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Hello everyone, welcome to lecture 19 of the course Applied Seismology for Engineers. This 

particular lecture is a continuation of the topic Local Side Effect and Ground Response 

Analysis. Prior to this particular topic, we have covered two more lectures on this particular 

topic. So, initially, we discuss different kinds of waves which will come into the picture 

whenever there is an earthquake and how the vibration is getting transferred from the epicenter 

of the earthquake to distant locations. Because of the interaction of these waves when they are 

propagating through different materials, the material will experience compression, rarefaction, 

or it will experience shearing, as a result of which there will be different kinds of stresses being 

mobilized in the material. When I say material, primarily I am focusing on propagation material 

or the material which is existing between the propagation path, between the source and the site. 

So, we discussed in earlier lectures that primary waves will be there, which will cause 

compression and rarefaction. As a result, whenever these are passing through a particular 

medium, there will be compression and rarefaction, and finally, the material will come back to 

its original volume and then it will continue. Secondly, there will be shear waves or secondary 

waves. As the name suggests, these are the waves which reach a recording station after the 

primary wave. As the name also suggests, these are called shear waves. So, whenever these 

waves are passing through a particular medium, they induce shear stresses in that particular 

medium. 

Local site effect, as the name suggests, is primarily because of the presence of soil at a particular 

site, how the vibrations, which are transferred through the bedrock medium, will be amplified, 

de-amplified, and how there will be a change in the frequency content, duration, and frequency 

content of the motion between the bedrock and the different layers that are available between 

the bedrock and the ground surface at your site of interest. Since the process is mainly governed 

by the soil which is locally available at the site of interest, the process collectively is known as 

local site effect. In order to quantify local site effect, we discussed that there are different 

methods: empirical methods, numerical methods, and semi-empirical methods. So, we are 

discussing numerical methods, which further we have discussed as ground response analysis. 

That means how the ground is going to respond. In order to understand that, whatever analysis 

we are going to do is called ground response analysis. A couple of terms which you came across 

when we were discussing this particular topic. Firstly, was where the motion has been recorded, 

whether the motion is rock outcrop motion, soil outcrop motion, or at bedrock medium. That 

will define actually what the characteristics of the motion are and where the motion has been 

recorded. It is already highlighted in earlier lectures that it is quite important to understand 

before using a particular motion, primarily in site-specific studies, that one should know at 

what site condition the motion has been recorded. 



That means if the motion is recorded as outcrop motion, then the same has to be transferred to 

bedrock characteristics before using the same motion for ground response analysis. And there 

are other cases which we have discussed in previous lectures, that is, lecture 17 and lecture 18. 

In addition, we also discussed when there is a soil layer existing between the ground surface 

where primarily a building will be located and the bedrock, through which the vibration has 

been transferred from your focus to the site of interest. So, between the ground surface and the 

bedrock medium, there will be more than one layer depending upon the characteristics of these 

layers and the shear strain which will be induced by the propagation of shear waves. We also 

discussed SH waves propagating vertically upward. These are primarily responsible for 

changes in the frequency content, duration, and amplitude of waves, which are mostly affected 

by different layers of the soil. 

Then, we discussed that whenever we are talking about the soil, it will not be only the soil layer 

available at the ground surface, but there will be an n number of layers of soil which will be 

available. So, depending upon whatever the unknown condition, compatibility equation, 

displacement compatibility, strain compatibility, we have to take that into account. Thirdly, we 

discussed that the resistance soil is going to offer to any external loading will be dominated by 

two parameters. We are referring to Kelvin-Voigt solids where both the damper as well as the 

spring are attached in series. Then, in such a case, the response of the soil will be approximated 

by KV solids or Kelvin-Voigt solids. So, we discussed in earlier class that when we go for 

ground response analysis, though the soil is non-linear in nature, we can approximate based on 

three methods. One is linear ground response analysis, where we will consider that based on 

the initial assumption, the response of the soil will be governed by one set of dynamics or 

properties. We do not check whether these are the properties which are actually mobilized in a 

particular soil; that is called a linear approach. We consider, initially assume some value of 

damping ratio, some value of shear modulus, and start solving the equation. 

When we say about solving the equation, that means solving the one-dimensional equation of 

motion. We take into account the damping ratio of the soil, take the damping ratio of the 

bedrock medium, take shear modulus of the soil, take the shear modulus of the bedrock 

medium, and using compatibility and displacement and strain compatibility, we will try to 

figure out what the potential solution is. So, whenever we say about the solution of the one-

dimensional wave equation, we have the general solution, but depending upon the soil property 

and the rock properties, we try to solve further this equation so that we will be able to correlate 

the motion at the top of a particular soil layer with respect to the motion which has been induced 

either at the bedrock level or any particular soil layer as you are moving from bedrock to the 

surface. Generally, whenever the motion is available from an earthquake at the bedrock level, 

we will consider and try to understand how the bottom-most layer, which is located just above 

the bedrock, is going to respond during a particular earthquake loading. 

So, we will take the input motion at the bedrock level, which has been transferred from the 

focus, and the soil properties which are available in the bottom-most layer, try to transfer the 

motion from the bottom-most layer to the top of that particular soil layer using compatibility 

equations and the solution of the one-dimensional wave equation which we discussed in lecture 

17. In lecture 18, we discussed that the soil layer, which we are interested in to find out how 

much it is going to modify the motion, was basically undamped. Undamped means that there 

is no damping or there is no resistance which has been offered by the damping. So, solely the 

soil response is governed by how much shear modulus the soil has; that will govern or control 



how the displacement values are going to change as the wave is propagating through the 

particular soil layer. Continuing with that particular example, we also discussed that the 

bedrock medium which we have considered corresponds to a rigid half space. That means all 

the incident energy which is actually propagated to the site of interest is actually mobilized 

towards the surface rather than any portion of that particular energy being contained in the rigid 

medium or the medium below it. So, the entire seismic energy which the wave was carrying at 

the interface between the bedrock and the surface is propagated towards the surface or towards 

the next layer. 

So, in today's case, that is lecture 19, as I mentioned, it is a continuation of the previous two 

lectures; that is why it is called part 3 of ground response analysis. Here, we will be discussing 

about how to find out a solution to one more field example. That means there is slight 

modification in terms of soil properties, keeping the rock properties the same. When you go 

for ground response analysis, we will be interested to know what the parameter is governing 

the response of the soil, and what is the parameter governing the response of the rock medium. 

We have the general equations which have been obtained as solutions of the one-dimensional 

wave equation. We will use those equations, we will modify those equations because when we 

were discussing the solution of the one-dimensional wave equation, we primarily focused on 

the idea that the soil is mobilizing the resistance only by means of shear modulus. But whenever 

we will be discussing soil which has both damping and shear modulus properties, there will be 

an additional component which we will take into account and accordingly, corresponding to 

that, we will try to find out what the solution of the one-dimensional wave equation is, apply 

the compatibility equation, and then try to find the amplification factor. So, let us discuss about 

it further. As I discussed in the previous case, that is in lecture 18, we discussed about 

undamped soil which is located above rigid bedrock. Then we brought one-dimensional wave 

equation into account, such that when we derive that particular equation, the shear stress is 

mobilized in the particular soil but only dependent on the shear modulus of the soil. So, if you 

take one-dimensional equation of motion into account, which we have used in the previous 

example or in Lecture 18, the displacement value or the shear stress value was only a function 

of internal properties of the soil, which was shear modulus. 

In today's case, we will be discussing about damped soil, which is a more practical example 

because, in actual site conditions, you will find soil is also offering resistance in terms of 

damping, which is directly a function of the rate of loading. If you are applying the loading at 

a very fast rate, the same soil may offer very high resistance. If you are applying loading at a 

very slow rate, the soil may offer very less resistance. So, that means that is dynamic soil 

properties, which is, though, offering resistance to external loading, but it is a function of the 

rate at which the external loading is applied. This we have already discussed in Lecture 17 and 

Lecture 18 when we were discussing about KV solids as well as undamped soil. So, here is an 

example: 

 



we are having a soil medium, which is damped soil, located above bedrock. So, this is rigid 

bedrock, and rigid bedrock means where the incident waves have actually reached from the 

focus. So, whenever we say we have recorded ground motion at the bedrock, this is the level 

at which ground motion is available. Bedrock motion—remember, this is not outcrop motion. 

So, outcrop motion, again, when this will be exposed onto the ground surface, you call it 

outcrop motion. So, this is the level where bedrock is available, and this is your damped soil. 

Whenever I am saying "damped soil," that means the resistance soil is offering is having two 

components: one is shear modulus, which is given over here also (G value), and the other one 

is damping ratio—how much damping the soil is having, which is actual damping to the critical 

damping. And the next part is the mass density of the medium, that is, rho. So, these are the 

three properties of a particular soil layer. In addition, H is the total thickness of the particular 

soil layer, which is actually contributing to modification in the bedrock properties incident at 

that particular level. 

So, I will be interested in this particular case. When the soil is undamped, we had solved this 

equation. In this particular case, the soil is damped. We are interested to find out when incident 

motion is there, how motion will be changing its properties, its frequency content, primarily 

because this is linear. So, we will be only taking into account the transfer function values—

how this is going to change the properties of the motion from bedrock to the top of that 

particular soil layer, having thickness capital H given over here. H at any moment is measured 

with respect to the top of the soil layer, measuring downward. U is the displacement values, 

which we are targeting to find out even at any particular intermediate level. So, you start at Z 

equals zero; that means you are talking about at the surface, providing there is no layer above 

this particular soil layer. Z equals H means you are talking about the soil-bedrock interface, 

and any value of Z between zero to H means you are talking about any intermediate layer 

located between the top of the soil layer and the bottom of that particular soil layer. 

You have the governing equation. Use that particular equation where you are able to correlate 

the value of U with respect to the inherent properties of the soil as well as the motion 

characteristics, the omega value, the circular frequency. So, this is the case, and the bedrock is 

also rigid. So, there is no elastic half-space. In other ways, we are not taking into account the 

damping characteristics of the medium, the bedrock medium. So, we will be only having the 

damping characteristics in the soil medium, no damping characteristics in the rock medium. 

So, another case, similarly, can be like you are having damped soil located above elastic half-

space. So, we started with undamped soil over a rigid half-space. That means the soil is offering 

resistance; the bedrock is not containing any seismic energy. It is simply transferring the energy 

to the above layers, and the soil is only offering resistance to shear modulus. There is no 

damping—that was case one. 

The second one is you move one step ahead in one time. So, the second one is the damped case. 

Now, the soil, in addition to damping ratio, in addition to shear modulus, is also having damping 

ratio. But the rock is still rigid; there is no elastic space. And then, next time, it can be damped 

soil and elastic half-space. Similarly, the approach will remain the same. The only thing is, 

what are the inherent properties of the soil or bedrock? Those components will keep on adding 

in the governing equation, and accordingly, you will try to find out how much is the transfer 

function. Using that transfer function, being a linear approach, we will try to use the transfer 

function, multiply that transfer function with respect to Fourier amplitude of the bedrock 



medium, try finding out the Fourier amplitude at the surface. Then, using that Fourier 

amplitude, we will transfer it to the time domain and try getting the acceleration time history. 

The only difference between this particular case and the previous case is the value of the 

transfer function. The functional form of the transfer function, in the previous case, was only 

the value of omega thickness and shear modulus or shear velocity of the medium. In this 

particular case, because the medium is also offering resistance from damping ratio, there will 

be some additional components representing the damping ratio in the medium. 

The one-dimensional wave equation we have already discussed: 

ρ ∂²u/∂t² = G ∂²u/∂z² 

 

We have already discussed initially we determine this particular equation in terms of angular 

displacement. Then, we also modified that particular equation with respect to the value of u. 

Now, this particular equation, if you see, the value of displacement with respect to time and 

with respect to space is solely dependent on the value of shear modulus. So, this is primarily 

the equation for undamped soil. When we talk about damped soil, we have already also 

discussed about KV solids. 

 

That means the total stress developed in the medium is a summation of stress, which is by the 

spring, which is giving you resistance linearly with respect to loading, and the other one is with 

respect to the dashpot system, which is directly proportional to the rate of loading. So, where 

the stress value is not only the component of G times gamma but is also a function of damping 

ratio multiplied by the rate of loading, ∂γ/∂t. So, again, with this particular part, we will 

continue. So, this is the basic equation based on which the shear stress will be induced. Now, 

this particular component will try to incorporate in equation number 9, and then we will get the 

solution of the one-dimensional equation of motion. First, we will get this one-dimensional 

equation of motion. So, initially, when we determined the one-dimensional equation of motion 

for undamped soil, this was the equation where the resistance is directly proportional to the 

shear modulus. Considering now about damped soil, which is also having resistance because 

of shear modulus, you are having two components. In such a case, this equation will slightly 

be modified, and this will be the revised equation of motion. 

 

This is a one-dimensional equation of motion for KV solids, where you can see the 

displacement value with respect to time is having some component with respect to space 

coming from shear modulus and some component of displacement coming from damping ratio. 

Now, this equation we will try to use and try solving the equations again. If you remember, the 

solution for the undamped case: A exponential iota theta plus B exponential, those components 

were there—that will come in the next slide. Similarly, to this particular part also, you will have 

the corresponding solution of the one-dimensional equation of motion. Just remember, this was 



the equation of motion for undamped soil; this is the equation of motion for damped soil. So, 

the solution—now you can see—initially, we had the solution. 

 

What we are interested to find out is how the displacement is changing within the space Z with 

respect to time t: A exponential iota omega t, where omega is the circular frequency of external 

loading condition, and then you have again the wave number. But there is one star over here 

because, initially, if you remember, in the case of undamped soil, the value of wave number 

was ωH/Vs. Omega is circular frequency because of external loading, and Z is the thickness, 

and Vs is the shear velocity. In this particular case, there is also some component which is 

coming from damping ratio. As a result of that additional component, the wave number has 

become k star. Similarly, in the second case, you are also having an additional component. So, 

if you can recollect, some component is propagating upward, and some component of wave is 

propagating downward. There, you are having the one-dimensional equation of motion, the 

solution of the one-dimensional equation of motion, which is given over here. So, in the 

undamped case, what we did was start solving this particular equation, considering that at the 

topmost layer, that means at the top of this, provided there are no layers further, that means this 

is a stress-free condition. So, you will take that stress-free condition, apply it to this particular 

solution, and try finding out how the displacement value at the top and the displacement value 

at the bottom of these particular layers are correlated with respect to each other, which was 

called the amplification factor or, in general, we have used the term transfer function. So, k star 

in the previous equation u Z comma t equals to a exponential omega t plus k star x plus b 

exponential iota omega t minus k star x or k star z where k star is complex wave number.  

 

Let's see what is the functional form of complex wave number you see over here we have used 

the wave number h was not there earlier omega over Vs was the complex wave number which 

was representing the wave number for undamped soil in this particular case the wave number 

is omega over Vs star. Omega is circular frequency because of external loading Vs star means 

there is some additional component which is coming in case of damped soil. Vs star is square 

root of G over rho G is the shear modulus and rho is the mass density of the medium but it is 

not G it is G star. G star is correlated with respect to G so this is shear modulus and you may 

call it as complex shear modulus or some component which is having shear modulus and some 

component of damping ratio also. 

 

So, G is shear modulus multiplied by one plus two times iota chi which is representing the 

damping ratio remember this is damping ratio of the medium. So now the basic equation the 

functional form of the equation remain the same but only thing the k becomes k star in order 

to bring damping ratio into account how it is bringing omega over Vs star Vs star is complex 

shear velocity which is correlated with respect to square root of G star over rho G is again 

complex shear modulus which is related to shear modulus times one plus two twice iota chi is 



damping ratio and so you are having you are incorporating the value of damping ratio by means 

of this complex form wherever iota is coming even we will see later on also that is representing 

additional component coming from just because of the medium is offering resistance from 

damping ratio or additional parameter which is offering resistance to external loading is 

damping ratio. 

 

Again so Vs star you can correlate simply represent replacing G star by means of G one plus 

twice iota chi the equation remain the same so if you are having the damping ratio of the 

medium if you are having the shear modulus of the medium you can find out how much is the 

complex shear velocity of the propagation medium remember if the medium is not offering 

resistance this value will become zero if it is not offering resistance due to damping the second 

component value will become zero and you will come back to its original form of undamped 

case that is G over rho considering the damping ratio value is generally very less so there will 

not be significant variation if you calculate shear modulus or shear velocity and complex shear 

modulus and complex shear velocity but still there will be a difference because of this particular 

damping ratio. Again depending upon whether significant difference will be there or not that 

will be controlled by how much shear strain is getting mobilized in a particular soil layer during 

a particular earthquake motion because these shear modulus as well as damping ratio these are 

dynamic properties of the soil so being dynamic that means depending upon how much shear 

strain is getting mobilized by means of external loading condition will define how much will 

be the shear modulus how much will be the damping ratio and collectively based on the 

combination of shear modulus and damping ratio will determine how much is the resistance 

soil is offering or is going to offer due to external loading condition. So when we will discuss 

further about this particular part we will also see how a particular soil layer is going to respond 

differently during different earthquakes that means if some earthquake is mobilizing very less 

value of shear strain in the soil the same soil may behave differently in comparison to another 

earthquake which is inducing different value of shear modulus or shear strain with respect to 

the previous earthquake certainly the local site effect will be significantly different even at the 

same site for that reason many a time you will see even there is an earthquake which has 

happened at distant location but because of these two properties collectively the resistance soil 

has offered is significantly different leading to many times amplification in the bedrock motion 

and subsequently this amplified ground motion will be subjected to buildings these will 

undergo failure ground if possible it will undergo leak affection even at larger distances. So 

that is primarily because of dynamic properties or the properties which are not constant for a 

particular soil layer but are dynamically changing depending upon what external loading 

condition what shear strain is being mobilized in the particular soil layer. 

 



Okay, considering the component which we have just discussed about Vs star so you can see 

over here Vs star is again G by rho 1 plus iota so this term will be there 2 will also be there 

which was given in the previous case. 

 

In this particular case we will discuss about omega over so k star becomes omega over Vs star 

omega over Vs (Vs is correlated with respect to Vs star as Vs 1 plus iota chi) and then 

subsequently you can find out the complex wave number equals to k which was the wave 

number for the case of undamped case multiplied by 1 minus iota chi so that is going to give 

you the complex wave number and this is the wave number corresponding to undamped case.  

 

The transfer function which was going to give you the ratio of displacement between the top 

of the soil layer and the bottom of this particular soil layer because we are considering the 

thickness of the soil layer as the entire thickness value equals to z or h then transfer function 

you can find out the value of q corresponding to z equals to 0 corresponding to z equals to h 

take those two ratio into account as discussed for undamped case we will get the transfer 

function remember for the case of undamped case the value of transfer function was 1 over 

cosine of k h that was the value of transfer function for the case of undamped case or undamped 

soil in case of damped soil you are having the value of complex wave number that is k star 

times h 1 over cosine of omega times h over vs multiplied by 1 plus iota chi so that is going to 

give you the complex wave number complex shear velocity and subsequently the transfer 

function value how it is going to be modified with respect to an undamped case so that is how 

the procedure remains the same but you are bringing into account the value of damping ratio 

at every step whether you are talking about complex shear velocity when you are talking about 

complex wave number when you are talking about complex shear modulus similarly when you 

are talking about transfer function if you can recall the solution which we have discussed in 

previous case we have taken the transfer function bring which was a function further of shear 

modulus or shear velocity alone multiplied the transfer function with respect to the Fourier 

amplitude of bedrock motion in this particular case. 

 

So, the transfer function value again if you see the terms inside you can find out cosine square 

of k h plus sine hyperbolic square chi k h that is the term you will get in the denominator from 

the term which is shown in the figure 18. So, this is your transfer function for the case of the 

damped case. Earlier, this was the component alone for the damped case, undamped case. Now, 

this additional component is coming because of damping present in the system. So, because of 

damping, you are getting an additional component as a function of the transfer function: 1 over 

square root of cosine square k times h plus sine hyperbolic square chi k h. That is the value of 

the transfer function or the functional form of the transfer function you are getting for the case 

of damped soil located over rigid half-space. Remember, we are still on rigid half-space. Now, 



this is the transfer function value. If you see, it is a function of the thickness, it is a function of 

the wave number, which is further a function of shear modulus or shear velocity, and the 

damping ratio. So, if I am interested to find out the value of transfer function variation, there 

are three components based on which the transfer function is varying. One is the value of 

omega; that is, how much frequency content is available for the soil to respond. Secondly, how 

much is the shear modulus or shear velocity of a particular soil medium? Thirdly, how much is 

the damping ratio of a particular soil medium? So, these three parameters are going to control 

now f omega value. If I am interested to see the behavior of each of these components, we can 

subsequently change the variation of each of these parameters and see, as shown in the next 

slide. 

 

So, remember, k is having two components. One is coming from the real part; that is, omega 

over vs, and the other one is coming from the imaginary part; that is, this part was there, which 

is given over here as k2 or omega chi over vs. So, where k star is a complex wave number with 

the real part represented by k1, the functional form of k1 is given over here, and the imaginary 

part is given by k2, which is given over here: minus k times chi. 

 

Remember, if sine hyperbolic y sine hyperbolic square y will be equal to y if the value of y is 

very small, keeping that into account and remembering the functional form of the transfer 

function which we have just discussed, the value of transfer function can be approximated as 

1 over square root of cosine square k h plus chi k h square. We can compare this with respect 

to the equation which was given in this particular case. So, this was the equation which is given 

over here. So, this is the equation which is given over here. This was initially sine hyperbolic 

square of this particular term, which, as per this approximation, will be equal to chi k h square. 

Now, here we can see it is directly a function of the damping ratio, shear wave velocity, and 

the operating frequency of the motion, which will come into picture in omega form. So, when 

we go for the solution, we will be interested to find out now. Again, we can relook into the 

equation simply by turning the functional form of wave number over here as omega over vs in 

both the terms. 

 

Now, here we can see the value of transfer function or the mode of transfer function. When we 

will go for finding out the mode, that will make sure that once you are going to the surface, 

getting the Fourier spectra, you are getting real parts. So, you see over here, you are having the 



value of omega, which is a representation of how many frequency contents are available in 

your external loading condition, what is the shear modulus, or what is the shear velocity, or 

how much resistance because of shear modulus of a particular medium is available, and the last 

one is damping ratio, which is directly the function of the rate of loading, how much it is 

available. These three components are going to confirm how much is the value of transfer 

function, or depending upon this value of transfer function, how the motion from the base of 

the particular soil layer will be transferred to the top of that particular soil layer, keeping only 

the soil layer is damped; there is no damping coming from the bedrock medium. So, the 

modulus value, the mode of transfer function, that gives you the amplification factor. Using 

that value of the amplification factor multiplied with respect to Fourier amplitude spectra of 

the base of the soil column or the base of the soil layer will give you how much is the Fourier 

amplitude at the top of that particular soil layer. So, the modulus is the amplification factor. So, 

again, you see if you take the mode of this particular part f omega, you will get the value of the 

amplification factor, which is directly going to give you how much amplification is going to 

happen between the base of the particular soil layer and the top of that particular soil layer at 

each frequency content. Because you will be multiplying the transfer function at each 

frequency content or corresponding to each frequency content what is the Fourier amplitude? 

Multiply with respect to the mode of transfer function or the modulus of the transfer function.  

 

Now, here we can see the amplification factor or the modulus of transfer function is a function 

of two parameters added over here. Similarly, if you change the value of shear wave velocity, 

again, subsequently, we can see the effect with respect to the frequency content. So, you can 

see over here, this is the frequency content of the motion. So, you bring any frequency content 

into account corresponding to omega value. You put in the equation, which was shown in the 

previous slide, shear modulus or shear velocity we are considering the same because it is 

already user-defined. Then you can see as you are starting from lower frequency content, it is 

reaching a peak value. You can keep on changing the frequency content for keeping one value 

of damping ratio. So, lower is the value of damping ratio, the system will respond more, or 

there will be large fluctuation in the response of the system, which is given and indicated by 

the plot over here. As you increase the damping ratio, initially it was for 5%, then you see 10%, 

there is significant reduction in the response of the soil layer or reduction in the amplification 

factor. Further increase to 15%, you can see the amplification factor is further reduced, and this 

significant change in the amplification factor is happening at lower frequency content because 



generally, this is the range in which the natural period of the soil column will also exist. That 

is why if you replace this with respect to the undamped case, you will find out the responses at 

separated by pi by 2; you will find the responses are separated, and then subsequently you are 

observing resonance condition. Because this is a damped case, there is actually no infinite 

amplification factor, but depending upon the value of damping ratio, the amplification factor 

will have a very small value, as shown for 15% to very high value of close to 13 for a damping 

ratio of 5%. Again, if you move from low to high frequency content, there is not significant 

change in the amplification factor, whatever is the value of damping ratio. So, depending upon 

the peak first peak you are getting, you can find out that is directly an indication of 

approximately the natural period of the soil column also exists close to the peak. Sometimes, 

you can also have subsequently second peak, third peaks are also like that; that is an indication 

of second or third natural frequency of particular multiple layer system. 

So, now, based on this particular graph, we are able to find out how much is the amplification 

factor, which is a representation of how much change in the displacement between the bottom 

and the top of a particular soil layer for a damped soil located over a rigid half-space. The 

frequency content that corresponds to local maxima, as we discussed, is an indication of the 

natural frequency of the soil. Subsequently, you can have second, third peaks as indications of 

second and third natural frequencies, omega 1, omega 2, omega 3 values for a multiple layer 

system. In addition, we have also seen the response or the effect of damping ratio is more 

prominent for lower frequency content, primarily because the natural period of the soil column 

will also be in that particular range, 1, 2, 3, up to 5 Hertz. That is the range in which, if we refer 

to site classification, that is generally the range in which you can find out for different site 

classes the natural period of the soil column exists. So, the same thing we can see over here 

also, and as you move to higher frequency content, whether the damping ratio is 5%, 15%, or 

20%, you will not see significant change in the amplification factor values. And this 

observation, that is, no significant change at higher frequency contents, significant change with 

respect to damping ratio at lower frequency content, that will finally determine how much 

amplification or de-amplification will happen at lower frequency content. When we are going 

for this particular linear analysis. 

 

Now omega value corresponding to the first peak, you can find out the value of omega. If you 

consider the local maximum into account and differentiate the transfer function, you can 

correlate the value of omega equals to pi over pi by 2 VS over H, which can be also written as 

2 pi over TS, where TS is the natural period of the soil column. 

 

And that's how you can also find out the natural period of the soil column is 4 H over VS, or if 

you are interested to find out the natural frequency of the soil column, FS, you can also write 

it as Vs over 4H. That means if a soil column is given to you, having shear velocity of VS and 

the thickness of the soil layer is capital H, using this particular equation, you can find out how 

much is the natural period of this particular soil column. Taking what is generally the stiffness 



of the soil medium, starting from very loose to stiff to very hard soil, you will be able to find 

out that the natural frequency of this particular soil column in general will be ranging from 1, 

3, 5 Hertz. That's the general trend in which the natural frequency of the soil columns will exist. 

This is the result where the amplification factor at low frequency content was reaching 

significantly high value in comparison to high frequency content. 

 

Okay, let's see an example so that it will be clear. This was a site having shear velocity of 340 

meters per second and considering it is damped soil, so you are having a damping ratio of 5%. 

It is asked to find out the acceleration time history at the top of that particular soil layer, which 

is having shear velocity of 340 meters per second and damping ratio of 5%. Now, it will not be 

undamped case because damping value is already given over here, so I am just striking it out. 

The value of damping ratio is given as already 5%. So, what will be our approach? 

 

Remember this equation, similar to lecture number 18, is also solved corresponding to input 

motion from the 1985 Chile earthquake. The PGA value of, or the peak ground acceleration 

value of this particular earthquake, was 0.12 g. So, if you take the earthquake record 

corresponding to the recording station, which has been considered over here, and plot it such 

that time value is there on the x-axis and acceleration values are on the y-axis, corresponding 

to the peak value of this particular plot is 0.12 g. That's how you can interpret the graph. So, 

any ground motion you can use because we are interested to find out the motion. So, we have 

to be very specific in the beginning itself. Okay, let's see, I am interested to determine the 

motion because of the response of a particular motion, and when I am taking the motion, I am 

considering the earthquake, or in this particular case, the 1985 Chile earthquake having PGA 

value of 0.12 G. Because this is going to give you how much is the frequency content, what is 

the frequency content at the recording station where this particular earthquake was recorded, 

which will be treated as bedrock motion for this particular example. So, to perform, we 

generally start because we will be discussing in terms of Fourier spectra, so we will be using 

Fast Fourier Transformation in Excel. You can go to the data analysis tool pack and then 

activate Fast Fourier Transformation in your Excel. Similarly, in other tools, also you can 

utilize, and you can solve this particular example. As we mentioned, the Fourier amplitude, the 



Fourier analysis is restricted to a maximum of 4096 points, so one has to ensure that 4096 

points in acceleration time history should be there to do the Fourier analysis. 

 

So, firstly, we will be determining the bedrock motion, which is already given to us in terms of 

Fourier spectra or Fourier series. So, the generation of Fourier series of bedrock motion or 

Fourier analysis of bedrock motion of the 1985 Chile earthquake, such that whatever motion 

record is there in time domain will convert to frequency content. Again, if you remember, last 

time also we discussed, depending upon the frequency at which the record is available, that 

will also determine how much is the highest frequency which is available in your record, so 

that we have discussed already. So, we have to take into account how much is the range of 

frequency content which is available in your existing record, which has to be used while 

converting this from time domain to frequency domain. So, results corresponding to 10 initial 

points are already given in figure 3.2. This conversion from acceleration time history to Fourier 

amplitude spectra is similar to whatever has been discussed in lecture 18, so I will skip some 

of the parts. 

 

You can see over here, the record is available at 200 Hertz or 0.005 seconds interval. One record 

of acceleration has been sensed by the sensor, which is available for the 1985 Chile earthquake 

mentioned over here. That means maximum up to 200 Hertz, and correspondingly Nyquist 

frequency, you can find out that is going to give you how much the highest frequency content 

available in your record that is given as 100 Hertz over here. So, this is again acceleration time 

history, and then when you are converting it to Fourier spectra where you have to give what is 

the range of frequency content, one can find out, which you can determine based on the rate at 

which the data was recorded during a particular earthquake. You can find out the Fourier 

amplitude on the left-hand side of the box, which appears when you go for Fourier analysis. 



You have to basically tell what is the input motion range and what is the frequency content 

range, and then it will convert to Fourier analysis. 

 

So, the generation of frequency content has been discussed earlier also. The highest frequency 

content you can find out corresponding to 1 over 0.005 Hertz, 0.005, that is going to give 200 

Hertz. The minimum frequency content you can find out based on the time interval taken and 

4096 maximum or upper limit of the points, and that's how you can find out more number of 

points, and then the highest frequency content we have already discussed that will be like the 

entire frequency range is corresponding to 200 Hertz. That means initial 100 Hertz, there will 

be some frequency content, and then after 100 Hertz, 100 to 200 will be similar to whatever 

has been observed from 0 to 100. So, it will be like 0 to 100, and then 100 to 0 in that particular 

order. The cycle or the amplitude of your Fourier amplitude of the series will be repeated 

because it will be conjugate complex function. 

 



So, this is already discussed, and that's how you can find out the Fourier amplitude. You can 

see over here also the Fourier amplitude corresponding to different times, and then you can see 

it has started corresponding to 4096. So, this one you see up till 100 Hertz, you are getting 

different values, and after 100 Hertz, the values are getting started repeating. Okay, so the same 

exercise will be repeated to find out the Fourier amplitude content of the input motion. 

 

Then, calculation of the transfer function, we knew that is the transfer function which we have 

discussed, cosine of omega H over Vs, 1 plus iota chi, that was the transfer function which was 

given. Then, you will take the modulus of that. Then, in the bottom, you will have cosine square 

of some terms and then sine hyperbolic square terms, which was given in the previous slide, 

referring to that particular part. Remember omega is the frequency content of the input motion, 

which we have just discussed in the previous slide, which we have also obtained based on 

Fourier series analysis. So, 2 pi times frequency content, that is the total length, H is the 

thickness of the soil strata, which is given as 4 meters, shear velocity, which is given as 340 

meters per second, damping ratio is given as 5 percent or 0.05. The total number of points to 

be considered for transfer function will also be equal to how many number of points are 

available in your Fourier series because when you transfer this bedrock motion to the surface, 

there will be a product of transfer function and Fourier amplitude. So, if you are having 4096 

points corresponding or corresponding up to 100 Hertz, then the same value of transfer function 

also will be calculated over here. The amplification factor is the absolute value of the transfer 

function, that we have already discussed. 

 

So, calculate the denominator, whatever has been given in the previous slide, that cosine omega 

H over Vs, 1 plus iota chi, that we have to firstly find out. This is a functional form of transfer 

function, so we'll try finding out the complex part using IMCOS of complex, and then you give 

whatever is the input motion. So, H value, Vs value are constant, and omega value based on 

the frequency content, you can find out the omega value and use these terms along with the 

function Excel function IMCOS. Then, within bracket complex, and using this function, you 

can find out how much is the value of the denominator, which is given over here, which is the 

transfer function value. Remember, this is not amplification factor; this is a transfer function 

value. It's the value of the denominator. So D is basically indicating whatever is given in the 



denominator in this particular equation. So, this part is actually D. Once you determine the 

value of D, you can find out how much is the value of. So above equation comprises all the 

calculation of cosine of complex terminology using IMCOS. IMCOS is going to give you 

cosine of complex terms which are inside the cosine bracket, which is given in that particular 

equation. 

 

Now, the transfer function is 1 over D, so you have to actually find out inverse, but because 

this is a complex function, so again, you can use IMDIV. What is in the numerator, what is in 

the denominator, that you can find out using this particular functional form. So, F omega will 

be equals to IMDIV within bracket 1, comma D. So D is whatever system is in there in the 

denominator, which has been calculated already using IMCOS complex. So, this D is whatever 

has been calculated using this particular equation. When that part is calculated, you can find 

out F omega value. Remember, F omega is the transfer function, and we have to find out the 

amplitude of the transfer function; that will be the amplification factor. 

 

So firstly, let's see the value of D, which is given over here. Corresponding to value of F, 

corresponding to this value of F, you can find out omega value as well is known to us, Vas well 

is known to us, then we can find out how much is the transfer function. Damping value is also 

known to us, so you can use those functional form and the function call IMCOS. That is going 

to give you the value of D. IMDIV of 1, comma D will give you the transfer function amplitude 

of the transfer function. You have to find out using the absolute value of the transfer function 

and then multiply with respect to the Fourier amplitude. So right now, we are only considering 

the transfer function. Multiply with the Fourier amplitude. Fourier amplitude we have already 

calculated in earlier slide by using input motion and transferring it from time domain to 

frequency content. So, this also in frequency domain. The transfer function is also we are 

estimating with respect to the frequency content. So, both the things, Fourier amplitude as well 

as transfer function, both are in frequency domain. That has to be ensured that equal number 

of points you estimate for Fourier amplitude as well as for the transfer function. 

 



Then Fourier amplitude at the ground surface will be a product of Fourier amplitude at the base 

multiplied by the transfer function. You will get the Fourier amplitude at the surface, which is 

given over here. So, you can use any function which is giving you the complex product of 

transfer function and the Fourier amplitude spectra. That you can use using IMPRODUCT, 

because every time there is a complex function because of damping ratio involved in your input 

parameter. So, you have to use some inbuilt function which are there in Excel, because I have 

solved this particular example using Excel. So, in case you do not have any other tool, you can 

at least use Excel and try solving this equation by yourself. So, IMPRODUCT is going to give 

you the product of Fourier amplitude, which is only having real part, and the transfer function, 

which has real as well as imaginary part. The product of these two, you can find out using 

IMPRODUCT. So, this we have already discussed. The 100 to 200 will be a repetition of 0 to 

100 hertz. 

 

Okay, this thing we have already discussed. So, after 100 hertz to 200 hertz, you have to just 

use IM conjugate, and then it will give you the value of whatever was there from 0 to 100 will 

be from 101 to 200 in reverse order. So, you can see over here D value, transfer function, and 

the product using IMPRODUCT, you are getting the value of FA times of Fourier amplitude 

times transfer function. That is going to be the value of this product. If you remember the 

solution, this product is going to give you the Fourier amplitude at the surface, but still, it is 

having complex part also. 



 

So, we have to see now acceleration time history So, whatever you are having real and 

imaginary part, we have to remove the imaginary part and keeping real part into account. We 

will try to find out acceleration time history. So again, for that, you go to data Fourier analysis 

and provide input that is Fourier amplitude at the surface. Fourier amplitude at the ground 

surface is equal to Fourier amplitude at bedrock multiplied by the transfer function. And then 

you do the inverse, choose inverse, which is already there in the Fourier analysis box. Just 

check on that and then press OK. That is going to give you how much is your now. You see 

over here also Fourier amplitude time transfer function; it is going to give you the Fourier 

amplitude at the surface. Do inverse fast Fourier transformation by checking the inverse 

checkbox. You will get again these values in from frequency content to time domain. Again, 

you are having imaginary part as well as real part, so you have to actually remove the imaginary 

part, and rest of the part you will get. It is acceleration time history. So IFFT of Fourier series 

will give you acceleration time history. This is for Fourier spectra at ground surface. It is going 

to give you the Fourier amplitude at the ground surface, and then you inverse fast Fourier 

transformation, you will get acceleration time history at the surface. 

 

Now, remember acceleration time history, which I just showed you, it is having real as well as 

imaginary part. So, you have to use IMABSOLUTE. It will only give you the real part of FA 



times transfer function, which has been converted from Fourier series to time domain. So, you 

can have bedrock motion, then you can have Fourier amplitude of bedrock motion, or Fourier 

spectra of bedrock motion. Then you can have amplification factor, which is the magnitude of 

transfer function. Then amplification factor multiplied by Fourier amplitude will give you 

Fourier spectra at the surface. Then do the inverse Fourier transformation. You will get 

acceleration time history at the ground surface. So, the procedure will remain the same. Only 

thing, the governing equation of motion, primarily two differences are there with respect to 

undamped cases. Firstly, the governing equation of motion rho times dou square u over dou t 

square equals to G times dou square u over dou z square has additional component because of 

damping. Subsequently, when you go for the solution, you will have, rather than K, you will 

have K star, which is complex wave number, which is having some component of damping into 

it. Using that solution, you try to find out transfer function. Then bedrock motion transferred 

to frequency domain. Multiply with respect to transfer function. Get the Fourier series at the 

top. Inverse fast Fourier transformation, you will get acceleration time history at the surface. 

So, this approach will remain the same. Only thing, if you go for elastic half space, there will 

be component of damping from the rock also, which so far has not come into picture. So, these 

are the typical outputs which you can get from the. 

 

So, this is bedrock motion. 

 



Corresponding to bedrock motion this is a Fourier spectra. 

 

Then transfer function magnitude or amplification factor values with respect to different 

frequency content. 

 

Then this is Fourier amplitude at the ground surface. 

 



Conversion of Fourier amplitude to acceleration time history. So, this completes the objective. 

The objective was to find out if bedrock motion is given, acceleration time is yet bedrock is 

given, how much will the acceleration time is at the top of 4-meter soil layer thickness having 

shear velocity of 340 meters per second and damping ratio of 5%. Then here is the answer. 

So, thank you, everyone, and practice this particular numerical by yourself. That's why 

everything has been solved in Excel. So, if you are able to manage Excel, you can solve this 

yourself and learn how this particular example of linear ground response analysis one can 

attempt to solve. Thank you, everyone. 


