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Lecture - 24
Analytical Methods for Parabolic and Elliptic PDE’s

In lecture 24 of our series on Numerical Methods in Civil Engineering, we will talk

about Analytical Methods for Parabolic and Elliptic Partial Differential Equations.
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Solution methods
+ We will consider two methods to solve the diffusion equation
analytically. The first method involves using the eigen function

approach we described earlier for the wave equation

* In the second approach we will show the use of transforms, in
particular Laplace transforms to solve the problem effectively

* We consider the problem of one dimensional heat flow
through a ring of circumference 1. Again, since there are no

end points, we have periodic boundary conditions:

r’)) ron=ri..ny=...T'(n.r)

r'on=T"(Loy=...T(n.1)

We briefly did start talking about analytical methods for parabolic partial differential
equations in our last lecture. And we said that, we are going to talk about two solution
methods, the first solution method will involve the use of Eigen functions, which I said is
a sort of generic method, common to which can be used for all three canonical forms and
then, we are going to use the method of Laplace transforms. So, we start midway, so |
just briefly go over the parts that we have already covered.

So, we are considering the one dimensional heat flow through a ring of circumference 1
and we saw that, in that case we have periodic boundary conditions and the periodic
boundary conditions are on the primary variable temperature and it is derivative with

respect to space.
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Assuming solutions of the foom 7' =¢ (x)¢ * and substituting

in (**) we get the eigen value problem in the following form:
d-e (x)

dy’
Again assuming eigen functions of the form ¢ (x)=¢™" and

==A.e,(x) e, (D=e,l)e, (D)=¢,(])

substituting in the above equation: —@m” + 4, =0 = 4 =im

Thus ¢ (x)= Acos e+ B sinay, ¢, (x)==Amsinmx+ Bwmcos mx

Imposing the boundary conditions, we get

l-cos o sin A .
wsine ol —cosm) || B |
E_‘bi_i’m-imiai solutions, setting the determinant to zero, we get

cosm=l=w=2nr.n=0%112. .. t=

So, if we assume solutions of the form T is equal to e to the power n x, where e n X is
nothing but the Eigen functions and e to the power minus lambda n k by k t is the time
dependent part. If we assume solutions like that and we substitute it in my original
differential equation then, I get the Eigen Value problem. Left hand side | have a linear
operator and the right hand side | have this Eigen Value and this is my eigenvector and |

solve the Eigen Value problem subject to homogeneous boundary conditions.

So, in this case, the periodic boundary conditions again, so this is my problem, this is my
Eigen Value problem. So, how do | solve the Eigen Value problem, | have solve the
Eigen Value problem assuming that, e n x has a certain form and that allows me to
convert the differential equation into an algebraic equation. | solve the algebraic
equation, that is a characteristic equation, the root of those characteristic equations are
my Eigen values, | solve for the Eigen values.

And once | solve for the Eigen values, | get my Eigen functions, I know my Eigen
functions upto certain undetermined constants. 1 know my Eigen functions upto certain
undetermined constants and | evaluate those constants by imposing my boundary
conditions. So, in this case, the boundary conditions are these ones, which we already
talked about and then, on imposing those boundary conditions on these two, | get two

equations, two unknowns and you can see this is a homogeneous equation.



So, for this system of homogeneous equations to have a solution, the determinant must
vanish. Determinant vanishes gives me this condition, cos of omega equal to 1, which

tells me omega equal to 2 n pi, n is equal to O plus minus 1 upto infinity.
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Eigen function solution
Thus we finally get: ¢ (vj=¢ " and thus the solution in
terms of the eigenfunctions is T(x.1)= E:,,m.-,_q v) where
the orthonormality of the eigenfunctions can be used to evaluate
1

the coefficients r (1) = Iu-_,i v), Iy

Substituting the Fourier expansion for I'(x./) in the governing eqn.:

o - -
Y e (x)=xY —-(2zn)VT1.e,(X)

s O

Using orthornormality of the eigen functions, we get a first order ordinary
differential equation in time subject to initial conditions :

Jr -
Lo ‘T 5
L ==(2mxr,. n=0%l...
i

So now, | know my entire Eigen function, I know the constants also, so | know my
constants, now | can write my solution in terms of the Eigen functions and some
coefficients, which coefficients are functions of time. And then, | substitute, so this is my
Fourier expansion, | substitute this Fourier expansion in the governing equation. So now,
I get a function, a first order differential equation in time, so that gives me the
undetermined constants tau n, which are functions of t. So, this is a ODE for tau n and
then, 1 solve this ODE for tau n using my initial conditions, subject to initial conditions |

solve for this, | get my tau n.
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igen function solutio

SN AT AL d LIAS

The iniial condiions can be represented in terms of the eigen
1

funcions: T(x.0)= % rle™™™" where 1. = J'u-,lq_\-r_.f (x.0))edx

The solution obtained is finally of the form: r (/)= S 4 kil

We observe that unlike the time dependent coefficients in the
Fourier solution of the wave equation, the exponents r (/) in case

of the diffusion equation decay at a fixed exponential rate ¢

fﬁha wave equation. the time dependent coefficients ¢ /1) were
‘hapflonic functions and hence oscillatory in nature

For doing that, I have to represent the initial condition in terms of the Eigen functions,
with that system into immediate step, but once | do that, I finally solve for tau n and I get
this. And once | get tau n, | have the whole Fourier expansion for my temperature,
however one important thing to observe is that, the time dependent coefficients in the
Fourier, unlike the time dependent coefficients of the Fourier solution for the wave

equation, for the diffusion equation the time dependent coefficients decay exponentially.

You see this term minus k 2 pi n squared t, so it means that, as time increases, this
becomes smaller and smaller. But, for the wave equation, if you go back to my to the
notes to the previous lectures on the Eigen Value solution for the wave equation, you
will find that, in that case the time dependent part was not one exponentially decay. It
was not an exponential function at all, it was a harmonic functions, it was of an
oscillatory in nature. Here, you can see it is very different, it decays with time as time

increases, it goes down.
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pirrerence In temporal response

+ The difference is related to fundamental distinctions in the
physical behavior modeled, since the heat diffusion phenomenon
is inherently decaying in nature

+ The solution of the heat equation also has an oscillatory part

that is captured by the trignometric spatial dependence of the
eigen functions e, (x)

* |tis also clear that the more highly oscillatory modes (larger n
hence larger frequencies) also have a faster rate of decay

é?‘-‘}ned by e I

So, that is because of the fundamental nature of the problem, so we are modeling heat
diffusion and heat diffusion inherently it is decaying in time, it is because of it is
decaying nature, as if think of something like this, you have a boundary. You have a
body, you apply heat temperature boundary conditions then, overtime you would expect
all those peaks initially. Since you are applying the temperature at a boundary, you were

expect the temperature to be high at a boundary.

And then, at the interior, the temperatures would be smaller as starting with, but overtime
they are going to decay, those peaks are going to decay and you are going to reach some
sort of steady state condition. So, that is exactly what the solution is telling us here, that
solution is telling us the time dependent part of the solution is going to decay with time.
So, the solution is eventually is going to the steady state solution is only going to have
special dependence, it is not going to vary with time.

So, once it reaches steady state, things do not change with time, it is the equilibrium
solution you can think of it like that, things do not change with time, they may vary over
space, but they do not change with time anymore. So, that is what the solution is telling
me, the solution of the heat equation also has an oscillatory part, but that is purely
spatial, the time part does not have any oscillatory part. You can see i e to the power i, let
us go back and take a look, again the time dependent part has no imaginary number, so it

does not have any oscillatory part does not have any harmonic components.



However, the spatial part has an i, e to the power minus 2 n pi i n x, so there is an n X, so
that is an oscillatory part. Using the Moivre's theorem, we can write it in terms of
cosine's and sine's, so that has an oscillatory part, but the time dependent part has got no
oscillatory contribution at all. So, that is going to decay if you look at it after sufficiently
long time, so it has an oscillatory part that is captured by trigonometric spatial

dependence of the Eigen functions e n x.

But, what is important is that, the higher oscillatory modes even in the space, there are
oscillatory modes and those oscillatory modes will have different frequencies, some will
have low frequencies, some will have high frequencies. And from the expression for
those modes, you can see that, as n increases the frequency is also going to increase. For
larger n’s those oscillations are going to have higher frequencies, while the smaller n’s

they are going to have lower frequencies.

So, but you can also see that, those higher oscillatory modes are going to decay faster
why, because n also appears in the coefficient of the time dependent part. So, as n
increases, this thing is going to control the decay, so the higher modes are going to decay
faster, higher spatial modes are going to decay faster in time.
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When r — =« only \ survives LimTivt)=r = | T(x.0)edx

Thus the final temperature is constant throughout the ring and is
an average of the initial temperature distribution

As with the wave equation we can use the eigen function approach
for non-periodic boundary conditions as well

It can be verified that the solution of the following 10 heat
conduction problem in abar with homogeneous boundary conditions :

;=Ar;. TixM=T"x) TO.n=T(Lr)=0
- r; "I-
"-j;c' e }-_'r " :":_','wm"—"

pl

So, when actually t goes to infinity we can see that, if we look at this expression, ((Refer
Time: 09:34)) tau n t is equal to sigma n equal to minus infinity to infinity. We can see

when t goes to infinity, the only term that is going to survive is for n is equal to 0, all the



other terms are going to go to 0, if alpha n is equal to 0, this term is going to go to 1. So,
the only the term involving n equal to 0 is going to survive and because of that, in the
limit when t goes to infinity, t x t is equal to tau 0 0 and which tau 0 0 we know from our
Eigen expansion of the initial conditions, let us go and take a look at that again.

So,tau00isequaltoe 0 xtx0,e0xcomesouttobel,so itis basically integral from 0
to 1 of t x 0 d x, so that is going to be this. So, the final temperature at infinite time at a
very long time after applying my initial conditions is telling me that, it is nothing but an
average of the initial temperature, it is an average of that initial temperature distribution
over my domain of interest. So, that is for the periodic problem with periodic boundary
conditions, we can use the Eigen function approach for non periodic boundary conditions

as well.

I am not going to solve that problem, because we have already done enough with Eigen
functions that, you can be verified that the solution of the following 1 D heat conduction
problem in a bar with homogeneous boundary conditions. So now, we can see the
boundary conditions are no longer periodic, they are homogeneous, so t at 0 is equal to t
at I is equal to 0. So, the above 0 at the two ends, the temperature at the two ends is fixed

and it is at O for all times and | have an initial condition, which ist x 0 is equal to t 0 of x.

So, if I solve that using the method of Eigen functions, | am going to get the solution like
this. Again you can see that, even in this case, even for the case of non periodic boundary
conditions, the time dependent part decays exponentially, while this spatial part has a
harmonic nature, this spatial part of the solution has a harmonic nature. So, the fact that,
it is decaying exponentially, the time dependent part is decaying exponentially has got
nothing to do with the boundary conditions, it has got absolutely everything to do with
the fundamental nature of the diffusion problem.

And as time goes, it tries to reach steady state and steady state means that, all those
transients, all those initial conditions, they decay and things with some sort of an average

equally brighted state.
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ution using Laplace Transform

Next we will solve the above problem when the boundary conditions

are non-homogeneous using Laplace transforms ie instead of
T.n=T(ln=0 we have T(0.1)= f(n.T{l.1)=gir)

We will solve the problem by dividing it into three separate problems.
The solution of the original problem can be obtained by superposing
three solutions, taking advantage of the linearity of the governing
equations. The 3 parts are combined to obtain 7 7 =7, +7, +T,

i/ o°
y——1 =K f_' Dix=x).T0.0=0T0n=0

(1)—
il ox
|21£4_n ‘—-{—!1 v =0.T.00.n=fNT..H=0

0 ol X"

{5 - -2
-) I‘IHII' —J\r lll'.f_lr.lll—ll.f' (=0Tl =g(1

or X

So, next we will solve the same problem, but now with boundary conditions, non
homogeneous boundary, so | am going to solve the same problem. But now, | am going
to assume that, |1 have non homogeneous boundary conditions and | am going to solve
that using Laplace transforms. And the non homogeneous boundary conditions that | am
going to assume is that, at the end x is equal is equal to O, | have a functional dependence

on time and known function of time, the temperature has a known function of time.

At the end |, | know the temperature as another known function of time given by g of t
and we will divide, we will solve this problem by dividing it into three separate problems
and we will use the principal of linearity, linear super position. So, the solution of the
original problem can be obtained by superposing three problems, so one problem I am
going to have initial conditions, the first one del T 1 by del t is equal to k del 2 T 1 del x
squared.

So, in that one, | am going to have homogeneous boundary conditions, that | will have
non homogeneous initial conditions. You can see this T 1 x 0 is equal to, h of x is my
non homogeneous initial condition and then, | have homogeneous boundary conditions,
which tell me that, at end 0 and at end I, the temperature is always 0 at all time, so that is
that first one. Then, | have another one, del T 2 del t is equal to kappa del 2 squared T 2

del x squared and in this case, | have homogeneous initial conditions, but I have



homogeneous boundary conditions at one end, but I have non homogeneous boundary

conditions at the other end.

So, in this case, | have homogeneous boundary condition at the end I, but I have non
homogeneous boundary condition at the end 0 and the third one is just the sort of the
conjugate of that. So, in this case, | have homogeneous boundary conditions at end 0, but
I have non homogeneous boundary conditions at end | and both 2 and 3 have
homogeneous initial conditions. So, while superpose the solution of these three, | am
going to get the solution of my original problem.

And you can see, if | add all those boundary conditions and initial conditions together,
they are exactly the boundary conditions and initial conditions of my original problem.
Now, the first problem I am not going to solve, because | have already solved this one, |
know the solution, the second problem and third problem are near identical. So, if | can
solve problem 2, I can solve problem 3, because they are just the mirror image of the
other. So, if I can solve problem 2, | can solve problem 3, so | am going to focus on the

solution of problem 2.
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* Problem (1) has alreadé.r'been solved using the eigen function
approach. We therefore concentrate on problems (2) and (3)

+ |tis apparent that (2) and (3) are very similar to each other -
both have zero initial conditions and the boundary conditions at
one boundary is homogeneous while it is non-homogeneous at
the other boundary. Hence we will concentrate on (2) only here.
We can rewrite (2) as:

ar_ 17

—= —. T(x.0)=0.T(0.nyg S(N.T(Ly=0(*)
ar ¥y ox

=

[ |
{ ‘:)where for convenience ‘f.' has been set to 7 and x = —

So, you will therefore, concentrate on problem 2 and we can rewrite problem 2, in order
to do that, we are going to rewrite it to simplify it somewhat for the solution purposes.
So, | am going to rewrite it, | am going to get rid of the two, because now I am only

interested in problem 2, so there is no need on keeping that two, that subscript 2 carrying



that around. So, | am going to remove that subscript 2 and | am going to replace kappa
by 1 by gamma squared. And then, | have these boundary conditions and initial
conditions, so T the homogeneous initial conditions. Non homogeneous boundary
condition at I, 0 homogeneous boundary condition at end I, 1 am going to solve that

problem.
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We recall that the Laplace transform in time is given by :

Tix.s)= J-.' T (x.0)de

Also recall that the Laplace fransform of the time derivative of
order n of the function 7'(x.7) denoted by 7" (x, 1) is:

F'"Nx.5)=8"T(x.8)=-5""T(x0) =" TMx0=-...T" " (x.0

Hence T'"Viv.s)=sTix. 5)=T(x.0)

Therefore (*) transforms to:
F s! —L_r_-! J(0.8)=f(s).T{l.s)=0 (**)
® "

Before doing that, let us go back and recall that, what is the Laplace transform, so
Laplace transform of a function T, which is a function of x and t. If I do Laplace
transform in the time domain, | get something like this, T tilde of x s is equal to integral
from 0 to infinity, e to the power minus st T x t d t. So, you can see here, the variable of
integration is t, so after integration t vanishes and you have a function in s and x nothing
is changing, x just goes along for the ride, because you are not integrating with respect to

x at all.

So, that is the definition of the Laplace transform, in case you do not remember, so with
also we have expressions for the derivative in terms of Laplace transform. If | have d 2,
if I have the second derivative of function with respect to time, | have the first derivative
of function with respect to time or for that, might | have the n th derivate of a function
with respect to time. | can do the Laplace transform of those derivatives and there is a
simple rule, which tells me how I can find the Laplace transform of the n th derivative of

a function.



So, if I have T n which means, d n d t n of t of the function t then, if | do the Laplace
transform of that, | can write that in terms of the Laplace transform of my original
function T tilde x s plus the initial condition. So, the Laplace transform of the derivative
of T, the n th derivative of T can be written in terms as a polynomial in s and it also
involves the Laplace transform of my original function, which is T tilde x s and these

quantities Tx 0, T1x 0, T n minus 1 x 0 and so on.

So, my derivatives, it involves my derivatives and those derivatives are evaluated at the
at time t is equal to 0, so they all involved the initial conditions. Therefore, if we are
interested in finding the Laplace transform of the first derivative then, n becomes 1. So,
in that case, 1 get T tilde 1 x of s that is, the Laplace transform of d T d t, d capital T with

respect to small t, derivative of capital T with respect to small t.

If 1 want to find the Laplace transform of that then, I get s to the power 1 T tilde of x s,
which is nothing but the Laplace transform of T itself even that expression and the value
of that function at the initial time at t is equal to 0. So, this is my Laplace transform of
the first derivative of T capital T with respect to time and therefore, if we use this in that
equation, so the left hand side involves the first derivative of T with respect to time. So, |
know how that is going to transform as, so that is going to transform as this and so, if |

substitute that, | get an equation like this.

So, the dependence with respect to x remains just the same, because there is no
transformation in the spatial domain up till now at least, so nothing changes and then, |
have the transforms of my boundary conditions. So, what were my boundary conditions,
my boundary condition was T 0 t is equal to f of t and T | t is equal to O, so these were
my boundary conditions. So, | do that, I will have Laplace transform of the boundary
condition and | have presented the Laplace transform of f of t as f tilde s and in this case

of course, is 0, so it nothing changes.

You can see that, Laplace transform of 0 is not going to give you anything, that is still
going to be 0, just from this expression you can see. So, this is now my transformed
problem and you can see that, this is a second order ordinary differential equation. So, it
is now no longer a partial differential equation, it is an ordinary differential equation in
the spatial variable x, because we have got rid of all those derivatives with respect to

time.



When we do the Laplace transform, we remove those derivatives and replace them by
these algebraic expressions. So, we have got rid of the derivatives with respect to time,
but since we have taken transform only in the time domain, so those derivatives with
respect to x remained and | get an ordinary differential equation in X. The second order
differential equation in x subject to two boundary conditions at 0 and |, if I want, I can
integrate that twice, and find my T tilde in terms of x. | can do that and then, if | want, |
can do an inverse Laplace transform and get back my time dependence, so that is one we
have doing it.

(Refer Slide Time: 23:46)
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In the above we have used the fact that T(x.0)=0 and f(x)is
the transformed boundary condition

Te0.0=f(s)=[e™ funde

Eqni*) is an ODE in x which can be integrated to obtain I". Then a
inversion of the Laplace transfrom can yield I

However here we pursue the alternative approach of introducing an
additional Laplace transform on the spatial vanable x

E

Tip.s) |-u P Tix. sxix

So, it is an ODE in x, which can be integrated to obtain T tilde then, I can do an inverse
Laplace transform to get my final solution T. However, here we are going to have pursue
an alternative approach, which will involve doing an additional Laplace transform, this
time in the spatial domain, this time with respect to x. So, that is just identical to that
previous expression that we saw, which is the Laplace transform, in the time domain, so

Laplace transform in the spatial domain is very similar.

So, it is very similar except now the integration is performed with respect to this spatial
variable x, instead of time. And once you perform the integration, the x goes away, so
you have p left and you have s left, which was altered from the Laplace transform in the

time domain.
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Again we use the result on Laplace Transform of the

derivative of function, this time considering the second
derivative wr.t the spatial variable

I'“Yp.sy= pTip.s)— pli0.s)=-T"0.5)

Replacing 7’10, 5) by the transform of /(). we get:

0T (x.8)

cx”

Laplace transform of = pTip.s)=pf(s)=T"(0.5)

]

where 7"'"'(0).5) is the derivative wrt x of the Laplace transform
of I'{x.r) in the time domain evaluated at v =10
g_fﬁf}he time being we treat this as an unknown constant

So, again we use the result on the derivatives, because we have now in this expression
((Refer Time: 24:57)) we have a second derivative in terms of x. So, if we want to find
the Laplace transform of that second derivative, we again use this expression, but now
our variable of interest is x, now t ((Refer Time: 25:15)). So, if we use exactly that same
expression for the Laplace transform of the derivative, we can see that, the Laplace

transform of the second derivative with respect to x.

If | do that using that expression, | get something like this p squared T tilde psminusp T
tilde 0 s minus T tilde 1 0 s. So, this T tilde 1 is now the derivative with respect to space,
it is with respect to x, so and again we replace T tilde 0 s by the transform of f of x. We
already got that before, T tilde O s is equal to f of s f tilde of s we already got that, so we
do that and then, we get Laplace transform of del 2 del x squared T tilde at x s to be this
p squared T tilde of p s minus p T tilde 0 s we have just replaced by that by the transform

of the boundary condition minus T tilde of 1 0 s.

This is something which we do not know, because in my neither did it appear in my
boundary conditions and in my boundary condition did not tell me anything about the
first derivative. It just told me about the function value at 0 and I, did not tell me
anything about first derivative, so | do not know that value. So, it is the derivative with
respect to x of the Laplace transform of T x t in the time domain evaluated at x is equal

to 0, so | do not know anything about that. For the time being, we will treat it as an



unknown, let us let us carry it along and treat it as an unknown and then, using this

expression and substituting it in my equation here, 1 get the following equation.

(Refer Slide Time: 27:29)

e ] T O, g
il dl SOIUTION L1

Therefore (**) transforms to:

sT .l'",; 1'”-__“” 1 "__"” Te0.5)= f(s). Tel.s)=0

Solving the above equation for I'vp.s) we get:

7o llqu“.t . T 0.5

I‘fF;—l"-\l I_ﬂ:—r":.'ul
We can invert this first wrt tothe transfrom in p to get T (x.s)
70, 5)

' [ |
TFix.s)= fis)cosh px+/s+ - sinh yxys (**%)
s

On this condition we impose the condition 7'(/.s)=0. which we

: ba?e not used yet This yields T"'(0.5) = flxl;-u": poshi; J,_T
3 sinh /s

i

I get the following equation, s T tilde is equal to p squared pi gamma squared T tilde
minus p by gamma squared f tilde s minus this, this | already know and T tilde I s is
equal to 0. So now, again this is now a totally algebraic equation, so | have got rid of all
my derivatives with respect to space, | have got rid of my derivatives with respect to
time. So, this is a purely algebraic equation and | solve for T tilde appears in the

transform domain, in the transform time and spatial domain.

I can solve for T tilde and get an expression for T tilde, however I still do not know this
quantity. So, we can first, so once | know T tilde then, I have to do the inverse transform,
in this case | have to do two inverse transforms with respect to space as well as with
respect to time. So, in this case, | prove the inverse transform with respect space first and
I get back an expression T tilde x of s, my p vanishes and | get back T tilde x of s, which

comes out to be this.

I have not talk too much about, how to do the inverse transforms, that is going to take too
long, but you can look up in any good book on engineering mathematics and the inverse
Laplace transform, it is very similar to. So, this is the after doing, you can find the

inverse transform, so on this after doing the inverse transform in the spatial domain, | get



this and on this, | impose the condition that, T tilde | s is equal to 0, this condition, |

impose that condition.

So, then using that, | find out this value, T tilde one 0 s, I find out that value and that
value comes out to be something like this. So now, | know my T tilde x s totally, I know
this value also, which | have evaluated by imposing that, that transform of the boundary
condition of the spatial boundary condition at end | and so now, | know my T tilde
entirely. So, all | need to find my T, is to do a reverse transform, is to do an inverse
transform to get back my time dependence.

(Refer Slide Time: 30:10)
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Substituting this in (***) we get:
(uhhf."\.';\

|cn.~ih ? vls - —sinh v/
| sinh /s

Fix.5)= f(5)
On inverting this Laplace transform in the time domain we
get Tix.r). Details of the inverse Laplace transform have not
been elaborated here, details can be found in any good book on
engineering mathematics eg. Kreyszig(Wiley, 1988)

-
{2

And if | do that, I finally get T tilde x s is equal to something like this, this is not | have
not yet performed the transform, | just substituted that or I am just saying that, | have
substituted that here. So, I get my expression for T tilde x s and that comes out as this, so
and | do the inverse transform in the time domain to get T of x of t, T is a function of x
and t. | have not talked about details of the inverse Laplace transform, here is a very

good reference, where you can find all you need to know about it.
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svieady ostate Condaditions

» Next let us suppose that the prescribed boundary conditions,
T{0.t) and T{/t) do not depend on time.

+ Then one can expect the temperature of the bar to reach an
equilibrium as time goes to infinite

+ However this implies that f.m.'L; =0 i.e. at sufficiently long
; oo e gl o .
times, the temperature distribution in the bar is just a function of

the position x along the length of the bar

{ 91der these conditions, the equilibrium equation is; — !

So, we briefly talked about the fact that, the solution to the diffusion equation has a time
dependent part, which is decaying exponentially with time. So, if we look at the solution
after sufficient till long time has elapsed then, we can expect the temperature of the bar
to reach an equilibrium solution and that equilibrium solution is known as the steady
state solution. That is the steady state solution and basically the steady state solution says

that, the solution is no longer varying with time.

What does that mean, that means, the partial derivative of T, my temperature with
respect to time in the limit t goes, small t meaning, time goes to infinity must be equal to
0. And in that case, my parabolic equation becomes an elliptic equation why is that,
because the left had side become 0. Let us go back and look at my original equation,
unfortunately | do not have that, but | must have it somewhere ((Refer Time: 32:26)), for

instance let us look at this.

So, when this thing goes to 0, so | have only this, the left hand side left and that is like a
Laplacian, Laplacian in one variable in this case, but that is like Laplacian. So, it is the
elliptic equations, the third canonical form, which we have not yet talked about in detail,
so that is the elliptic equation, Laplace’s equation. So, in this case, the equilibrium

equation becomes this.
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State Conditions

*+ The above equation has to be solved subject to the boundary
conditions T(0)=f, T{(l) = g where fand g are now constants

+ The limit equation where all time dependent effects have died
away is an instance of Laplace's equation in 1-D — an instance of
the canonical elliptic equation

* In multi-dimensions e.g. in 3D space, the limiting form of the
heat diffusion equation is Laplace's equation in 3D:

7 .. T 8T &7
=—0+ —

So, again this equation I can solve subject to the boundary condition, so | do not need
any more initial conditions, because my time problem is looking at a solution after a long
time. So, whatever effect the initial conditions had, had now totally died away, so now, |
can solve that problem. So, that is often times like for instance, for the parabolic
equation, if somebody is not interested in the transient, it often happens. If you are
interested in the transient solution, we are just interest in the steady state solution of our

problem.

We do not care how the temperatures are varying when just after | have applied the
initial conditions. | am just interested in the temperature distribution of my domain after
everything has reach steady state. So, in that case, | do not even solve my transient
problem, I do not solve my parabolic equation, | straight away threw away my left hand
side, | threw away my time dependence solution time, dependent part. So, make the
derivative with respect to time equal to 0 and solve Laplace’s equation after subject

taken to those boundary conditions, so that is the solution of the steady state problem.

So, the limit equation where all time dependent effects have died away is an instance of
Laplace’s equation in 1 D and instance of the canonical elliptic equation in multiple
dimensions functions in 3 D space. The limiting form of the heat diffusion equation is

nothing but Laplace’s equation 3 D, which is given by that.
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+ There are many other instances where physical phenomena is
best modeled by Laplace's equation

+ An interesting case involves the mechanics of a soap film or a
bubble. A soap film stretched across a loop of wire behaves very

much like a membrane with edge support under transverse loads.
The solution of this problem is also used to solve various analogous

problems e.g. the torsional stress distbn. in thin walled sections.

sonp buibible

So, there are many other instances, so this is one instance, where we saw that, the
parabolic equation becomes the elliptic equation after if you look at it at a sufficiently
long time after | specified my initial conditions. But, there are the situations, where the
Laplace’s equation arises naturally from the physical nature of the problem, from the
mechanics of the model, from the physics of the model. So, an interesting case involves
the mechanics of a soap film or a bubble, you can think of a bubble, when somebody

blows a bubble, there is a ring and somebody blows a soap bubble.

So, that thing expands and so, the mechanics of that is governed by Laplace’s equation
and actually this analogous problem is used in a number of places, basically it is a
problem of membrane. The soap film or the bubble is basically a membrane problem,
there is a very thin membrane subject to some edge conditions and then, 1 am applying
transverse loads. So, here is my ring, here is my little ring right and then, initially if

everything was flat, | have a really thin film connected to the edges of the ring.

And then, | applied a transverse load, so the little thin film bulges out, which is
represented by this blue line out here. So, this blue line here, this blue dotted line
represents the deformed shape of my soap bubble. But, the solution of this problem is
useful in a number of places, it can be used to find the solution, it can be used to solve

the torsional problem.



The thin walled sections if you remember, there are something called a candle wax
equations and those equations can be solved using this analogous, this soap bubble or
thin film analogy. So, if we can solve that problem, it can be solved, the solution can be
used in a number of situations. So, for instance, the torsional stress distribution in thin

wall sections.
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Soap Film
+ Denoting the displacement of the membrane from its unstressed
position (the position occupied by the soap film before the bubble
is “blown”), to be “u” it can be shown from force equilibrium that the
following equation must be satisfied: + -0
+ Laplace's equation now needs to be solved subject to the “ring”
boundary conditions: parametrizing the ring in terms of arc length
s, the boundary is denoted by x = x%(s) and y = y(s)

';"v

. ISan the boundary condition can be written in the form u=u%s)

So, how do we solve that problem, we denote the displacement of the membrane from it
IS unstressed position as u. And then, we can show from force equilibrium, I have not
gone into that, but if you look at any advance strength of materials book, you will find
how they got that equation. So, the equation from the force equilibrium, we can show
that, the displacement of my soap film or of my membrane must satisfy this condition,
which is nothing but the Laplacian into D and which is equal to 0, so Laplace’s equation
into D.

So now, we need to solve Laplace’s equation subject to the ring boundary conditions,
which we can do like we parameterized the ring by the arc length along the ring. And
then, we prescribe the displacement along the arc length, u is equal to u 0 of s and we
solve that problem. So that, soap film problem can be solved using, that is nothing but
the solution is nothing but the solution of Laplace equation subject to the appropriate

boundary conditions.
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Potential flow
+ Another context in which Laplace’s equation arises in Civil
Engg. applications is the problem of incompressible fluid flow

+ When we consider fluid flow, the primary variable of interest is
the fluid velocity u = u(x,y,z,t)

+ For incompressible fluids, the fluid velocity must satisfy the
condition V. =0

+ _In addition if the flow occurs without significant friction (as in the

Géa‘fe}f water for instance) then the flow is also irrotational:
NPTEL Vexu=10

Another problem which arises in civil engineering applications is of potential flow,
because suppose you consider the flow of an incompressible fluid, for instance what are
people in hydraulics interested in fluid with the how water flows and solving the
equations of motion. So, here the problem becomes complicated, because it is a
constraint problem and what is the constraint, the constraint is that, the divergence of the

fluid velocity.

Here the primary variable is the velocity of the fluid and the fluid is something like
water, it is incompressible, that fluid is not compressible at all, water has a very, very
huge bulk modulus, so you cannot compress water at all. So, on that condition, we can
show | mean, some complicated mechanics, not really complicated, but some basic
continuum mechanics one can show that, that incompressibility constraint can be

represented, can be enforced by imposing this condition on the velocity of the fluid.

And what is that condition, the condition is that, the divergence of the velocity must be
equal to 0. Now, in addition, if | assume that the fluid, suppose I am considering fluid
through a pipe and suppose | assume that, there is not much friction, then, I can also
assume that, the flow is irrotational. And what does that mean that means, that the curl of
the velocity this equal to 0, this is the curl, is also the cross product of the gradient

operator with the velocity.



So, the flow is irrotational which means that, the curl of the velocity must be equal to 0
and if the curl of a vector, the velocity is a vector, if the curl of a vector is 0 then, we

know that, vector can be obtained by the gradient of a scalar function.
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Potential flow
* Itcan be shown that if the curl of a vector field is zero then the
vector field can be obtained as the gradient of a potential i.e.

u="\'¢ where ¢ is a scalar potential.
Then the satisfaction of the incompressibility condition requires that
VN ¢ which leads to the Laplacian of ¢, denoted conveniently as

y ¢ '..r_'.i r"‘ ] f‘:e'ﬂ
Vigd=\\N¢g= \+—"‘+ =)

i il I-I = l-:_"
Again the fluid flow problem has to be solved subject to boundary
conditions

ff i;p al boundary conditions are those that arise from the problem
«LF3uid flow past a structure /7 which is at rest in a fluid

So, that is, it can be shown that, if the curl of a vector is 0 then, the vector field can be
obtained as the gradient of a scalar potential. In that case, | can write, I can get my
velocities, what | am trying to say is that, there is a potential, there is a scalar potential,
whose gradient if | take, | am going to get the velocities. So, u is equal to grad of phi,
where phi is a scalar potential then, the satisfaction of the incompressibility condition.

What is the incompressibility condition, it is divergence of u must be equal to 0.

I am saying that, since u is irrotational, u has to be equal to the gradient of a potential,
you can always be obtained as the gradient of a potential. So, what does that mean,
divergence of u that means, divergence of the gradient of a potential and | am denoting
the potential as phi, so divergence of gradient of phi got to be equal to 0. So, that is what
my incompressibility to constrain translates to and divergence of gradient is nothing but

the Laplacian.

So, divergence of gradient is nothing but the Laplacian, so what it tells me is the
Laplacian of phi, where phi is my potential, is my scalar potential got to be equal to 0.
So, instead of solving directly for the velocities in this case, if | can solve this equation

for the potential, | can get my velocity just by taking the gradient of that potential. So,



that is why is called potential flow, because ultimately I am solving for the potential phi.
So, again we solve this subject to boundary conditions, Laplacian of phi equal to 0, we
solve that subject to boundary conditions. And typical boundary conditions arise for
instance, when you have fluid flow pass solid body, there is a solid body sitting there and
suppose some sort of a rock sitting there and there is the fluid flowing pass there

stationary rock, fluid flowing pass that stationary rock.
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al flow

Then the condition that no fluid pane&ates “the structure gives rise to

the condition that nu =0 on x = B where 7R is the boundary of the
fluid and n is the outward normal on JB

Two main types of boundary value problem are associated with
Laplace’s equation - Dinchlet and Neumann boundary conditions.

In the Dirichlet probelm, ¢ is given on the boundary i.e. we solve

Vi =0 subject to o =c on 7B

In the Neumann problem we solve | ‘¢ = 0 subject to specification

4 w‘! .
o~ *~=0on 7Rk
NPTt

So, in that case, what are my boundary conditions, the boundary conditions is, it is that n
dotted with u is equal to O for all x belonging to B, this should be x belonging to del B,
del B is the boundary of the fluid and n is the outward normal on del B. So, have this
little rock sitting there and my air fluid flowing pass that rock and | denote the surface of
that rock as del B and on that rock, once the fluid velocities got to be 0, because there is
no fluid penetrating that rock.

So, at the boundary, at the interface n dotted with u is equal to 0, so the normal velocity
of the fluid is O at the interface. So, this is my boundary condition, this is the typical
boundary condition, there can be all manner of boundary conditions, but this is typical
boundary condition. So, you have that, so what this tells me is that, my fluid cannot
penetrate the rock, but the fluid can flow pass the rock So, tangential velocity is not 0,

but the normal component of the velocity is 0.



And we are going to look at two main types of boundary conditions for the elliptic
equation for the Laplace’s equation and they are known as the, I might have mentioned
them earlier in the course of this lecture, but here we are going to talk about them in
slightly more detail with Dirichlet and the Neumann boundary condition. In the Dirichlet
boundary condition, we specify that the boundary condition is specified directly in terms
of the primary variable, in this case our primary variable is phi, so it is prescribed in

terms of phi is phi, so phi is equal to some constant on some boundary.

So, somebody tells me solved Laplace’s equation given that, | tell you that, phi has this
value on the certain part of the boundary, so that is the Dirichlet problem. The Neumann
problem I solve Laplace’s equation subject to the condition that, somebody tells me, | do
not know what the actual value of the primary variable is on the boundary, but I can tell
you what the derivative is.

In this case of, if somebody tells me, since I am looking at this little problem of fluid
flow pass the rock, somebody tells me that, I know the normal derivative of phi. | know
del phi del n and it is equal to O on the boundary, if somebody tells mean that, that is a
Neumann problem, both are well posed problems and I can solve them, I can solve both

of them.
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he Neumann Boundary
If we consider the solution of Laplace's equation in a volume I’
subjected to Neumann boundary conditions, we can see that if
we integrate Laplace's equation over the volume we get:
L ds (%)

0=[Vigdl = [VV¥gpdl = [nVedS = |-

1 - L

But Neumann's boundary condition requires that point wise on the
boundary we satisfy ﬁ = (say)
on

(*) imposes an additional constraint on the Neumann boundary
conditions, the Neumann boundary condition must be such that the
[} {.—)”{I\, —0
s.cn

|r§e§)l of '10 over the boundary be equal to zero ie. }
L n

So, if I consider the solution of Laplace’s equation in a volume V, V subject to Neumann

boundary conditions, we can see that if we integrate Laplace’s equation over the volume,



what do | get. So, this is my equation, which must be satisfy that each point in the
domain, in each point in the volume V, but suppose | integrate over the volume V, so
again this equation has got to be true, because Laplacian of phi is 0 point wise. So, over
if | integrate that over my volume V, that would also better b equal to 0.

So, in Laplacian of phi, I know that is equal to divergence of the gradient of phi and then,
I use my divergence theorem. | use my divergence theorem to convert that volume
integral to a surface integral, which involves the surface Neumann and the gradient of the
phi at the surface. So, it this the dot product of n with the gradient of phi and this is
nothing but the directional derivative of phi in the direction n. So, it is del phi del nd s,

but suppose, | am solving Laplace’s equation subject to Neumann boundary conditions.

And what do my Neumann boundary conditions tell me, they tell me that | know what
del phi del n is at the boundary. Suppose, somebody to has told me that, del phi del n is
equal to d at the boundary, but then if I substitute del phi del n here, if I look at del phi
del n here, see the del phi del n is appearing on the right hand side and it is appearing
with in an integral over my boundary. So, this condition imposes an additional restriction
on the Neumann boundary condition, what it tells me that, you cannot specify the

Neumann boundary condition for Laplace’s equation in any arbitrary way you like.

The way the boundary condition you specify, the del phi del n value you specify must be
such that, if | integrate that over the boundary, | get 0. So, you cannot specify any
arbitrary dependence on the boundary, so del phi del n can be a function of s, because
this is an integral over s, so del phi del n can vary over the boundary. You can specify
that your normal grad, your derivative of find the normal directions is varying across the

boundary, but it cannot verify in any arbitrary fashion.

It must satisfy the condition that, if | integrate that derivative over the boundary is got be
equal to 0, so that is very important. So, because Laplace’s equation itself imposes this
additional constraint on the Neumann boundary condition, the Neumann boundary
condition must be such that, the integral of del phi del n over the boundary must be equal
to 0, integral of del phi del n del V is equal to 0.
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A function ¢(x) which satisfies Laplace's equation \ "¢ =0 is said to
be a harmonic function. Harmonic functions possess certain very useful

properties e.g. they satisfy the Mean Value Theorm

According to the Mean Value Theorem a harmonic function ¢rx at a
point x, is equal to the mean value of ¢ over any sphere with

center x, in the domain of harmonicity

This can be readily shown in spherical coordinates. Considering ¢ at
a point x on a sphere of radius r centered at x:

My, +r)=glx, +rcost v, +rsmbsing. =, +rsmflcosy )=

¢£ 3. 0.y ) where r= |'c -\'_,| and ¢/ and  are the polar angles

O FWith x, as the origin as shown in the figure

Now, function phi of x, which satisfies Laplace’s equation is said to be a harmonic
function and harmonic functions are very useful, because they posses certain very
characteristic and important and useful properties. And one of those properties is that,
they satisfy what is known as the mean value theorem, what is the mean value theorem,
the mean value theorem tells me that, if I have a harmonic function at then, I can find the

value of that harmonic function at any point x 0.

If | integrate that harmonic function over a sphere of any arbitrary radius centered around
x 0. So, this is very important and it is it is very, very powerful, because what it is telling
me is that, 1 want to find the value of that function at point. To find the value of that
function at that point, all | need to do is to integrate, if | have the function specified on a
boundary, | need to integrate that over the boundary and that boundary need not be at, it
can be any sphere.

So, over any sphere with center x 0 in the domain of harmonicity, so find the value of phi
at any point x 0, all I need to do is to integrate phi over a sphere with center at x 0 and
that sphere can of any radius. So, if | integrate that function over that sphere, that is
going to give me the solution over, | have to normalize of course. Because, this is the
mean value, when | divided by my surface area of the sphere, so integrate it over the
sphere, divided by the surface area of the sphere, | get the value of the function at the

center of the sphere.



So, we are going to show why the mean value theorem works in next class and we are
going to show that, in spherical coordinates, | just introduce spherical coordinates and

then, end this lecture.

(Refer Slide Time: 52:41)

So, spherical coordinates, that is just a coordinates system which says that, if you have
any point, so the spherical coordinates of a point are give in terms of the radial distance
from the origin. And two angles, where one angle theta is the angle of this vector with
respect to the Z axis and then, angle psi, which is the angle between the projection of this
vector on the X Y plane and the X axis. So now, instead of X Y Z, we are going to look
at r theta and psi, why we considering spherical equation, because we are going to look

at the mean value theorem.

The mean value theorem tells me that, it tells me that, how can | find the value of a
function at a point by evaluating the value of the function on the surface of any sphere of
any arbitrary radius surrounding the point. Since this geometry is spherical, so | am

going to use the spherical coordinate system.

Thank you.



