I can write this as half of e h to the power D by 2. F of x
plus h is equal to e to the power h D. So, f of x plus h by 2, I am writing as e to the power
h D by 2.

Similarly, I can, I am writing f of x minus half h as e to the power minus h D by 2. So, |
write this, like that and that we recognize is the cos h is the cos hyperbolic of h D by 2. It
is the cos hyperbolic of h D by 2 operating on f of x and again, we said at the beginning
of our discussion and operate a calculus, that we will say that 2 operators are the same, if
there action on any arbitrary function is the same. So, in this case f is an arbitrary

function. So, we can write mu is equal to cos of h D by 2.



Now, we already saw in the last class, that delta by 2 is equal to sin h D by 2 if we look
back we discuss that. So, since delta by 2 is equal to sin h by 2 mu is equal to cos h by 2.
So, | can write cos hyperbolic square and. So, | know that cos hyperbolic square
anything minus. Now, what is that sin? There is a sin, | am sorry. So, that is a type. So,
that is actually cos hyperbolic square beta minus sin hyperbolic square beta is equal to 1
that is an identity. So, from that, we get mu square minus delta square by 4 is equal to 1
mu square minus delta square by 4 is equal to 1 from which, | get mu square is equal to 1
plus delta square by 4 therefore, | can write mu 1 plus delta square by 4 to the power
minus half is equal to 1. So, I just take the square root of both sides and then bring it to
this side and | get 1. So, if I expand this on the series expand the series by on the left
hand side then, I get this expression. So, mu 1 minus delta square by 8 plus 3 delta 4 by
binomial expansion. So, | get that is equal to 1 and then. So, this is equal to 1. Now, let

me go back to my expansion here. Which was this?

Now, | am going to multiply this hand side with 1. So, | will get the same thing. So, if |
multiply this by 1. Or that is equivalent to multiplying it by this whole thing, because this
whole thing is equal to 1. So, | can get h D is equal to mu times, that was already there.
So, I get this, I might have a factor of 2 missing, | am not so much sure about that, let us
check. So, this mu 1 minus delta square by 8 times that delta minus delta cube by 24. So,
I have a factor of 2 missing. So, but, then | have adjusted that. So, here, it is just h D by
2. So, that gives me mu D minus mu C mu delta cube square plus mu delta 5.

So that involves terms like mu delta a cube, mu delta to the power 5, which I know can
be written in terms of grid point value. So, which | know, | can be written in terms of
grid point values. So, | get an expression for the differential operator in terms of mu
delta, which involves evaluating the function only at the grid point values. So that is
enough about 1 dimensional differential operators and 1 dimensional difference
operators and the relation between them, basically the relation between differential
operators and difference operators, how we can write the differential operator in terms of
various difference operators and most importantly recognizing, what is the error? What is
the order of the error? When, we write those difference operators in terms of the

differential operators.

Recall that, we found that for the forward difference operator our error is linear. We have

a linear error but, when we write the differential operator in terms of the forward



difference operator. We have a linear error term the error is of order h while, when we
wrote the central difference operator, when we wrote the differential operator in terms of
the central difference operator and we expanded it in series. We found that the error was
of second order, that was the error the leading term in the error was of h square was of
order h square. So that is very important to recognize. When we use different difference
operator we can use different difference operators to approximate our differential

operators and we can get different orders of error where until.
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+ Untill now we have considered differential as well as

difference operators in one dimension and have attempted to
establish relationships between them

* In partial differential equations involving multiple
independent variables we have multi-dimensional difference
operators

+ Multidimensional difference operators are implemented
typically on a grid that is rectangular in 20 and a rectanqular

fbeﬂllelopmed in3D

Now, we have considered differential as well as difference operators in 1 dimension and
have attempted to establish relations between them however, we looked before we
started looking at difference operators. We looked at partial differential equations and we
saw that most physical problems like they are multi-dimensional and they are
represented by multi-dimensional partial differential equations. So, the differential
operators that we have to deal with are going to be multi-dimensional. So, we do need
multi dimensional approximations multi-dimensional difference approximations to multi-
dimensional differential operators. So, typically multi-dimensional difference operators
are implemented on a grid ina grid in 2 D. It is usually a rectangular grid and in 3 D. It is
3 dimensional ordered grids. So, it is like a grid rectangular parallelepiped in 3 D, the

grid is like a rectangular parallelepiped in 3 D.
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A typical gnd in 2D would be a rectangular gnid in the x-y
plane with grid spacings /1 and /i in the x and y directions

gving nse to points: x =x, +ih v =1+ jh

The central difference approximations to the partial derivatives

inxandy " and " can then be given by

(Y )

v M, =N, noM =N

= ~L 4 error lenms. = +arrorierms (7)
= 3] - 40
X | ) =l

It is clear that the central difference operator has been used with
a step size that is twice the usual step size for the central
idégence operator i.e. usualy di=u_, -u _, instead of (*)

A typical grid in 2 D would be a rectangular grid in the x and y plane with grid spacing’s
h x and h y in the x and y directions, my grid spacing need not be the same in the x and y
directions. | can have different grid in the x direction and different grid in the y direction
and this gives rise to points x i isequal to x O plus I h x y jisequal toy O plus j hy. So, it
is term from its location on the grid. The i’th location on the grid is given by x 0 as i
times h x where, h x is the grid size in the x direction while, the j’th location in the y

direction is given by y 0 plus j times h y.

The central difference approximations to the partial derivatives in x and y del u x and del
u'y can be given by del u by del x is equal to u i plus 1 j minus u i minus 1 j by 2 h x.
Now, note several things, this involves only | am taking in the x direction. So, I plus 1 i
minus 1, the j the j’th index remains fixed and similarly, when we look at del u del u del
y we have u | j plus 1 minus u i j minus 1 by twice h y plus of course, the error terms
now we have used it is obvious that we have used the central difference operator but,
note that we have used it with the step size that is twice the actual step size the step size
that we talked about. So, we have used twice, which is perfectly fine. There is no
problem with that we have used this with twice. The step size for this, the central
difference operator, because when we define the central difference operator, we said that
is equal to u i plus half minus u i minus half. So, at a grid point | am taking half a step on
the left half a step to the right that instead of here, | am taking a full step to the left full
step to the that is perfectly fine if i divide by 2 h x if i divide by 2 h x.
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Recall that for the central difference operator, we have

Ma)y=h"d" flay+er [T |.f~l_h'f"'|.;u
an .

Hence = ou+o{l)and in (*) ie. the leading term in
o 2h

the error is of 2nd order in /

If a forward difference operator is used to approximate the
My, =N
denvative, then we have: — = — +error lerms
X /]
In this case the difference approximation becomes unsymmetric. In
addition, the error is of first order, not second orderin the step size

i";s)vl.h the central difference operator

Also, let us recall, we have looked at this expression before, the relationship between the
k’th order derivative, the k’th order differential operator and the k’th order central
difference operator. We looked at this relationship before we found, that it was like this
hence, del u del x. So, from here we can directly get the order of the error. So, del u del x
is equal to 1 by 2 h times del u 1 by 2 h times, del u plus order h square plus a term of
order, because if we put Kk is equal to 1 write k is equal to 1. That is telling me that, the
derivative is equal to h to the power minus 1 h to the power minus 1. So, there is 1 by h
del u there again, 1 plus order h square plus the term is of order h square is that clear, we

have this 2 again, because of the we have taken twice the step.

So, is it clear in this expression? Therefore in this expression, the error terms of are order
h square. So, this is second order accurate, this is second order accurate if a forward
difference operator is used to approximate the derivative then, we have del u del x is
equal to u i plus 1 j minus u i j. The forward differences you look go forward and
subtract. So, u i plus 1 j minus u i j by h plus error terms, again these error terms are

going to be linear they are going to be of order h.

So, in this case the difference approximation becomes unsymmetric, you can see it is
unsymmetric. We are looking at something at i and then, it is unsymmetric about i. So, i
plus 1 minus i since, it become that is why it becomes unsymmetric in addition, the error

is first order not second order in the step size not second order in the step size like here,



it is first order in the step size as with as is always true in case of the central difference

operator.
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The reason for the reduction in accuracy is of course due

to the relation between the forward difference operator and the
derivative which we recall is given by: \ f(x)=h" f"'($)
where J e [x.x+ki|

Since Z - x linearly with step size /, the emor too reduces
linearly with step size. Thus ﬂ . %m h)

[ § ]
If we are solving second order partial differential equations. we
have to deal with second order partial derivatives for instance the
Laplacian operator, either in 2D or 3D. For numerical solution, the

l&v@an operalor has to be approximated using difference operators

the reason again, let us go back, the reason for the reduction in accuracy we have talked
about this earlier just recapitulate is of course, due to the relation between the forward
difference operator and the derivative unlike, this relation between the central difference

operator and the derivative, which involves this h square term.

In case of the forward difference operator, that was given by this and xi del del to the
power K f x was equal to h to the power k f k xi and we said that, x i belongs to x to x
plus k h. So, x i will become closer and closer to x as and it is dependent on h. So, as h

becomes smaller x i is going to be closer and closer to h but, that relation is linear.

Since, x i goes to x linearly with step size h as you reduce h xi becomes closer to x but, it
goes, it becomes closer to x that relation. It goes decreases linearly with h as h decreases
that relation, decrease xi becomes closer to x in a linear fashion while, in the other case
as h reduce, it as h became smaller. The error became smaller like h square. So, in 1 case
if the error was 0.1 in the next if | reduced h, it would become 0.01. It would become
0.01, it would go as h square, if my h is of order is that clear? Is h is of order point 1 then
the error is of order 0.01 and similarly, if it is 0.01. It would be 0.001. So, it goes it
becomes. So, if | increase the order by 1 10°Th that is reduced by square of that.



So, the error too reduces linearly with step size in this case therefore, this is of order h
the error is of order h. So, if you have. So that is something very important again, we
recognize that depending on a choice of the difference operator, we can encounter
different error terms. So, typically in most numerical algorithms, particularly most
commercial codes, they will insist on a difference operators or integration algorithms,
which are at least second order accurate, which are at least second order accurate if we

are solving second order partial differential equations.

We have to deal with second order. So, we have just looked at first order partial, first
partial derivatives of order 1 but, when you look at second order partial differential
equations, we have to look at second order partial derivatives for instance we looked at
the wave equation, we looked at our diffusion equation, we looked at our elliptic
equation laplace’s equation. In all those equations, we encountered the laplacian, that

was common, the laplacian which present everywhere.

So, in order to solve those equations, we have to be able to represent, we have to a
difference equation for the laplacian on a grid. So, we have to represent the laplacian
operator in terms of difference operations either in 2 D or in 3 D space, how do we do
that?

(Refer Slide Time: 22:34)

The simplest approximation to the Laplacian is the five point

’ -2+,
operator \ y =— e iy, ()
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It is clear that the 2nd order central difference operator has
been used in this case, since
)= flav)=21(m+ fla=

Also, f“(a)=h=d" flayeeh iayeed’ [ (a) for the central
difference operator

Thus the order of the emor in the five point operator approximating
the-Laplacian is given by o(/)
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the simplest approximation to the laplacian is the 5 point operator, it is called a 5 point

operator, because we will come to that is why, it is called a 5 point operator but, this is



the laplacian, this is an approximation to the laplacian in 1 direction, this is the
approximation to the laplacian in the other direction. So, you can see, it involves u i plus
1,jminusuijuiminusljdivided by h square. Now, there is h square u see can see that
consider of h, because this is a second order difference operator and similarly, this is the.
So, if you think of i as representing the index in the x direction. So, the first part of this
representing del square u del x square. The first term, the second term represents del
square u del y square. So that is the simplest approximation to the laplacian again. It is
called a 5 point operator, because u can see it involves the evaluation of the function at 5

points at i plus 1 i minus 1 j plus 1 j minus 1 and of course, at i j itself.

So, it involves evaluating the function at 5 points that is why, it is called the 5 point
operator and it is also clear, that we have used the second order central difference
operator in this case since, del square f a is equal to f a plus h minus twice f a plus f a
minus h, we have seen that earlier on we showed that, may be in the first lecture on
differential operators, that del square f a is equal to f a plus h minus twice f a plus f a
minus h, you can see that we have used that here, because if u i plus 1 is actually 1 step
forward. So, that corresponds to plus h u i j is of course, the function evaluated at the
point that we want to evaluate the laplacian. So, that is f a, that corresponds to f a and a

minus h, that corresponds to u i minus 1 that corresponds to u i minus 1.

So, this is very similar to that you can see and again this is just the same thing except that
is in the y direction also, Let us recall from our previous relationship that we just saw
here. f squares a means, the differential of f double derivative of f that can be written as h
minus square central. The central difference operator, operated twice plus the error term,
which is order of h square thus, the error the order of the error in the 5 point operator
approximating the laplacian is of order h square is of order h square and therefore, we
can write del 2 5 u i j is equal to the laplacian operator plus. This error term and it can be
shown that, this error term is of this form you can see by comparing with this. We have f

to the power 4 which basically involves the 4th derivative my u of my function u.

So, the error is something, some constant times h square times, the 4th terms involving
the 4th derivative of u. So, this by approximating the laplacian with this 5 point
difference operator, we are going to get an error with like this, which is of order h square
as you reduce the as you change the size h. The error is going to reduce as h square, it is
going to reduce by h square. So, and it is magnitude is given by the actually the



magnitude of my 4th derivative of my function, which you can expect to be small as you
take higher and higher derivatives, you expect those derivatives to become smaller for a

well behaved function for a well behaved function.

(Refer Slide Time: 27:14)

The operator (*) is sometimes representd graphically as shown

in the figure, where the terms in the litle circles represent the
coefficients of the function values in the difference formula at

the corresponding location in the gnd

So, this operator is sometimes this 5 point difference operator is sometimes represented
graphically as shown in the figure where, the terms in those little circles represent the
coefficients of the function values in the coefficients of the of the function values in the

difference formula.

So, the function values had 1 minus 2, so 1 minus 21 in 1 direction again 1 minus 21 in
the other direction. So, at the center it becomes minus 4 and 1111. So that is represented

like this, sometimes represented like this.
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Another difference operator for the Laplacian involves evaluating
function values at diagonal locations in the gnd:
A JHu =

Ty = I et Tl
2
Sometimes a linear combination of two difference approximations
\; and V' involving more grid points are used to get a combined
difference approximaton for the Laplacian:

2 |

3 _ .y L
V== + \
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For more complicated differential expressions it is possible to

g"'c"a:)nuct difference operators in simiar fashion by combining more

e one difference expressions

Now, it turns out that there is another approximation to the laplacian operator, not just
this 5 point operator and this involves evaluating the function values at diagonal
locations of the grid. So, here we evaluated the function values at the original location.
The point at which at we want to find the laplacian plus h in the x direction minus h in
the x direction plus h in the y direction minus h in the y direction instead of this, we can
evaluate the function values at the diagonal points on the grid and this cross del square
Cross u i j cross mean, the diagonal laplacian operator it involves evaluating the function
value at i plus 1 j plus 1 which, if we look at the previous picture that is basically,
evaluating the function value here. i minus 1 j minus one, which involves evaluating the
function value here, i minus 1 j minus 1 then i plus 1 j minus 1, which probably involves
evaluating the function value i plus 1 j minus 1 which involves evaluating the function

value here and i minus 1 j plus 1.

This involves evaluating the function value here. So, it involves the diagonal terms on
the grid diagonal terms on the grid plus the function value at the location where we want
to evaluate the laplacian that by h square. So this is another approximation to the
laplacian. And sometimes, we put the 2 together, we use the 5 point operation as well as
the diagonal approximation and combine them with some coefficients scale them with
some coefficients and then, add them together making sure that the sum of the
coefficients adds up to 1. So, we had we had combining these 2 operators out of
weighing them, weighing the 5 point operator by certain coefficient, weighing the



diagonal operator by certain coefficient making sure that the sum of the weights is 1 and

saying that is a representation of my actual laplacian, that is an representation.

So, in this case for instance, we can scale it by two-third and one-third if it scale the 5
point difference operator by two-third, the diagonal difference operator by 1 third and
similarly, for more complicated differential expressions, it is possible to construct

difference operators in similar fashion by combining more than one difference operator.

(Refer Slide Time: 31:01)
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So, this is an example of that where, we have combined the 5 point with the cross
differential difference operator to get what is called a 9 point laplacian, this is probably
the most commonly used representation of the laplacian neither this nor this is commonly
used, this is what is most commonly used the 9 point representation of the laplacian. So,
here, | have said 6 times h square this is equaled to sorry, 6 times, that is equal to 4 times
this plus 2 times that. So, 4 times this plus 2 times that actually, this is actually
representation. | should probably have mentioned that, there is a 2 here. So, this is
actually representation of 2 del square x u i j this is 2 del square u x i j is given by that by
h square.

So that involves terms like this and then 4 times that, if we had, and that we get
something like this. So, this is 6 h square del square by 9. So, if I divide this, if I scale all
the coefficients by these appropriate values, the term here is scale by 4, the term here is

scale by 1 this term. | scale by minus 20 and add it altogether and | divide it by 6. I am



going to get my representation of my 9 point laplacian operator, all these 6 and 4; this is
just to get these coefficients, which are instead of fractions. We have whole numbers. So,
that the coefficients are whole numbers. So, that to make sure that my coefficients are
whole numbers rather than fractions, because fractions as soon as we have fractions, we
have to take division as soon as you take division, you have introduce errors, and you

introduce errors round off errors

That is why; we prepared to deal with whole numbers as our coefficients instead of
having some fractions scaling the function value. We want to scale it with a whole
number. So, at least there, we do not introduce any round off errors and then, we have to
evaluate the laplacian, we have to divide it by 6 atleast. We are doing the division only
once after doing all these multiplications with these whole numbers. We are doing the
division only once while if we used fractions for each coefficient. We would introduce
round off errors every time, we add to that difference formula. So, every term in my
difference formula would have a round off error, while if I scale with 41 and like minus

20, 1 would have round off error only when, I divide the whole thing by 6 that is the idea.

This formula is useful in many situations, because it is remainder term, again this
remainder term is a second order term, that is always going to be true but, in this case the
remainder term is actually del 4, which is basically del square. So that is a nice form
involves this square of. So, it is like this. So, your laplacian, this is your true laplacian
this is your numerical representation of the laplacian and the error is of the order of the

square of the laplacian.
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For a non - rectangular domain a rectangular gnd may not be
approprase. In that case 1t may be approximated by a rectangular

domamn bordered by inangles or tnangles with curved side

The tnangular grnd may can approXumate the geometry on the boundary

particulardy of an wregular tnangular gnd 15 allowed

That is where, this is a sort of nice, and because it gives the error is of the square of the
order of the square of the laplacian. So, that was the rectangular domain everything is
fine, we have a regular grid point. It is you can ignore to evaluate that you know as you

know your difference operators, it is very nice.

But, in most real world problems, you do not have rectangular domains, why do not you
have rectangular domains well, because of two reasons. One reason is mostly, because
your geometry is non-rectangular, you really have a rectangular geometry you may have
an arbitrary geometry and it is very hard to divide it into rectangles. It is very easy to
divide it into triangles but, it is very hard to divide it into rectangles. So, you are almost
never going to have. It is a made up problem or it is a very simple problem, you neither
going to have a rectangular grid but, any real domain it is almost always possible to
divide it into a rectangular grid and then the part which | can where, | cannot have a
rectangular grid. I can divide it into a triangle | can have a triangular grid there. So, it is
very important that we be able to approximate our differential operators on a triangular
grid.

And also the triangular grid can approximate the geometry on the boundary particularly
if an irregular triangular grid is allowed. So, regular triangular grid again, it is restrictive
but, if 1 have a free grid I can put points wherever 1 like. | do not have to put points in a

particular fashion plus h minus h, I do not have to put points likes that if | put points



arbitrarily then, it is much more easy for me to approximate the geometry. It is much
more each for me to approximate the geometry and another reason why this, why the
triangular while a free triangular grid is particularly useful, because consider a real world
problem where, | have regions of sharp gradients where are my solution variable my u is
not the same everywhere is not, | do not mean to say not the same everywhere but, it

does not have it varies differently in different locations.

Where in some regions, you have a sharp gradient in u and in other regions u is more or
less relatively flat, it does not, it varies very slowly, in other regions it varies very fast.
So, in the region where u varies very fast where my function value of interest varies very
fast, 1 would like to have more grid points there, because | know that function value is
higher, that function is varying in a highly non-linear fashion. So, unless | have sufficient
number of grid points in that location | would not be able to capture that highly non-
linear variation. So, it is. So, with a regular grid point, it is very hard to capture all this
things that non-linear regions of sharp gradient for instance in solid mechanics. One
thing | have stress concentrations, we have a whole and the stress concentration around
that whole. So, you know that, if you have to capture that you must have lots of grid

points near the edge of the whole.

While far away from the whole where, this whether variable of interest for instance the
displacement is varying relatively smoothly, you need not have that mini grid points. So,
and if we have to be able to write these difference operators on, first of all in a triangular
mesh number 2 on a irregular mesh and irregular grid, because of this a complicated

plane region is better approximated by a grid of triangles.
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+ Because of this a complicated plane region is better

approximated by a grid of triangles. It is also relatively easy to
adapt the density of grid points to the behavior of the function

+ For example in a region where there are sharp gradients in
the function values one may add more grid points to get a
sharper resolution of the solution

+ Butthe difference formulae we have encountered so far
assume a uniformly spaced grid. How do these difference
fo@ﬂae change if the grid is iregular?

It is also relatively easy to adapt the density of grid points to the behavior of the function.
What do | mean by that well, I mean exactly what I just said that, when you have a sharp
gradient, it is you can introduce small grid points are there. So, for example, | just
mentioned that to get a sharper resolution of the solution but, the difference formulae we
have encountered. So, far assume a uniformly spaced grid how do these difference
formulae change? If this grid is irregular, what will be the difference formula? if the grid

is irregular.
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* In particular, what is the difference formula for the Laplacian
on a triangular grid?

» First we will obtain a difference expression for the Laplacian
over a regular triangular mesh. We will then extend those ideas
o an irregular triangular grid

+ Consider the triangular grid shown in the figure, of grid size h

and suppose we are interested in calculating an approximation
of the Laplacian at a point x with coordinates (xy) located inside

E@ngie




In particular since, the laplacian is the most interesting as is the most important
difference formula for second order partial differential equations. What is the difference
formula for a laplacian on a triangular grid? What is it on a regular triangular grid and
what is it on an irregular triangular grid? So, we will first obtain a difference expression
for the laplacian over a regular triangular mesh. We will then extend those ideas to an
irregular triangular grid. So, I have use the word mesh and grid interchangeably though,

they might have certain but, in this case we mean the same thing.
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So, let us consider the triangular grid shown in this picture where, 1 have a grid of
triangles and suppose, | want to evaluate my function value at x, | want to evaluate my
function value at x calculated. 1 am interesting not only in the values; | am actually
interest in evaluating the laplacian at x. I am x is located inside a particular triangle and
the grid points. I am denoting as 1, 2 and 3. Now, in this case | have a regular triangular
grid. So, my my size is h all my triangles have size h and | say that | assume that this is

my origin this is the origin.
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We define the linear interpolant of » as a funchion /u/x) where
Intx)=ufx at the grid points 1.2.....» and is a linear function

of the grid point values nrx, Lurx, )...u(x, ) inside the triangles

It is assumed that u posseses sufficiently strong continuity properties
such that all denvatives of interest exst

Using barycentric coordinates, the coordinates of the point x can be
found in terms of the coordinates of the gnd points located at the
vertices of the tangle in which x lies:

(e v = 0.0y 0=h0y40.00. 1) wath

| L) 0 +0.+0 =1, 0.0.0 >0

So, we define the linear interpolant of u as a function i u of x where i u of x is equal to u
x at the grid points 1, 2 and 3 to n and is a linear function of the grid point values u x 1 u
X 2 u X n inside the triangles. So, in order to get an expression for the laplacian first |
have to define an interpolant, which tells me, what is the value of u at x at x, if | know
the values of u at these grid point locations at 1, 2 and 3 if | know the values of u at 1, 2

and 3. | can use my interpolant to find the value of u at x.

And it is of course, we assume that u possess sufficiently strong continuity properties
which will allow us to evaluate all which. So, that all these derivatives that we for
instance for us the second order partial derivatives exist. So, using the barycentric
coordinates, basically triangular coordinates like, you might be familiar with them with
that name the coordinates of the point x can be found in terms of the coordinates of the

grid points located at the vertices of the triangle in which x lies.

So, | can find out the coordinates of this point x in terms of the coordinates of these
points 1, 2 and 3 by interpolating the coordinates. And | am saying that, those interpolant
Theta 1 times, the coordinate at this location theta 1 time, the coordinate at this location
plus theta 2 times, the coordinate at this location plus theta 3 times. the coordinate at this
location is going to give me the coordinate of x and the condition is that theta 1 plus

theta 2 plus theta 3 is equal to 1 and theta 1, theta 2, theta 3 are all positive. So, these are



my barycentric coordinates theta 1 theta 2 and theta 3 are the barycentric coordinates of

the point x.
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The value of the interpolant /u/x) 1s then calculated from the

function values at the vertex in similar manner
Inix )= 0 0.0)+ Gar(=h,0)+ 0,00, Ir)
Taking advantage of the regularity of the grid we can write analogously
Tt x+h, vy= Gl h 0y+ 0u(0.0)+ O uth, )
=l  + n‘:u +au y
Intx=h.v)= 0u(=h0)+Om=2h0)+ 0. ~h~h)
Oy 00 +00,,
T x. v 0y = (0, Iy + Gl =h. by + 0,00, 2r)

= .+r.f,l.’: +in

T x, v=hy= Qa(0.=h)+ O =h=h)+ 0.0(0,0)
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So, the value of the interpolant i u x is then is calculated from the function values at the
vertex in similar manner. So, | basically say i u x y I have. Basically, | am saying that if |
want to evaluate u at x y X has got 2 parts, 2 components x and y. So, | want to evaluate u

atxy.

| am going to do that by taking theta 1 times u 1, u at 1 which is u at 00 plus theta 2 at u
at 2 which is equal to if this is 00, and that must be minus h 0 and this at 3, this must be 0
h. So, I am evaluating u at X y by theta 1 u 00 plus theta 2 u at minus h 0 plus theta 3 u at
h at zero h. So, this is how | am going to evaluate my interpolants and taking advantage
of the regularity of the grid. We can write analogously i u x plus h y. So, u at x y is given
by that.

Now, | am interested in evaluating u at x plus h y where, would x plus h'y be x plus h'y
would be exactly in this triangle. It would be x plus h in the x direction. So, X here it is X
y the coordinates the cartesian coordinates of that point has small x and small y. So, if |
am looking at a, if | am looking for a point with cartesian coordinates small x plus hy,
that would be somewhere in that triangle just h from this point along the x direction but,
what do you notice about that point, that point lies in this triangle. So, the barycentric

coordinates of that point have to be theta 1, theta 2 and theta 3 because of the regularity



of the grid. If I am looking at this point, that point has barycentric coordinates theta 1,
theta 2, theta 3 if I am looking at the mirror image of that point in this triangle which is x
plus h y then, the barycentric coordinates of that point here are again going to be theta 1,
theta 2 and theta 3 but, now it will involve. Now, let us go back and take a look. So since
I. So, because of the regularity of the grid, we can write i u x plus h y is equal to theta 1 u
h zero earlier on. It was u at 0, 0. Now, we are evaluating u at h 0, because everything

has shifted by h in the x direction, so u at h 0 plus theta 2 u at 0, 0.

So that involves this point theta 2 u at 0 and theta 3 at this point which is actually, h h
which is at h h. So, theta 3 u at h h but, you can see, because of the regularity of the grid.
We can still use theta 1 theta 2 theta 3, because the barycentric coordinates have not
changed of that new point are the same as for the whole point. Similarly, i u X minus h'y
I can, this means | have to shift 1 this h to the left. So, I am going to move to this
triangle. 1 am going to move to this triangle and x x would be somewhere here. So, it x

would be somewhere here.

And that would involve theta 1 u minus h 0, theta 2 u minus 2 h 0, theta 3 u minus h
minus h. So, if I write it in terms of indexes indices, | have u i minus 1 j this is u i minus
2 |, because | have moved negative 2 in the x direction but, | have not moved in the y
direction. So, that remains j and here, it is | have moved i 1 in the x direction and 1 in the

y direction. So, | have u i minus 1 j minus 1.

Similarly, I can write i u X y plus h like this using the same same sort of argument now in
this case | am looking at a point here. I am looking at a point here, and then i y minus h
when, | am looking at a point in this triangle. So, in that case | get something like that.
So, | can write theseiu x plushyiuxminushyiuxyplushandiuxyminushin
terms of this grid point values scaled by my barycentric coordinates but, you note that,
we are using the barycentric coordinates of my original point x. 1 am using the
barycentric coordinates of the point x at which, I want to evaluate the laplacian. | do not

have to use recalculate the barycentric coordinates, because of the regularity of the grid.



(Refer Slide Time: 49:00)

Recall from the definition of the five phint obefator
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Substituting (*) in (**)
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So, now what do | get. So, again let us go back to our definition of the 5 point difference
operator, which was del 2, 5uijisequaltouiplus1juijuiminusljandsoonand
so forth. Now, | am saying thatdel 2, 5iuijisequaltoiuiplusljminus2iuijplusu
i uiminus 1 j plus this. So, we have introduced this i, because |1 am going to now

evaluate the laplacian on the interpolant.

So, hence I can say thatdel 25iuiuxisequaltoiuiplusljlcanwriteasiuxplush
y x index changes by 1 y index remains the same minus 2 i u X y plus i u x minus h'y
there and here 1 have i ui jplus 1. So, i uXxyplushminus 2iuxyplusiuxyminush
by x square h square And then | substitute my previously evaluated expressions where, i

uxplushyiuxminushyiuxyplushiuxyminus hin this expression.

And therefore, | get as an expression like this involving u y plus 1 j u i j and so on. | get
something like this and then what | do? Well i decide to pull out all terms with theta 1, |
pull out all terms with theta 2 together and I pull out all terms with theta 3 together then,

what do | get.
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But =0} \ =0,V e =0\ ] .

Hence \ :,l'.lf{\::fl:\ du, +0 N +0 N

Then, 1 get something like this. Theta 1 plus h square times this theta 2 by h square
times, that theta 3 by h square times this and what are these? This term within curly
brackets here is nothing but, theta 1 timesdel 25 uijdel 25uijyou can see, uiplusl
jminus2 uijplusuiminus1jplusuijplus1minus?2uijplusuijminus one. So, we
have seen, that is equal to del 2 5 j what about that term? Well that is nothing but, del 2 5
u i minus 1 j, because this is i. So, you replace here i by i minus 1 and you will get that.
So, if i replace i by i minus 1 here, | am going to get this. So, i by i minus 1 i by i minus
1igetiminus2jjjdoes not change i. So, only I get that i replaced by i minus 1 i by i

minus 1.

So that is nothing but, my laplacian evaluated at u minus 1 j and if you look at this is
nothing but, i u i j plus 1 where I have replace this j by j plus 1. So, what do | get. So, |
get del 2 5 i u x the laplacian evaluated at x is equal to theta 1 times. The laplacian
evaluated at i j plus theta 2 times the laplacian evaluated at i minus 1 j plus theta 3 times
the laplacian evaluated at i. That is a mistake i j plus 1, that is the laplacian evaluated at i
j plus 1 but, what is i j i minus 1 j and i j these are represent the points on the triangle

they just represent these points.

They just represent these points, this point and that point. So, finally, what do | get?
Finally, I get that my laplacian evaluated at an integral at an internal point is equal to the

laplacian evaluated at my grid points scaled by my barycentric operator of the point, at



which | want to evaluate the laplacian scaled by the barycentric point of the barycentric

coordinates of the point, at which | want to evaluate the laplacian.
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+ Thus the Laplacian at an arbitrary point x located within a

friangle is the weighted sum of the Laplacians calculated at the
three vertices of the triangle with the weights being the
barycentric coordinales of the point x in the triangle

+ Next let us consider a simple irreqular mesh as shown in the
figure. The only difference between this mesh and the previous
one is that the orientation of two triangles are different

Now, fu(x+h, v). lutx=h.v) and Ju(x, v+h) are the
f&ane as in (*). However /u(x.y~h) is no longer the same

Thus, the laplacian at an arbitrary point x located within a triangle is the weighted sum of
the laplacians calculated at the 3 vertices of the triangle the weights being the barycentric
coordinates of the point x in the triangle. So, next | want to consider an irregular grid, I
want to evaluate the laplacian on an irregular grid and | want to show you how to do that.
I will do at for a simple case because for a complicated case, it is hard to explain but,
once you understand it for a simple case, it is possible to extend it for complicated cases

as well but, since we are out of time, we have to do that next lecture. Thank you.



