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Vibration under Periodic Forces

Now, let us look into Vibration of single degree of freedom systems under Periodic
Forces. We have already learnt the vibration under harmonic forces; harmonic force is a
special type of periodic force. So, now we will look into the vibrations under any

periodic force.
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Vibration under Periodic Forces

response of a single degree of freedom system to periodic forces
mx + cx + kx = F(t) F(t) is a periodic function

What is a Periodic Function?

* Periodic function has a specific portion of it within a specific duration repeating itself
indefinitely

----- - The sawtooth function has ‘T,
period that repeats itself
indefinitely

* Function p(t) is said to be periodic with a time period of ‘T, if the following relationship is

satisfied: p(t +jTy) = p(t); where j = =, ..., +00

So, in this case the single degree of freedom system is acted upon by a force which is a
periodic function in time. So, what is a periodic function? We can say the periodic
function has a specific portion of it, within a specific duration repeating itself
indefinitely. So, we will understand this using an example. So, this is an example of a
periodic function, this function is called sawtooth function and this has a period T
naught. So, after the duration of T naught the function repeats itself. So, this much

specific portion of this function gets repeated indefinitely.

So, let us see one more example. So, this is also a periodic function and this period is T
naught and this portion of this function gets repeated indefinitely. So, the function p t is
said to be periodic with the time period of T naught if p t the value of the function at t is
equal to p t plus j T naught that is p t is equal to the value of the function after multiples
of T naught. So, p tis equal to p t plus j T naught where j ranges from minus infinity to
plus infinity. So, this function continues indefinitely. So, now, let us see how a periodic

function can be represented in terms of harmonic components.

p(t+ jTy) = p(t); wherej = —oo, .., + oo
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Fourier Representation of Periodic Function

* Fourier series can be used to separate a periodic function into its harmonic
components

p(t) = ag + L}, aj cos jwgt + L}~y by sin jwot

Here, the fundamental harmonic in the excitation, has the frequency:

2n
Wy = [_
0

* The coefficients of Fourier series can be expressed in terms of p(t) as both sine
and cosine functions are orthogonal
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a = 71 j pltydt o= T j p(t) cos jwyt dt b= T J l’(““"”"’o““
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0 j=1,2:800 0 j=123,..

So, we can do that using Fourier representation. So, any periodic function p t can be
represented like this using Fourier representation. So, here a naught aj and bj are
constants and we have cosine and sin functions as well. So, this periodic function can be
split into multiple harmonic functions that is functions of cos and sins. The series has
infinite number of terms and as the value of j increases from 1 to infinity, that particular
harmonic will have frequency equal to j times omega naught. Both these harmonics will

have same frequency equal to j omega naught.
p(t) = ag + 724 a;c05jwot + X724 by sin jwgt

And the fundamental harmonic in this excitation has the frequency omega naught that is
when j is equal to 1. So, omega naught has equal to 2 pi by T naught where T naught is
the period of the periodic force. And, the coefficients of this Fourier series that is a
naught aj and bj can be expressed in terms of the periodic function itself that is p t; a
naught the first coefficient is expressed as this this 1 by T naught integral 0 to T naught p

t dt so; that means, this is the average value of the periodic function.
Qg = Ti.;. f;np(t}dt a; = % f;np(t} cosjwgtdt by = % f;”p(r} sin juwgt dt
i=123, ..

So, if you do this we will get the average value of this function p t. So, that is equivalent

to the first coefficient and aj that is the coefficient of the cosine terms are calculated like



this 2 by T naught integral 0 to T naught p t cos j omega naught t dt. So, to find a j we
have to integrate p t multiplied by the cos harmonic and it can be found out for all the

values of j, j ranging from one to infinity.

Similarly, the coefficient of the sin terms can be calculated as 2 by T naught integral 0 to
T naught p t multiplied by sin j omega naught t dt. This also can be found out for all the
values of j. So, if you can calculate a naught aj and bj we can split the function p t in

terms of harmonic components.
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Fourier Representation of Periodic Function...
p(t) = ap+ B 1L, gjcos jwyt + F7L, bysin jugt
« Coefficient, a,, gives the average value (mean value) of the periodic function p(t)

* Coefficients, a; & by, provide the amplitudes of the j™ harmonics of frequency
jw, of the periodic function p(t)

* The theoretic equation suggests that infinite terms are required for the Fourier series
to converge to p(t)

* In reality, only few terms are sufficient for the Fourier series to ensure good
convergence

* When there is discontinuity, the Fourier series will converge to the average of the
values to the left and to the right of the discontinuity

We have seen that the coefficient a naught indicates the average value of p t and the
coefficients aj and bj indicate the amplitudes of the j th harmonics and the j th harmonic
will have frequency equal to j times omega naught and omega naught is the frequency of
the fundamental harmonic that is equal to 2 pi by T naught. Theoretically this series has
infinite number of terms; that means, we need infinite terms to represent this periodic
function in terms of harmonics, but in reality only a few terms are sufficient for this

Fourier series.
p(t) = ag + 724 a;c05jwot + X724 by sin jwgt

So, with very few terms this series will converge to the periodic function. If this function

has any discontinuity at the discontinuity this Fourier series will converge to an average



value that is the average of the values to the left and to the right of the discontinuity that

is average of the neighboring values of the discontinuity.
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Response of damped systems to periodic force

+ Transient responses of both initial displacement and velocity decays in time

* Most analyses are focused on steady state of the system

* The response of a linear system to a periodic force can be determined just like that of the
harmonic system, where we combine the responses to individual excitation terms in
Fourier series

* When a constant force p(t) = a, is applied to a sdof system, then the steady
state response is given by:

ay

u(t) = T

Now, let us find the response of damped systems to periodic force. We have already
learnt the response of damped systems under harmonic forces and we learned that
transient responses due to initial displacement and velocity decays in time. So, most of
the analysis are focused on steady state of the system. So, after some time the transient
responses will die out and only the steady state response will be prevalent and the steady
state response will be present as long as the force exists. So, we can focus on the steady

state response of this system.

Now, the response of a linear system to a periodic force can be determined just like that
of a harmonic system and here we combine the responses to individual excitation terms
in Fourier series. So, we just have seen that the periodic function can be separated into
different harmonics using Fourier series. So, the response of the periodic force can also

be treated as the sum of the responses of the individual harmonic forces.

So, the response to a periodic force is equal to sum of the responses to many harmonic
forces. So, when a constant force is applied to a single degree of freedom system, the
steady state response is given by a naught by k. So, this is like a static response, the force
is constant and we are looking at the steady state response. So, this is equal to the static

response of the system that is a naught by k.
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Response of damped systems to sine force
Viscously Damped Systems
k m
mx + cx + kx = p, sin ot E,\/\/\/\/\. I sin @l
¥ .
iy . _Po. —— ¢ ¢
¥4 2w,x + 0, x == sin o Damping ratio, { ==— == C
m ¢, 2mw,
X
Steady state response x(t) = C sinwt+Dcoswt
C= Po 1 -)((yl-’/wn)) : P Po =w/w,
k 1= (/) +2¢(w/w,)? CTk = /o)t + [2E (]

Now, let us see: what is the response of damped systems to sin force. This this is exactly
what we have seen during harmonic vibrations, this is the equation of motion of a single

degree of freedom systems acted upon by a sin force the forces p naught sin omega t.

mx+ ci+kx =pysina

c

. . o
¥+ 2fonix+own2x = sin it Damping ratio, & =L =
m cor 2mown

So, we have derived the response of this system. So, we can rewrite this equation like
this, where damping ratio is defined as c by c cr and the critical damping coefficient is 2

m omega n.

And, the steady state response of this system is of the form C sin omega t plus D cos
omega t, where this omega is equivalent to the forcing frequency. So, and we had
derived this coefficients C and D and the coefficients are given by this. So, if you can
calculate these coefficients, we can find the steady state response of this system under sin

force as this.

x¥(t) =Csinwt +Dcosat

o 1—{ e fean)? D F=lv) —Zfw/wn

_ Bk _
C= ko [1-(wfwn)2]2+4[28(w/wn)]2 E [1-(wfwndZl2+[285w/wn)]2
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So, now let us look at the response of a damped system under cosine force. If we do a
similar derivation as in the case of sin force, we can find the response due to a cosine
force. So, we can find the steady state response due to the cosine force is equal to C
prime sin omega t D prime cos omega t and C prime and D prime can be calculated in
the similar way we did for sin force. So, if you do the derivation we would get the values
of C prime and D prime as these and the C prime is equal to minus D. D is the coefficient

of the cos omega t term in the steady state response when the acting forces a sin force

Response of damped systems to cosine force

Viscously Damped Systems
mx + cx+ kx = p, cos o k m

Pasin e

4

T .. _Po ¢
Bt 2ok + 0, x ==cos af Damping ratio, { =— =-
m ¢, 2ma,

Steady state response x(t) = C' sinwt+ D cosawt

o=h 2bafw, . o= 7 1=(wfw ) -

k [1=(wfa, T+2E@o)] Tk -fwje TRl

and we can also calculate D prime as this and that is equal to C.

C‘F

ol

k

x(t) =C" sinwt+ D coswt

2w wn 1—(efean)2

D p=2

[1-(w/wn)2]24+[28 (wfwn)]2 k  [1—(w/wn)2]2+28(w/wn)]2
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Response of damped systems to periodic Force

* Consider a Single Degree of Freedom (SDF) system that is viscously damped; its
steady-state response to a harmonic cosine force of p(t) = acos(jwyt) is given by:

e G 2Pysinjugt +(1 - BF) cos jwyt + It should be noted that the w
ui(t) = ¥ (L= B+ (24f)? is replaced by jw,
Where, B = Jo

W,

* Similarly the steady-state response of the SDF system to a harmonic sinusoidal
force of p(t) = bysin(jwyt) is given by:

w0 = by (1 = Bf)sinjuot = 28B cosjunt 4 i should be noted that the w
ENET (1 = B3+ (2%py)? is replaced by jw,

So, now we can come back to the Fourier representation of the periodic force and let us
find the response of damped systems to periodic force. So, in the Fourier series we have
this cos terms. So, the response due to this harmonics the cosine harmonics can be
calculated using the expression we just saw previously. So, the steady state response due
to the cosine force p t is equal to aj cos j omega naught t that is the j th cosine harmonic.
So, the response due to this can be found out as aj by k. So, that term is equivalent to p
naught by k as aj is the amplitude of this force. So, it is aj by k then 2 zeta beta j and beta
J is frequency ratio of this harmonic.

p(t) = a;cos(jwgt)

uq(t} _ ﬁ!f,ﬁjsinjmnth:l—,ﬁ_?} CcOEjaigt g = Jen
I K (1-B72+ (288)° T g

So, for that particular harmonic the forcing frequency is j omega naught and omega n is
the natural frequency. So, this is equivalent to our omega by omega n term, that is the
frequency ratio. So, this beta j is equivalent to the frequency ratio for this particular
harmonic. So, we have aj by k 2 zeta beta z sin j omega naught t plus 1 minus this
frequency ratio square cos j omega naught t, the whole divided by 1 minus frequency
ratio square plus 2 zeta frequency ratio the whole square and we can also write the

similar expression for the sin terms in the Fourier series.



So, the sin harmonics this bj sin j omega naught t; so, the response due to this sin term
would be this. So, that would be bj by k again that is equivalent to the p naught by k term
and 1 minus frequency ratio square multiplied by sin j omega naught t minus 2 zeta bj
cos j omega naught t divided by the same numerator. So, if you just compare these 2
responses that is the responses to sin and cos forces, the expression is quite similar the

numerator is same and this constant term is amplitude by k.
p(t) = b;sin(jwgt)

5(1 - ﬁf}sinjmut— 28f; cosjuwgt
k (1 =B+ (2£6;)*

ui(t) =

So, that is aj by k here and bj by k here, both numerators have sin and cosine terms. The
coefficient of cosine term in this expression is equal to the coefficient of the sin term in
this expression and this coefficient of sin term in this expression as 2 zeta beta j and the
coefficient of the cos term here is minus 2 zeta beta j. So, they are like negative of this is
the coefficient here. So, now we have the response to you to cosine force and sin force.

So, now, we can add all these responses and find the response due to the periodic force.
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Some observations
e G 2 sinjat + (1 - ﬁf)cns_jwﬂf ()= E(i - fs’}Jsin jugt = 28f; cos jugt
R (Y R TTAE B Ul il e

* 1f{=10,and any one of the f; = 1, such a steady state is called unbounded

* Unbounded steady states are not meaningful because transient response never
decays

* For our analysis, we therefore consider only ¢ # 0, and ,6’,- #1

* Hence, a system with damping subjected to a periodic excitation p(t), its steady
state response will be the combination of responses to the individual terms in the
Fourier series given by:

u(0) =t + 32000 + 50

These expressions become indeterminant if zeta is equal to 0 and this in beta j becomes
1. If any of the beta j s becomes equal to 1 and zeta is equal to 0 both these expressions
will become indeterminate. So, what does that mean? It means that and that is condition

the steady state is unbounded. So, we have seen unbounded steady state in the case of



undamped resonance condition so; that means, steady state response was increasing
without any bound and this unbounded steady states are not meaningful they are not
realistic because in such cases transient response never decays that is because zeta is
equal to 0.

All real systems will have some amount of damping. So, the steady state response for
any real system will not be unbounded. So, in our analysis we will consider only
situations where zeta is not equal to 0 and beta j not equal to 1. So, if this condition is
satisfied then we will never get an unbounded solution from this expression. So, the
steady state response of the damped system due to a periodic excitation is equal to the
combination of responses to the individual terms in the Fourier series. So, the total

response is equal to the sum of the responses to the individual terms in the Fourier series.

So, this is due to the constant in the Fourier series and this is the response to the cosine
functions and this is the response to the sin functions the sum of all will give the total

response due to this periodic excitation p t.
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Steady State Response

+ If we substitute the equations of the coefficients into the previous Fourier series
equation, we get:

u(t) = T+ x;‘:l% = ‘ - {1/ (288,) + by(1 = B)]sin jeogt + [ay(1 = B7) = by(28B;)]cos jwqt)

=Bj)*+ (28B))

* The response u(t) is a periodic function with a periodicity of T,

* Majorly, two factors determine the relative contributions of the various harmonic terms in
the above equation.

1. The amplitudes, viz., a; & by, of the harmonic components of the periodic
forcing function p(t)

2. The frequency ratio, which is given by f;

* The harmonic components whose f3; is close to unity will dominate in the response

So, if we substitute the equations of the coefficients in the previous expression, we
would get the response of the SDOF system due to a periodic force and the expression is
this here a naught by k is equivalent to a static response and then we have harmonic
responses that is sin and cosine functions. The amplitude of this harmonic is given by

these big expressions, you can calculate it if we know the value of the damping and the



frequency ratio and the frequency of a harmonic is equal to j times omega naught where
omega naught is 2 pi by T naught; that this response will be again a periodic function and

its period is T naught.

The total response is the sum of multiple harmonics and the relative contribution of
various harmonic terms will depend upon 2 major factors one is the amplitudes aj and bj.
So, if the amplitudes aj and bj are high, j th harmonic will contribute more to the
response and if the frequency ratio of the j th harmonic that this beta j is near 1, then that
harmonic component will also dominate in the response. So, when the frequency ratio is
close to 1 the amplitude tends to be very high. So, that harmonic will majorly contribute

to the total response.
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Example Problem

* An SDOF system with natural period T, and damping ratio £ is subjected to
the periodic force shown below with an amplitude p, and period T.

r

a) Expand the forcing function in its Fourier series.

b) Determine the steady-state response of an undamped system. For
what values of T, is the solution indeterminate?

Now, let us solve an example problem in periodic vibrations. A single degree of freedom
system with natural period Tn and damping ratio zeta is subjected to the periodic force
shown below. So, this force has amplitude p naught and period T naught. Expand the
forcing function in its Fourier series, determine the steady state response of an undamped

system for what values of T naught is the solution indeterminate.
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Solution to part (a)
\/\/\/\/\/

* It can be seen that p(t ) is an even function
Polt)=po(-t)

2 To
p(t)=po [1 = =t ] where0 <t <—
Ty 2

* First, we find out the term a,

T T

2
p(t)dt =F00f (

1
a():T_O

l\-Lﬁ\«z
=
S
—
|
3
-
S——
=
=
I
0|

So, from this forcing function we can understand that, this forcing function is an even
function; that means, this function is symmetric about the y axis that is p at time t is
equal to p at the time minus t. So, if this condition is satisfied, this function is an even

function. Now we can represent this function as a equation.

Po(t)=po(-t )

p(t) =pyg (1 - rint) where0 =t 5%

=

So, this is a straight line. So, we can find the equation of this straight line. So, that
would be p naught multiplied by 1 minus 2 by T naught t. And this is valid when t is
between 0 and T naught by 2 the same equation will be valid when t is minus that is
when t is between 0 and minus T naught by 2 and if this function is defined for a
duration of T naught that is the period of this function then it is defined everywhere

because then its a repetition of the same portion everywhere.
1 2 2 AT .

= = = [" _ £ — Po

Ao = L J"_‘%P(t]dt == I ps (1 - t) dt= "

So, this is how we can write this forcing function as an equation. So, to find its Fourier
series the first step is to find the coefficient a naught. So, a naught is defined as 1 by T

naught integral minus T naught by 2 to plus T naught by 2 p t dt. So, we can substitute



the value of p t here and can carry out this integral and we would get p naught by 2. So, a

naught or the constant term in the Fourier series is p naught by 2.
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Solution to part (a)...

4= fp(t) cos(jwot) dt =——-—f 1 = —t]cos(jwot)dt
T ) VAR
.
2py . B o1
4 =;T—2—j—2-[cos(n]) -1] u,={rz)‘1‘ .
) J=24,6,..

* Next, we find out the term b,

-

Nléi-‘n\éb

p(t) sin(jwyt) dt

i

bj = 0 because p(t) is an even function

Now we will find aj. So, aj can be found out as 2 by T naught integral minus T naught by
2 to T naught by 2 p t times cos j omega naught t dt. So, this aj is the amplitude of the j
th harmonic the cosine function and the frequency at the j th harmonic will be j omega
naught. So, if you carry out this integral we would get the value of aj as 2 p naught by p
square j square cos pi j minus 1. So, cos pi j will have 2 different values depending upon
the value of j; so, j is the value of j is integer. So, for odd integer, this value within the

bracket would be 2. So, aj would be 4 p naught by pi square j square.

Ip T
s ; _ferd(p - 2 -
a;= - f_‘%?(ﬂ' cos(jwot) dt = = I (1 rnt) cos(jegt)dt

o
=135 ..

[cos(mj) —1] a; = {@ 7 /
0, j=246, .

a; = j;.
So, when the value of j is even that is when j is equal to 2, 4, 6 etcetera this becomes 0.
So, aj will be 0 now we need to find out the term bj. So, bj is given by 2 by T naught
integral p t sin j omega naught t dt. So, we have already seen that p t is an even function
and sin we know that it is a odd function so; that means, sin minus x is equal to minus sin
X. So, if we integrate an odd function from minus T naught by 2 to T naught by 2 that is

over a period that becomes 0. So, this term bj is equal to O for all values of j



p(t) sin(jew,yt) dt

=)
Il
E N
ra| &ty ra|z*
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Solution to part (a)...

* The Fourier series representation of p(t) then becomes:

Py, 4po o ,
p(t)=7+? Z j—zcosUa:f,t)

j=135,.

So, the forcing function p t can be represented as a Fourier series like this. p naught by 2
plus four p naught by pi square summation of odd values of j 1 by j square cos j omega
naught t. So, this is how we can represent the forcing function in terms of harmonic

functions.
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Solution to part (b)

* The steady-state response of an undamped system can be obtained by
substitutirig the following into the equation.

4py
W=D  gelmp 17135 by =0
: 0 j=2,4,6,

This equation is indeterminate when
B = 1, where the corresponding

* we have: §= }ﬂ values of Ty are T, 3T, 5T,,, etc.
j =

So, now we can find the response the steady state response of an undamped system due
to this periodic force p t. We know the coefficients and we can write the expression of u t

by substituting these coefficients in the expression we have derived earlier.

oo

Po . 4P 1 .
u(e) =22 4 2B Z — cos(jwot)
2k L, 71— 6D
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Steady state response

o

) % . TR
u(t) = TR | Z - 52)C°S(jw°t)
j=135,.. J
& 2terms
7\ Ay iR

3 terms, 4 terms




oo

Po , 4Po 1 )
u(t)=--+-— Z —————-cos(jwgt)
2kt 4= 21— B7)

So, this is our expression for the steady state response and this has infinite number of
terms. So, theoretically this response is the sum of infinite number of terms, but if we
plot this expression, we can see that only a few terms are necessary to calculate this

response.

So, if we consider only the first two terms that is this term and the first of this term we
would get this blue curve. So, this is plotted for some values of p naught by k and omega
by omega n. If we consider three terms we would get this green curve. And, if we
consider four terms we would get this black curve as it is evident from this picture the
sum of three terms and sum of four terms are very identical. So that means, the three

terms or four terms of the series converges to the actual steady state response.

So, we need not consider infinite number of terms to get this accurate response we can

get the correct response with very few terms itself.



