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((Refer Time: 00:18)) series and non and Numerical Methods in Civil Engineering, we

are going to continue our discussion on solving non-linear equations.
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(seneralized lteration Metl

+ Both Newton Raphson and Secant methods can be regarded
as special instances of a general theory of iteration methods
where x, ., is determined by values of the function o(x) and its

n+

derivative at 'm’ points i.e.:

Vo] = PN e Xy )
+ The function ¢ is known as the iteration function and is

obtained by re-writing /(x)=0 as x =¢(x)

«  When m=1, we recover x,,.| = ¢(x,): a one point iteration
’I od

Last time we looked at the Newton Raphson and secant methods for solving one
dimensional non-linear equations, this time we want to generalize the concept and talk
about some general iteration methods for solving non-linear equations. We are going to
first talk about equations with one variables, one dimensional non-linear equations, and

then we are going to extend our approach to multidimensional non-linear problems.

So, both Newton Raphson and Secant methods can be regarded as special instances of a
general theory of non-linear equation solving, and for instance non-linear iterative
method of equation solving. For instance, when we are interested in finding the value of
X at by doing say series of iterations, so we are interested in finding the value of x at step

n plus 1 provided we know the values of x at the previous step.

Now, for instance the most general method iterative method x n plus 1 is a function of
the values of x at n points, if it is not only the function of the value of x at n minus 1 or n



it is actually a function of the values of the function at m point. So, it is a value of x at n,
n minus 1 up to n minus n, so this is an m’th order iterative method. So, in that case x n
plus 1 is a function of x the value of x at the nth iterate at the n minus 1th iterate and so
on up to n minus mth iterate right and that is why it is called a mth it has got m points.

So, that means, that x n plus 1 is a function of the value of x of the value of the function
as well as it is derivative at those m points. When m is equal to 1 we recover the one
point iteration method basically the Newton Raphson method is a one point iteration
method, the secant method is a two point iteration method, because it looks at the
function values at n as well as n minus 1. To find the value at n plus 1, we will look at
the values at n as well as n minus 1, so the Secant method is a two point iteration method
whereas, the Newton Raphson method is a one point iteration method, but we can have
in general iteration methods with n points.
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Generalized lteration Method
Suppose that for a one point iteration scheme we have a
sequence x,.1 =¢@(x )generated with a certain initial value x,

andlet Lim x, = «

=

+ Hence, @ = Lim x, = Lim x,,1 = Lim ¢(x,,) = @(a) since
1= 1" s =3

—

¢(x) is continuous

* Hence the limiting value of the sequence {x.} is a root of the
equation ¢(x)=x

(s Bhus if we define f(x)=g(x)-x. it is clear that & is a

o
wrtEoot of f(x)=0

Suppose, that for a one point iteration scheme we have a sequence x n plus 1 is equal to
phi of X n generated with a certain initial value x 0, and let us suppose that this sequence
IS convergent, so as we increase the number of iterations as n goes to infinity, X n goes to
or known solution which is unknown solution which is alpha. So, we can say alpha is the
limit of x n as n goes to infinity, and since the sequence x n is convergent we can as well

say that it is the limit where x n plus 1.



It is the limit of x n plus 1 if n goes to infinity since the sequence is convergent, it does
not matter whether we take x n plus 1 on x n because both of them are going to tend to
alpha. But, since we once we write it as limit x n plus 1 in the limit n goes to infinity we
can write it as limit of phi of x n as n goes to infinity since our iterative scheme says that

x n plus 1 is equal to phi of x n.

And since phi of x is continuous we know that as n goes to infinity x of n goes to alpha,
we knew that right, but since this function phi of x phi is continuous. So, as X n goes to
alpha phi of x n will also go to phi of alpha, which is not necessarily true if the function
phi is not continuous, but since the function phi is continuous, we know that as x n goes
to alpha phi of x n is going to phi of alpha. Hence, the limiting value of the sequence x n
is a root of the equation phi of x is equal to x, so when x n reaches alpha right then we
have phi of alpha is equal to alpha, we have alpha is equal to phi of alpha.

So, what does that mean; the limiting value of this sequence x n is a root of the equation
phi of x is equal to x, because in that case alpha satisfies this equation phi of x equal to x
exactly, so alpha is a root of this equation. Thus if we define, if you have a given
function f x and from that function, we define f of x is equal to phi x minus x, so finding
the root of f of x, finding f of x is equal to O, is equivalent to finding the root of phi x
equal to x. So, it is clear that if we find the root of since we have found the root of phi x
equal to x with a sequence x n tending to alpha, we have also found a root of f of x is
equal to 0. So, we are converting this equation f of x equal to 0 to finding the root of f of

x equal to 0, to finding the root of this equation phi of x is equal to x.
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Alternatively, we can therefore state that to solve the
equation f(x)=0 we can tryrewriting it in the form x = ¢(x).
whichthen defines an iteration method x| = ¢(x,,)

+ A sufficient condition for convergence of the sequence is:

Suppose that x = ¢(x) has a root «, and ¢'(x) exists and
satisfies the condition |¢'(x)| < m <1 in the interval ./ = /x:|x-af < p!.

Then, for all xye./:(a) x, €. n=012....(b) Lim x,, =

H=»i

i}: is the only root inJ of x=gpryv)

Alternatively, we can therefore, state to solve the equation f of x equal to 0 we can try
rewriting it in the form x is equal to phi of x, and then which defines an iteration method.
Automatically, once you write this you have to naturally get an iteration method like this,
and a root of and the once this iteration method converges that is going to be a root of f

of x is equal to 0.

Next let us look at conditions for convergence, that what when will this sequence phi of
x is equal to x as x n plus 1 is equal to phi x n, when is that sequence going to converge,
what are the sufficient conditions for that sequence to converge. Suppose, that x is equal
to phi of x has a root alpha, and let us suppose that the derivative phi prime of x exists

and it satisfies the condition mod of phi prime of x is less then m which is less than 1.

So, that means, the derivative is bounded the derivative of phi of x is less than some
number m, which is less than 1, in a certain interval neighbor in a neighborhood of my
solution. So, in a certain interval neighboring my solution alpha, let us suppose that the
derivative phi prime x exists and also the derivative phi prime x is bounded, that is it is
value is less than some specified value in all case we are saying that specified value m is

less than 1.

So, let us suppose those conditions hold, so phi prime X is less than one in the interval j
where j is such that any x belonging to j is it is distance from alpha, is less than some

value rho. So, if | take this take alpha as the center, draw a you are looking draw a circle



with radius rho all my x is we are considering all the x’s which are going to lie within

that circle.

And we are saying that foil all the x’s which lie within that circle the derivative phi
prime of x is bounded, and it is less than some constant m which is less than 1. Then in
that case if we start with some value x 0 within that interval, so we are starting with some
value x 0 within that circle with center alpha and radius rho, then if we keep if we then
we start with that value and then put that in our iterative scheme. Let us put that value
here, in phi x 0 get X, X 1, you can substitute again x 1 here get x 2 and so on and forth.

If you continue our iteration scheme starting with a value in that interval, then we are
guaranteed that all our new iterates are going to lie within that interval. So, what it says
that is that for all x 0 belonging to j x n also is going to belong to j, foralln 01 2, so all
x 1 x 2 x 3 and so on and so forth. They are all going to lie within that circle with center
at alpha and radius rho and I, secondly and the limit as I increase the number of iterations

X n is going to tend is going to go to alpha.

So, it is a very beautiful concept it says that basically | start with a one, if when | am
sufficiently close to the root convergence basically means that if | start with any value,
which is within a certain neighborhood of the root. And the derivative epsists within that
in that neighborhood, and the derivative is bounded, then | am bound to get convergence
because of my limit my sequence x n in the limit n goes to infinity is going to tend to
alpha. Number 1, number 2 number 3 alpha is going to be the only root in j of x is equal

to phi of x. So, if I satisfy these conditions then these are going to follow.



(Refer Slide Time: 10:30)

Proof of Convergence Ciriteria
To prove (a) suppose that x, ; =./. From the definition of the

sequence and the fact that the sequence is convergent i.e. ()=,
we get v, —a =¢@(x,_|) - #(a). Using the mean value theorem,

v, —a=g(x, ) ~dla) =@ (S ), 1 -a) such that 5, e[x, 1.a]
e. SpeJ

Hence |_\‘” -u| < m|.\',,. 1 -u| < mp (")

Thus by induction if x; .J then x; ./ and so on, which proves (a)

Repeated use of () gives |x,-a|<m|y, |-a|< <m"|x)-a]

Since m <1, this shows that whatever the starting value v, as n — =

3

*\?}4 — 0. Thus (b) is proved.

How can you prove that well let us suppose we start with a point within j, and let us see
if we can prove that if we start with a point within j, then if all those conditions are
satisfied then any new iterate is going to lie within j. How can we do that? From the
definition of the sequence and the fact that the sequence is convergent that is phi of alpha

is equal to alpha.

We can write x n minus alpha is equal to phi of x n minus 1 minus phi of alpha, why
because x n is equal to phi of x n minus 1 according to my iterative scheme and since it
is alpha is the root, so alpha is equal to phi of alpha, so I can write this like this and then
I use my mean value theorem. If | use my mean value theorem, | can write X n minus
alpha is equal to phi of x n minus 1 minus phi of alpha is equal to phi prime the
derivative evaluated at a point psi n, such that psi n lies between x n minus 1 times alpha

times x n minus 1 x n minus 1 minus alpha.

It is just the mean value theorem this difference is approximated by the derivative
evaluated at an intermediate point, times the interval size which is x n minus 1 minus
alpha. This is going to be true such if there is a psi n which belongs to j, belongs to this
interval, psi n is going to belong to j because x if psi n belongs to x n minus 1 in alpha,
and | have already assumed that x n minus 1 belongs to j. So, it since psi n lies in the in

that interval it; obviously, means that psi n also belongs to j, and then if | take mod of



both sides | have x n minus 1 x n minus alpha is lesser than or equal to m times mod of x

n minus alpha. Why is that m?
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Alternatively, we can therefore state that to solve the
equation f(x)=0 we can try rewriting it in the form x = ¢(x).

whichthen defines an iteration method x4} = @(x,,)

+ A sufficient condition for convergence of the sequence is:

Suppose that x = ¢(x) has a root «, and ¢'(x) exists and

satisfies the condition |¢'(x)| < m <1 in the interval ./ = {x:|x-af < p!.

Then, for all x; ./:(a) x, (b) Lim x, =«
n »F
{7fcgu is the only root iny of x=gprx)

Because, | know that anywhere in that interval j right my derivative is bounded, if I my
derivative is going to be less than m, that is that was our assumption that phi prime exists

and phi mod of phi prime is less than or equal to m less than 1.
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Proof of Convergence Criteria

To prove (a) suppose that v, <./ From the definition of the
sequence and the fact that the sequence is convergent ie. p(a)=a.
we get x, — @ =@(x,_|) -@(xz). Using the mean value theorem.

vy —a =@(x, ) ~dla)=¢"(5)(x, 1 -a) such that 5, [x, 1.¢]
8. SpeJ

Hence |x,, -u| < m|\',|. 1 -u| < nmp (")

Thus by induction if x; < .J then xj «.J and so on, which proves (a)

Repeated use of () gives |v,-a|<m|x, j-a|< <m"|v-qf

Since m <1, this shows that whatever the starting value v, as n — «

&

*\f’}d — 0. Thus (b) is proved.

So, that means, that this thing this phi prime psi n has to be less than m, so we have m

here, and since we have taken mod of both sides we have mod of X n minus 1 minus



alpha and since x n minus 1 belongs to j this thing must be less than rho. So, mod of x n
minus alpha is less than m rho what does that mean; that means, that x n also lies within

J, because x n minus alpha is less than m rho and what is my j.

J is such that x minus alpha is less than or equal to rho, and since x n minus alpha is less
than or equal to m times rho some fraction m is less than one. So, since this is less than
this; obviously, means that mod of x n minus alpha must be less than m rho, so x n must
be lying within that circle which | drew with center alpha and radius rho. Thus by
induction if x 0 belongs to j x 1 is going to be, so we started with any arbitrary x n x n

minus 1 which belong to j.

So, if I start with x 0 I knew that x 1 is going to belong to j since x, and then if x 1
belongs to j same argument x 2 is going to belong to j and so on and so forth. So, all my
iterates are going to lie within that circle, so that is the first requirement of convergence,
so when | am within at within a sufficiently close neighborhood of my root, and then f I
satisfy those conditions on the derivative then in that case my all my iterates will belong

within that circle.

So, repeated use of this expression repeated use of this expression this is my x n minus
alpha is lesser than or equal to this I already got, X n minus alpha is lesser than or equal
to m times mod of x n minus alpha. Then if I use the same procedure and this | can show
that mod of x n minus 1 alpha is going to be less than n times mod of x n minus 2 alpha

and so on and so forth.

So, eventually | can show that this is going to be less than m n m to the power n times
mod of x 0 minus alpha, and remember x 0 minus alpha is within that circle with center
alpha and radius rho so; that means, that as | keep on iterating, | am going to get x n
minus alpha is going to less than m to the power n and remember m is less than 1. So, m
to the power n is going to become smaller and smaller as n increases, so eventually my x
n is going to converge, so since m is less than 1. So, this shows that whatever with be the

starting value x 0 as n goes to infinity x n minus alpha is going to 0.
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Alternatively, we can therefore state that to solve the

equation f(x)=0 we can tryrewriting it in the form x = ¢(x).
whichthen defines an iteration method x| = ¢(x,,)

+ A sufficient condition for convergence of the sequence is:

Suppose that x = ¢(x) has a root «, and ¢'(x) exists and

satisfies the condition |¢'(x)| < m <1 in the interval ./ = /x:|x-af < p!.
2...(b) Lim x,,=a
= n—s

Then, for all xye./:(a) x,e.J.n=0.l1

{2Fcde is the only root iny of x=gprx)

Thus we have prove the second part which was that this is going to converge, that this

sequence X n is going to converges and goes to infinity.

(Refer Slide Time: 16:17)

roof of Convergence
To prove (c) we suppose that x=¢(x) has ancther root //
such that /i =« and ff €./. Then using the convergence of

the sequence ¢(x) and the mean value theorem, we get:

a-P=Pa)-p(f)=¢iNa-p)riela.fl=> el
Thus |u = /;| <m | - ff| <|a - p|. This is a contradiction, thus
our original assumption cannot be true. Hence « is the only

root in .JJ of x=¢(x)

The iteration method v, | =¢(x,) is in general a first order

{ m%ﬁod unless ¢(x) is chosen in some special way.
o

And finally, to prove ¢ we said that in that case alpha is going to be the only root in that
interval in that neighborhood j, so if you let us see what happens if case in case there is
another root, is that possible to proof prove see. This suppose that x is equal to phi x has
another root b within that interval j such that b is not equal to alpha; that means, the b

also satisfies the phi of b equal to b.



It satisfies that equation, sorry not b phi of beta equal to beta, but beta is not equal to
alpha. Then using the convergence of the sequence phi of x and the mean value theorem
we get alpha minus beta is equal to phi of alpha minus phi of beta, because both alpha
and beta are roots of this, phi alpha minus beta, then | again use my mean value theorem.
So, this | can write is phi prime of psi times alpha minus beta, so long as psi belongs to

alpha beta, which means that psi belongs to j since both alpha and beta belong to j.

So, I will this lies in that interval function is continuous, so psi must belong to j. So, thus
if then again we take the mod of both sides mod of alpha minus beta is lesser than or
equal to mod of phi prime of g which is m which has to be less than m, which is the
condition we said times mod of alpha minus beta which is less than mod of alpha minus
beta.

So, m since m is less than 1, this has to be less than mod of alpha minus beta which is not
possible, alpha minus beta cannot be less than alpha minus beta, which is impossible this
is a contradiction. Thus the original assumption that phi of x has another root beta in that
interval is false, and hence alpha is the only root of j only root in j of x is equal to phi of
X. The j iteration method x n plus 1 is equal to phi of x n is in general, a first order
method unless phi of x is chosen in some special way, what do | mean by a first order

method; that means, that the order of convergence is normally first order.

Unless there are some special conditions of on phi of x we know that Newton’s Newton
Raphson is a second order method, while the secant method we found was not clearly a
first order method it might had a convergence value, it had rather somewhere between 1
and 2 something like 1.6 something. So, in case we choose, so in case we have to
improve the order of convergence of that method, in that case the function phi of x must
satisfy certain additional properties. what are those additional properties? And how do
those additional properties? Influence the order of convergence of the function, so that is

what we want to talk about next.
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Let us assume ¢(x) is p times differentiable in a nbd. of «
where « = ¢(cr). Let us also assume that all the derivatives of
@(x) upto order p-l1 are 0 at « ie. ¢/ (w)=0.7=12.. p-L

while #P(er)= 0. Using Taylor's theorem we have, for 5, €[ x,,. |

f-'!l P 1l _.,? )
X1 =0l =dla +x;, —a)=¢la)+ =
o

Phg,

) 5
But ¢(er) = . Hence (x,,, =—(x, —a)". Thus,
!'F

s

= }‘ .
g@;;;i,y. l£,|”". In the limit x,, — a.
+*-‘" P

So, let us assume that phi of x is p times differentiable in a neighborhood of alpha, so if |
take p derivatives all those derivatives exist, so p derivatives exist in a neighborhood of
alpha, where alpha is equal to phi of alpha, alpha is a root of that equation. So, let us also
assume that all the derivatives of phi of x up to order p minus 1 are 0 at alpha, so let us

this is the crucial part this is the additional assumption that we have to make.

We are making the assumption that all the derivatives of phi up to the order p minus 1 at
0 at the root alpha right and the derivatives of order p is not equal to 0, so if under those
conditions we can show that the order of convergence can be higher, and how high will it
be well let us take a look. So, in that case since the all the derivatives up to order p minus
1 are O if we use Taylor’s series expansion for x n plus 1 equal to phi of x n this is from
an iteration algorithm, x n plus 1 is equal to phi of x n it I can write this as phi of alpha

plus x n minus alpha.

And then | do a Taylor’s series expansion about alpha, so if 1 do a Taylor series
expansion about alpha what do | get, | get phi of alpha plus in the normal course of
events. I would have first derivative phi prime evaluated at alpha times x n minus alpha
plus the second term would be phi double prime evaluated at alpha times x n minus alpha

square by factorial of two and so on and so forth.

But, remember what is our condition our condition is that all derivatives up to order p

minus 1 at O at alpha, so all the p minus 1 derivatives, they vanish, because that they are



all 0 by assumption. And then we are left with only the pth derivative and we can
evaluate the 2 pth with which this as the remainder term in the Taylor’s series, we can

then cut off our Taylor’s series at that point.

If we can write this as phi, pth derivative of phi evaluated at psi n divided by factorial of
p times X n minus alpha to the power p, where psi n belongs to this interval. Where, psi n
belongs to this interval, but phi of alpha is equal to alpha since alpha is a root of this, this
equation phi x equal to x, so this and this, so this I can replace by alpha. So, | get x n plus
1 minus alpha by bringing phi of alpha to the left hand side | have x n minus 1 alpha, and
this is phi to the power p psi n by factorial p times x n minus alpha to the power p, so

what does this remind you.

So, here on the left hand side we have x and x n plus 1 minus alpha, which is nothing but
the error at the n plus 1th iteration, because this is epsilon n plus 1 it gives me it gives me
how much if | take the mod of this, it gives me by how much the n plus 1th iterate differs
from the root. And that is my error at the n plus 1th iteration, well on the right hand side
I have this term, what is this term it is the error at the nth iterate x n minus alpha is equal
to epsilon n.

So, now, | have a relation which says that the error the mod of the error at the nth n plus
1th iteration is less than this term multiplied by the mod of the error of the nth iteration
to the power p, so this is we call this is we emphasize this. When, we talk about
Newton’s method and the Secant method that if you have to establish the order of

convergence you have to be able to write the n plus 1th error in terms of the nth error.

So, we have just done that and in the limit as x n goes to alpha we have epsilon n plus 1
to the divided by epsilon n plus 1 mod to the power p phi p alpha because now x n is
going to alpha, so psi must be psi has to tend to alpha 2, because everything is
converging to alpha. So, we have this thing which is a constant and which is not equal to
0 why is that not equal to 0, because of | requirement write here which says that phi
prime of alpha is not equal to 0. So, this term is a constant this is not equal to 0 and we
have a error at epsilon n plus 1 is equal to this constant, times p times the error of epsilon
n. So, just by looking at this we can say lets think of Newton Raphson, Newton Raphson

we know that p is equal to 2, that is the order of convergence is equal to 2.



So, what does that mean what does that require in terms of this requirement, so for
Newton Raphson to be quadratically convergent number 1 the function must have first
derivative, which is equal to O at alpha. And the second derivative p is equal to second,
so the first derivative must be 0 at alpha and the second derivative must not be O at alpha,
so that is the requirement under which Newton Raphson is going to give me second order

convergence.

(Refer Slide Time: 25:41)

Thus the iteration method x,,. | =¢(x,) is of order p for theroot «

if /) (@)=0.7=12 p—1and Pl ay=0

Recall that for Newton -Raphson x,,, | =x, - :_' n)
. "\-r.l )

We get it in the form v, | =¢(x,)if we write ¢(x,)=x, - "{_"-\-”'

(X5

f(x) , fix)firx)
Hence ¢(xv)=x- ad ¢'(v)

f'(x) [;1 ‘-_;]1
If «« is a simple root of f(x). then f(er)=0. [ (x)=0

1ence n-’!'[r!): 0.

NPTEL
1

Thus the iteration method x n plus 1 is equal to phi of x n is of order p for the root alpha
if phi over j alpha, that is the jth derivative of alpha for j is equal to 1 to p minus 1 is
equal to O at alpha and the pth derivative phi p alpha is not equal to 0, at alpha. Let us
recall that for Newton Raphson, we can write x n plus 1 is equal to x n minus f of x n by

f prime of x n.

So, in that case what is our phi our phi is nothing but this function on the left hand side,
so we can write phi of x n is equal to x n minus f of x n by f prime of x n. Hence, phi of x
is nothing but this and phi prime of X, if | take the derivative of this, this is equal to this.
And let us recall again what is our definition of a simple root of f of x, alpha is a simple
root of f of x and f of alpha is equal to 0 and f prime of alpha is not equal to 0.

Since, f prime of alpha is not equal to 0 and f of alpha is equal to 0, what can we say
about phi prime of alpha phi prime of alpha is equal to 0. Why? Phi prime of alpha is

equal to f of alpha f of alpha by definition is 0, because alpha is a root of that and phi



prime f prime of alpha is not equal to 0. So, this is never going to blow up, this is going
to be bounded, this is going to be bounded, but on the top we have so; that means, that
phi prime of alpha must be equal to 0. And if phi prime of alpha is equal to 0 and phi
double prime of alpha is not equal to O, then we are going to have quadratic convergence

of Newton Raphson.
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. L j {
MIONE&ar orcer Or conveaeraaence

Thus we are guaranteed that the NewtonRaphson method is at least
of second order for simple roots. If /"(«)=0. then ¢"(cx) =0 and
Newton's method is at least of third order.

+ There are many general methods for constructing iteration
schemes with higher order of convergence.

+ Itcan be shown that a one point iterative scheme of order p
requires computation of p quantities: f(x,). /'(x,). .f V(x,)

ff} hus itis clear that the higher order of convergence comes at
NETGOSt.

Thus we are guaranteed that the Newton Raphson is at least quadratically convergent for
simple roots, if in addition f double prime alpha is equal to 0, then we can show that phi
double prime alpha is equal to 0. In that case the Newton Raphson convergence is going
to be at least of third order, because the second derivative is 0, third derivative may or

may not be 0.

If it is not O then it is at has to be at least third order, if it is O then we are going to have
even higher order convergence. So, in that case if phi phi double prime alpha is equal to
0 then the Newton Raphson method is also going to be convergent at least up to third
order. There are many general methods for construction, so this we can see that we can
make the Newton Raphson scheme. We can make the incase this condition is satisfied
Newton Raphson is going to be third order convergent, but that is incase that is satisfied,
but by construction the Newton Raphson method is second order convergent, because we

saw that whatever be the function f of x.
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Thus the iteration method x| =¢(x,) is of order p for theroot «

if 6N (e)=0.j=12 p—1and Py =0

Recall that for Newton-Raphson x,.|=x, - :_.' )
(x,;)

We get it in the form v, | = ¢(x,)if we write ¢(x,)=x, "_' =

f(xy)

f(x) , flx)f(x)
Hence g(x)=x— and ¢'(x)=

f'(x) [‘m % ,]"
If ct is a simple root of f(x). then f(ax)=0.f(ex)=0

ence ¢'(x)=0.
o)

-4

T

So, long as this condition is satisfied, which is a prerequisite, f prime of alpha is not
equal to O right in that case the Newton Raphson method is going to be second order
convergent, but in case in addition in addition if we have f double prime equal to O in
that case we can have higher order convergence of the Newton Raphson method.
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Thus we are guaranteed that the NewtonRaphson method is at least
of second order for simple roots. If f"(er)=0. then ¢"(«) =0 and
Newton's method is at least of third order.

*+ There are many general methods for constructing iteration
schemes with higher order of convergence.

* ltcan be shown that a one point iterative scheme of order p

requires computation of p quantities: /(x,,). £'(x,).. . £ Vix,)

\ghus it is clear that the higher order of convergence comes at
PEigost

There are many general methods for constructing iteration schemes with higher order of
convergence, it can be shown that for a one point iterative scheme of order p requires

computation of p quantities basically we need to compute p quantities. what are those



quantities? The function and it is first p minus 1 derivatives therefore, as you can see to
improve the order of convergence there is a cost, because each time you take the you

need to calculate a derivative it is expensive.

So, if you can you can improve the order of convergence, you can have as many high
order of convergence as you like, but ultimately it becomes it does not it is no longer
economical computationally economical, but the cost of taking all these derivatives. You
can say you can lower the order of convergence, so by lowering the order of convergence

what we are going to get we are going to converging fewer number of iterations.

But, the cost of taking all those derivatives and converging in a fewer number of
iterations is going to be more than the cost of calculating less derivatives there the order
of convergence is less, but the number of iterations is more. So, if you take a lower order
method you need more iterations, but you need to compute only a limited number of
derivatives, so it all depends on a tradeoff. So, it turns out that if you have to compute
more and more derivatives then the cost of reducing the number of iterations is much,
much is offset by the cost of calculating the derivatives. So, people will prefer to take a
lower comparatively lower order method do more number of iterations and that is come

computationally more efficient.
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t of round off on convergence

+ The convergence properties of an iterative method tells us
how the error behaves as # — oc in the limit of the sequence

* However the convergence rate assumes zero round off error
i.e. X,.., has been calculated exactly, given the function and
derivative values at x,

+ However round off errors are inevitable — hence it is useful to
find an estimate of the error after a finite number of iterations -

an estimate that takes into account the effect of round off.

®

So, the convergence properties of an iterative method tells us, how the error behaves as n

goes to infinity in the limit of the sequence; however, in all our derivations, so far we



have assumed that there is zero round off error. So, when we calculate phi of x n plus 1
from phi of x n, we are we are assuming that there is no round off error, but in reality.
There is going to be; obviously, going to be round off error, because whenever we
compute phi of x n we are not going to compute phi of x n exactly we are only going to

compute it up to our machine accuracy.

Because, we are using finite precision arithmetic | compute that has that many limited
floating point numbers, it can store for my mantissa. So, | have to | am bound to get
some round off errors and how are those round off errors going to affect my
convergence, so that is that also is interesting. Hence, round off errors are inevitable,
hence it is useful to find an estimate of the error after finite number iterations an estimate
that takes into account the effect of the round off. So, up till now all convergence loss,
convergence relationships they have all assumed that round office non existing.
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Effect of round off on convergence
Let us denote by x;.x» ., the sequence of approximations and
let the error at each stage due toroundoff be denoted by o,.
Then X, | =¢(X,)+0,.n=01 Subtracting the converged

sequence « = ¢(«) from both sides, we get:
gl =@ =0(X,)—a +8, = (E NX, —a)+8,. &, €[X,.a]

Subtracting #'(5),)x,,. | from both sides and rearranging terms,

we get: [1-4"(E (N1 — @)= (Ep NNy — Xpa1) + 0y

Assuming bounds on both derivative and error|‘e.|¢'a'1 &n :| <m<l
. ¥

S
3

| m|\',l. ] \',__] ; 5

i-fnd |6,] < 5. we get: |5, | —a|<

(1=m) (1=m)

So, let us denote by x 1 x 1 bar x 2 bar x n bar the sequence of why we are using a bar
and term, because we want to denote them as the real sequence of approximations
meaning they have round off in them. While, x 1 x 2 x three x n did not have any round
off, a sort of a ideal iterative values, which assume that there is no round off.

Let us now consider x 1 bar x 2 bar x n bar, where there is round off, and let the error at
each stage due to round off will be denoted by delta I, then we can write x bar n plus 1 is

equal to phi of x bar n plus some delta n, because there is this round off, so delta n is my



round off for n is equal to 0 1 and so on and so forth. So, this is going to be true at every
stage in our iteration, so subtracting the converged sequence alpha is equal to phi of

alpha from both sides, so we subtract alpha equal to phi of alpha from both sides.

So, we have x bar n plus 1 minus alpha is equal to phi of x bar n minus alpha plus delta
n, again | use my mean value theorem. So, phi of x bar n minus alpha I am going to write
it as because alpha is equal to phi of alpha, so phi of x bar n minus phi of alpha I am
going to write as phi prime of psi n times x bar n minus alpha, where psi n belongs to x
bar n and alpha. | can only do that because alpha is equal to phi of alpha, I can use my

mean value theorem here.

Then if | subtract phi prime psi of n x bar n plus 1 from both sides, and rearrange terms |
am going to get something like this, which is basically 1 minus phi prime psi n times x
bar n plus 1 minus alpha is equal to phi prime psi n times x bar n minus x bar n plus 1
plus delta n. So, let us assume bounds on both the derivative and the error, so let us
assume that the derivative is bounded, that phi prime psi n is lesser than or equal to m

less than one which is what we assumed earlier remember.

So, that is what we assume earlier and let us assume that a round off error is also bound
which is true, because round off error is bounded by the we have seen that into a detail
earlier in the in the beginning of the course round off error is bounded by things like
machine precision and things like that right. So, the round off error is also bounded, and
let us suppose that bound is delta we therefore, get by taking mod of both sides mod of x

bar n plus 1 minus alpha.

And then if you take mod of this what is this going to be, this is going to be 1 minus n,
because mod of phi prime psi n is less than equal to n minus 1. Then if I divide both
sides by 1 minus n this has also got bound m, so for n times mod of x bar n plus 1 minus
x bar n divided by 1 minus n plus delta by 1 minus m. So, this gives me a bound on my x
bar n plus 1 minus alpha, this gives a bound on my error at the n plus 1th iteration that

takes into account the effect of round off, because of this term.

So, this says that at any stage in my iteration at stage n plus 1 for instance, my error is
going to be bounded by these values right and this, these are two parts you can see, so
the first part is what is known as the truncation error. In any numerical method in any

this we talked about also right in the first class in any numerical method, there are two



there are bound to be two types of errors any numerical algorithm for solving a problem,

there are going to be two types of errors.

One type of error is going to be the truncation error, the second type of error is going to
be the round off error. Why do we have the truncation error? The truncation error is
because when you are approximating an infinite sequence by a finite number the terms,
in this case we are approximating alpha which is actually the limit of the sequence phi of
x n it is the limit. When n goes to infinity by the term at the after the n plus 1th iteration,
so an approximating the infinite term on the sequence by the n plus 1th term, because of
that there is an error and that error is my truncation error, and this error is my round off

error.
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c1TeCt Of round oI on convergence

The above is a strict bound on the error using known
quantities

+  The first term represents the truncation error due to the use of
the n+1 term in the sequence to estimate the o term which
is the converged value

+ The second term represents the round off error due to use of
finite precision arithmetic

{:ﬁr:\g'he second term is a bound on the round off error in the last
-‘==_i"t"é::ation‘ since it is a bound on

So, the above is a strip bound on the error using known quantities, the first term
represents the truncation error due to the use of the n plus 1th term in the sequence to
estimate the infinite term, which is my converged value alpha. So, that is my truncation
error the second term represents the round off error due to user finite precision arithmetic
any prime, | do not have infinite precision, finite precision arithmetic that is going to
give me that error. The second term is a bound on the round off error, this is very

important term the second term is a bound on the round off error in the last iteration.
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ect of round off on convergence

Let us denote by x|.x» x, the sequence of apprdiimations and

let the error at each stage due toroundoff be denoted by o,.
Then X, =¢(¥,)+0,.n=0.1  Subtracting the converged
sequence « = ¢(«) from both sides, we get:

- : e i s
a=¢(x,)—a+0, =¢d'(E, Nx, —a)+0,. &, €[x,.a]

Subtracting ¢'(5,,)x,,. | from both sides and rearranging terms,

we get: [1-4"(E (¥ — @)= (Ep NNy, — Xpa1) + 0y

Assuming bounds on both derivative and errori‘e.|r,'-’1 &a || <m<l
L0 3 =
.‘.*-E m|\',|. N B \',_.]

Y o
nd |6, | 0. we get: [%,, ) -]

t
(1=m) (1=m)

Since, it is a bound on delta n look at this delta is delta is a bound on mod of delta n,
delta is not a bound on delta n minus 1 or whatever any time in that it is a bound on the
error in the in the round off error in the last iteration right which is very, very crucial. Let

us see why?
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2C1L ( 8 Ot On convergence
+ Itis important to note that the second term says nothing about
the round off errors during the previous iterations

+ This means that the round off error in the solution depends
only on the round off error in the last iteration

+ This is a very important result, since it means that that the
round off errors in the previous iterations are self correcting.

+ Italso means that it is not necessary to compute with full
{_a‘egaracy in the first few iterations.

It is important to note that the second term says nothing about the round off errors during
the previous iterations, it deals with the round off error in the nth iteration. This means

that the round off error in the solution is going to depend on the round off error only in



the last iteration, which is very, very important, because what does that mean; my round

off errors in the previous iterations are not contributing to my final round off error. Why?

Because, those round off errors are cancelling each other out, it is very otherwise you can
see that if they do not cancel each other out then my error is going to be significantly
larger. So, the round off error in the solution depends only on the round off error in my
last iteration, since it means that the round off errors in the previous iterations are self

correcting that is they cancel each other out.

It also means that it is not necessary to compute with full accuracy in the first this is a
very, very important result, because a in lots and lots of places it is used out all in multi
dimensions this has got very important implications. So, it is not necessary to compute
with full accuracy in the first few iterations, so we will see | mean if | talked about this
here that if | am going to talk about it later on it has got very important implications.
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For sufficiently large number of iterations, n, the round off
error is the dominant contribution to |7, -«

* Increase in the number of iterations then do not lead to any

significant change in the truncation error and error remains at

a constant magnitude of a

(1=m)

+ Next, let us recall that the convergence estimates we got

for the Newton Raphson and Secant methods hold true only

for simple roots. For multiple roots, the Newton Raphson method
'{?&f\gxample‘ is only linearly convergent.

For sufficiently large number of iterations n the round off error is the dominant
contribution to x bar n plus 1 minus alpha, you can see that, because as the number of

iterations goes up the truncation error is going to, become smaller and smaller.
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CITeCt O una o1 on convergence
Let us denote by v|. x> ., the sequence of approximations and

= TT¢ )T rou 1ce
let the error at each stage due toroundoff be denoted by o,.
Then X, =¢(x,)+0,.n=01 _ Subtracting the converged

sequence « = ¢(«z) from both sides, we get:
Y@ =X, —a+0, = (S, X, —a)+d,. &, €[X,.a]

Subfracting ¢'(5,)x,,, | from both sides and rearranging terms,

we get: [1-4 (S )X — @) = (Ep NNy — Xppap) + 0y

Assuming bounds on both derivative and errori‘e,|4f1_h. || <m<l
20 & 2
.‘_*-'\i m| Xp+] — \',_.]

_kﬁm |6,| < 0. we get: [x,, | —af< g

t
(1=m) (1=m)

Because, my solution my n plus 1 has an n increases my x bar n plus 1 becomes a better
and better appropsimation to my root alpha. So, as I increase the number of iterations the
truncation error is going to become smaller and smaller, it is actually as | go to alpha the
truncation error is going to go to 0. But, my round off error is not going to go to 0, my

round off error is also always going to be there.
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c1TeCt Of rouna ofmr on convergence
+ For sufficiently large number of iterations, n, the round off
error is the dominant contribution to |7, - «|

* Increase in the number of iterations then do not lead to any
significant change in the truncation error and error remains at

a constant magnitude of I ¢
(d=m)

+ Next, let us recall that the convergence estimates we got

for the Newton Raphson and Secant methods hold true only

for simple roots. For multiple roots, the Newton Raphson method
{’m}xample, is only linearly convergent.

So, increase in the number of round off error is the dominant contribution to x bar n plus

1 minus alpha, so increase in the number of iterations, then do not lead to any significant



change in the truncation error, because as | am reaching the limit of the sequence the
contribution of the truncation error is becoming negligibly small. But, my round off error
remains at a constant magnitude of delta 1 minus m, where delta is a bound on the round

off error in the last iteration.

Next, let us recall that the convergence estimates we got for the Newton Raphson and
Secant method hold true only for simple roots, for multiple roots the Newton Raphson
method for example, is only linearly convergent. So, let we will talk about improving the
convergence of Newton Raphson for multiple roots, but at this point | want to talk a little

bit about this error bound a little bit more.

So, basically we saw that because this error bound depends only on the error in the last
and the round off error in the last iteration, so it is not important to for the first beginning
iterations to be calculated with great accuracy, because their accuracy is not going to
determine the round off error. A round off error is going to be, so this has lots of
implications because for instance, when you have multiple, when we are solving a non-
linear problem in multiple dimensions and we want to use a Netwon Raphson update

formula.

Newton Raphson update formula as you can see in the we will see that in more detail
later, but that mean cost of the update is the cost of calculating the derivatives. So, if we
have a multi dimensional function the derivative the Jacobean is no longer going to be a
simple a single term it is going to be a n by n term, so the Jacobean forming that
Jacobean and if necessary inverting it, so those are extremely, extremely expensive

operations.

So, what does that mean; so the accuracy is not that important in the first iterations, first
few iterations accuracy only becomes important towards the end; that means, that
towards the beginning it is also not necessary for me to calculate all those derivatives to
a great deal of accuracy. And because of that there are things like modify Newton quasi
Newton and things like that we try to approximate those derivatives, so that they are
easier cheaper to calculate, to reduce the cost.

Because, we know that what we do in the beginning of that beginning of a iteration it is
not going to be that crucial, unless | do something absolutely weird that is not going to

be which makes my solution diverge and that is not going to be that crucial, so that is



why this is very important. Now, let us let us look at multiple roots, we recall that the
convergence estimates we got for the Newton Raphson and secant methods hold true
only for simple roots, for multiple roots the Newton Raphson method for example, is

only linearly convergent.
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Recall that a root « of f(x)=0 is said to have a multiplicity ¢ if

Ozlgc a || <o where g(v)=(xv-a) ! fla)

+ However by a slight modification of the iteration algorithm, it
is possible to recover quadratic convergence

* Quadratic convergence is recovered with the update formula:

J(x,)
Xl = X+ @y Iy = =0
' (x,)

'-_.%.-\}Iowever this assumes that the number of roots g is known
E‘--i'aifﬁ’riori — which is not usually the case

So, is it possible to improve the convergence properties at multiple roots well let us take
a look at that, so we call that a root alpha of f of x is equal to O is said to have a
multiplicity g, if we can write there exists a function g of x, which is equal to x minus
alpha to the power minus g times f of x. Where, q is the multiplicity of the root alpha and

g of alpha is bounded, that is mod of g of alpha is less than infinity is greater than 0.

So, what this basically means that there exists a function g of x which can be written as if
| take out the q roots of alpha, if | take my original function of f of x | divided by it x
minus alpha to the power q, | take out the q roots of f of x. The function what is means
let me call that g of x and that function g of x exists, what does it mean exists; that
means, that g of alpha is not zero and is not infinity it is bounded right and it is not zero

so; that means, there exists a function g of x, which I can write like that.

In case f of x has root of multiplicity q; however, so we saw that for the Newton Raphson
method if it has multiple roots if it has two roots for instance, then we are going to get
linear convergence. However, by slight modification of the iteration algorithm it is

possible to recover quadratic convergence, what is that slight modification well



originally we had x n plus 1 is equal to x n for the Newton Raphson method, where x n

plus 1 is equal to x n minus f of x n by f prime of x n.

So, now, | am saying that instead of having x n plus 1 equal to x n minus f of x n by f
prime of x n I am going to have x n plus 1 is equal to x n plus g times f of x n by f prime
of x n, where g is the number of is the multiplicity of the root alpha. So, that is well fine
and good that, but assume is that I knew a priori beforehand, how many roots there are
right it assumes that | know beforehand what is the value of g, , but suppose we do not
know that then what can we do.
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+  Alternatively, convergence can be improved by adopting the
following algorithm, which supposes f(x) is g times differentiable
in a nbd. of root a of multiplicity ¢

Since flx)=glx)x=a). [(x)=g'(xx=a)! +g(x)g(x—a)?
Hence, /() =0. Similarly /') (a) =0 j<gq
Thus we can write :

g rlq) g-1 #lq), =
(x—a)? JM1(E) A (x—ax)? " fYE)
f(x)= and f'(x)= where

g (g=D!
’_ie}\.-f[

Alternatively, convergence can be improved by adopting the following algorithm, which
supposes that f of x is q times differentiable in a neighborhood of root alpha of
multiplicity g. Set let us suppose that the function is differentiable at least q times, q
being the multiplicity, it assumes that q is f is differentiable. In that case since f of x is

equal to g of x x minus alpha to the power g, since alpha is a root of a multiplicity g.

So, I can write f prime of x is equal to g prime of x x minus alpha to the power q plus g
of x times g times x minus alpha g minus 1 just taking the derivative, so f prime of alpha
is equal to 0. Why? Substitute alpha here both sides these two terms go to 0, so f prime
of alpha is equal to 0. Similarly, f to the power j alpha is going to be equal to 0, for any j

less than g you can see that, because if you take derivatives up to less than g, there is



always going to be a term x minus alpha, in the right hand side and when x becomes

equal to alpha that term is going to go to 0.

So, f j alpha is going to be 0, for all j less than g then we can write f of x again doing a
Taylor series expansion of f of x about alpha. Then f of x can be written like this,
because again f of alpha is going to be 0, f prime of alpha is the second term in the
Taylor series f prime of alpha is going to be 0, f double prime of alpha is going to be 0,

up to order j where j is less than g.

So, all those terms in the Taylor series are going to go to 0 and the only term and the
term which is going, which is the first term which is not going to go to 0, must have must
have derivative of order g, because for all j less than g f j of alpha is equal to. So, in the
Taylor series we are going to evaluate this derivative at alpha that is why expanding this
Taylor series about alpha. So, all those j terms j less than g are going to go to 0, so the

first term that is going to be survive is going to be this term.

And if you evaluate repeat this term as the remainder term, we can write it as x minus
alpha to the power g times of f gth derivative of f evaluated at psi where psi belongs to
the interval x alpha divided by factorial of g. So, that becomes my f of x, and what is my
f prime of x f prime of x | just take the derivative of both sides x minus alpha g minus 1 f

g of psi g g minus 1 factorial where psi belongs to alpha, so now, what do we have?
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* Thus the equation u(x) = 0 has a simple rootat x = a and this
allows previously discussed iterative methods such as the Newton

Raphson and Secant algorithms to be applied to this equation

-




Let us write u of x is equal to f of x by f prime of x, then if we write u of x by divided by

x minus alpha, and then if | take the limit as x goes to alpha what is u of x u of x is f of x

by f prime of x.
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+  Alternatively, convergence can be improved by adopting the
following algorithm, which supposes f(x) is g times differentiable
in a nbd. of root a of multiplicity g

Since f(x)=glx)x=a)!. [(x)=g'(xx=a)? +g(x)g(x=ax)?

Hence. f'(er)=0. Similarly /' (a)=0% j<gq
Thus we can write

q p(q); = g1 plg), =
(x-a)! [*(&E) A (x—a)? " fTYE)
f(x)= and ['(x)= where

q' (g=1)!
’:@}\:;[

So, f of x is this f prime of x is this, so if | divide this by this.
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+  Thus the equation u(x) = 0 has a simple root at x = a and this
allows previously discussed iterative methods such as the Newton
Raphson and Secant algorithms to be applied to this equation

And | divide that by x minus alpha | am going to get one by q | am going to get one by q,

so what does that mean? That means, that the equation u of x has a simple root at x is

equal to alpha. Why? Because, if | take u of x and divide it by x minus alpha then in the



limit as x goes to alpha, | am getting a constant. If this was not a simple root, then there
would have been terms like, x to the power minus alpha on this side, I have to got u of x

I am dividing it by x minus alpha.

If u of x had more than one root at alpha, then I would have had x minus alpha on the |
would have had some x minus alpha surviving, this quotient would have had x minus
alpha. And then when x went to alpha that would have gone to 0, but we are saying that
that is not going to 0, that is actually going to 1 by q; that means, a u X must have only 1
root at alpha, because after | divided by x minus alpha and | take the limit x goes to alpha

it goes to a constant.

It does not go to O; that means, u of x has a simple root at x is equal to alpha and this
allows since it has a simple root; that means, | can use my Newton Raphson, Secant
algorithms, and this equation and recover my original order of convergence, which is for
the Newton Raphson | am going to get quadratic convergence. So, if we define a new
function, u of x which is f of x by f prime of x, this was my original function and then if
an u of x I do my new Newton iteration, if | do my newton iteration in u of x I am going
to get quadratic convergence. Like for f of x | did not have quadratic convergence, so
that that is a very easy way of converting, u f of x to a function, such that I have

quadratic convergence.
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Supposing Newton Raphson is being used, then we can
use the usual Newton Raphson iterative scheme to find the root

of nix)=0:

Thus instead of finding the root of f(x)=0 using Newton Raphson
we find roots of u(x)=0

Now we are assured of quadratic convergence. In addition, we are
g’é‘gured that the root of n(x)=0is also the root of f(x)=0 by
__f"-ﬁsirucﬁon_




Suppose, Newton Raphson is being used, then we can use the usual Newton Raphson
scheme to find the root of u of x is equal to 0, so this is my usual Newton Raphson
scheme, but now | am using a term u. Then instead of finding the root of f of x is equal to
u 0, by using Newton Raphson to find the roots of u of x is equal to 0. So, now, we are
assured of quadratic convergence in addition, we are assured that the root of u of x is
also root of f of x, because that we saw by construction. So, even though we have
multiple roots, we have a easy way of converting it into improving the order of
convergence by writing an another function, which is just a the original function divided

by it is derivative.
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stems of nonlinear equ

+  Several of the methods for single nonlinear equations can be
generalized to systems of equations.

+ Letus consider a system of 'n’ nonlinear equations in 'n’

unknowns: _
Ji(X1:%05..20)=0; i=12,..0

+ A one point iteration method for this equation can be
constructed by rewriting the system as:

= / 2 Z 5 : 3
X =@ (xX1.X2....X,), i=12...n

AN
45 g

So, I thought we will go we will have a system of that will continue with that in the next

class, where we are going to talk about systems of non-linear equations.

Thank you.



