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Module-02
Lecture-06
Simply Supported Plate Subjected to Concentrated Load and Couple

Hello everyone, today I am starting lecture 2 of module 2. So, taking reference of the earlier
classes, that is the last class that I discussed especially the rectangular plate simply supported
along all edges, formulation was done. That is a general formulation for any type of load was
given. And then for a particular 2 cases that we have seen, one is uniformly distributed load
about the entire area of the plate and second one is a batch load that is uniform load, but it is

distributed over a certain rectangular area which is less than the plate area.

So, in 2 cases, we have seen the formulations, we derive the equation of deflection surface, and
from there, we could arrive at the expression for bending moment, shear force, edge shear,
etcetera. Then we also discuss the corner reactions specially it happens for simply supported
plates when the corners are not restrained, it has a tendency to lift up the corners, and these
happen due to twisting moments along the two adjacent edges, which introduces as an upward

reaction at the corners.

So, that case we have discussed and the expression for corner reaction is also derived based on
the simple mechanics. And then, we discussed one numerical problem to find out this deflection.
Now I want to proceed; the partially distributed load formula is known to you; from that, [ want
to proceed to find out the deflection surface due to concentrated load. So, let us see what we will
cover in this lecture.
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Outlines of Lectures

= Use of the expression of deflected surface of partially
loaded rectangular plate Simply supported along all
edges for deriving the expression of deflection of the
plate subject to concentrated load and concentrated
moment

* |ntroduction of Dirac delta function and its use to solve
the plate problem for concentrated loading

* Line load on rectangular plate

*  Numerical Examples

We shall use the expression of deflected surface of a partially loaded rectangular plate. Simply
supported along all edges, that formulation which was ready to us will be used for deriving the
expression of deflection of the plate, rectangular plate, simply supported along all edges
subjected to concentrated load and concentrated couple. So, concentrated load is very common in
bridge actually when a bridge deck which can be modelled as a plate vehicle wheels which are

moving on the bridge.

And as a result of this vehicle movement, the wheel loads are transferred on the bridge deck as a
concentrated load. So, concentrated load formulation we want to show today and code has given
actually if you refer the reinforced concrete design code, then you will find that effective (())
(03:49) method is given for concentrated load. But here, we will derive the exact expression with

the help of plate theory.

So, this is our first objective in the lecture. Secondly, we will discuss a special method by using
the direct delta function. Dirac delta function is a special mathematical function or operator you
can call, which simplifies the calculated effort significantly. So, that function how it can be used
for discrete load this concentrated load? That will be discussed in today's class. Then line load,

this is a strip type of loading acting on the plate.



The practical examples are seen in the case of a brick wall constructed over a slab. So, brick wall
along the length or along the breadth of the slab will impose a load which can be considered as
distributed in a line distributed like a strip loading. So, that loading imposed due to brick wall

construction or any other manner on the plate can pose some difficulty.

Because of the distributed load, actually, it is not a distributed load but distributed along only one
direction. So, we shall see how the line load or strip loading can be tackled or handled using our
known expression or theory. Then we shall solve some numerical problems. So, let us see
recapitulate the earlier expression that we have derived.
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Simply Supported plate under partially covered load

The plate is acted upon by uniformly distributed
load partially covered on the plate.
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We have shown you earlier that a plate, a rectangular plate of length a and width b subjected to a

batch loading of the rectangular area, uniform intensity and the load covers the area a cross p.
So, a is the length of the load, and B is the width of the load. So, a is parallel to the longer
direction of the plate, and f is parallel to the shorter direction of the plate. Now here other two

parameters are important to locate the centre of gravity of the load.

The centroid of the load here is coordinate of the centre of the load is €, B with respect to the

origin taken at the top left-hand corner. So, with respect to this point, we have the x-coordinate as



¢ and y coordinate as 1, so these are the parameters that we know. So, it is not necessary that the

load will be symmetrical alloys; it may be eccentric also. Then you will find that Ei%

Ife = %, then the centre of the load is exactly at the centre, and you will get this symmetrical

load distribution. If € is — and 7 is —, but this may not happen always. So, the load may be

eccentric over the bridge deck; specification is there, say wheel load must have a certain
clearance from the edge of the footpath. So, if this minimum clearance is maintained, then you
will find that load is not always symmetrical with respect to the x and y-axis of the plate or not

symmetrical in the plate.

So, due to unsymmetrical distribution again, you will find the twisting moment is very becomes
predominant. But with this formulation that we derived today, you can handle symmetrical as
well as unsymmetrical distribution of the load without any difficulty. So, for that loading case,
we found the deflected surface of the rectangular plate.
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Therefore, deflection surface for partially distributed
load
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And the deflected surface, the general formulation requires the Navier series. In Navier series is

given by double summation A sm is is actually the Navier series. So, in the



Navier series, Amn is given by 16 P and some function of €, n, a, B, what are these parameters?

Let us see € and n, these are the coordinates of the centre of the load and a and B is the length

and width of the loaded area.

So, these are the parameters which give a function f, which is dependent on &, 1, a, B, then P is
the total load acting on the plate. So, if the density of the load or intensity of the load is uniform,

say q,, then P will be g OaB, so that is P total load. Then these other parameters m and n are the

harmonic numbers, or actually, these are integers. So, the half-wave number you can tell if m =

1, you will get one half-wave along the x-direction.

If m = 2, you will get two half-waves along the x-direction; if m = 3, you will get three
half-waves in the x-direction. Similarly, if n = 1, you will get one half-wave in the y-direction; if
n = 2, you will get two half-waves in the y-direction and so on. And these are the parameters

involved in Amn, coefficient of deflected curve. Now q._ actually is found from these Amn is

actually dependent on q in original formulation if you see.

. 4 Pab . . mT . . nmw . . mmna . . nm
But g for that case is found as ——sin sin T sin sin 22 sin sin 22 sin sin 25
mn O“apmn a b 2a 2b

You can easily observe that £ and n are the coordinates of the centroid of the load, and a and 3

are the length and width of the load. So, knowing this quantity q_,wecan find Amn, and once
Amnis found, we can find the deflection. But question arises whatis f (§, n, a, B)?
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The expression for deflection is now

vicy) = Z Z 16 sin™ sin "% f (¢, n, @, B)
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Now let us see the expression for deflection again I have written here, substituting mn in this

place, and we get this is the expression for deflection w(x, y), where f function of §, n, a, B is

. cooomE . only . mll
nothing but sin sin mTE sin sin n—brl- sin sin ";aa sin sin Eﬁ— So, these are the functions of

this f( &, n, a, B) which is found from this expression. Now, let us see how we can obtain the case
of concentrated load? How we can formulate the expression of w(x, y) for concentrated load
starting from this expression?

(Refer Slide Time: 11:37)
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So, the expression that we have earlier derived, from that will start the influence of concentrated
load acting on the rectangular plate simply supported, SS means simply supported in short along
all edges. So, that is our boundary condition. So, if I see the plate, we have this as the x-axis and
this is y-axis, and this can be taken as the origin. Now we have a patch loading of uniform

intensity; the area of the patch loading is a X f.

And centre of gravity of this patch loading is here, the x-coordinate is €, and y coordinate is 1.

So, these are the parameter involves, and intensity of the loading is q, Such that q,o B will give

you the total load P. Now, with the help of this expression, we have derived earlier the expression

of  deflected surface.  The  expression of  deflected surface was  that

oo oo
wl,y)= Y Amnsin m:x sin%
m=1n=1
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So, these are original expressions for deflected surface, where A
the ¢ mn, q mn is here actually, the patch loading is there, patch loading is q, which is of

(04

constant intensity. And then, if we integrate between the limit § — =

and & + % in x-direction

andn — £ Jower limit and n-— £ upper limit of this function sin-———sin—=.
2 2 a b

We get an expression which will be now using. We will be using to find the deflected surface for

concentrated load. So, this expression is given by this
4 Pab . . mm§ . . nmq . . mma . . nmf ..
————sinsin — sinsin —— sinsin —— sinsin —;=, so this is our q_. So, once the

[T afmn

q_ is known, then Amn is known, and after knowing Amn we can find completely the deflected

surface.

Now to find the effect of concentrated load, we shall assume that the area a X [ is very small.

So, that is possible when the limit in the limit a and  goes to 0, then the total load quB is



concentrated at a point. This point is defined as the centroid of the load. So, this indicates that we

have to take the limit of this function only q_ is of concern because if we know q .4 carries

the variable, which is actually the location of the load and the extent of the load.

So, if I take the limit of q  asa and B tend to 0, then we will be able to find the appropriate
value of q.. and hence Amn that have to be substituted in the expression for w to get the

deflected surface of the plate. So, now let us see how we can find the limit.
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So, in the limiting case, when a and 3 tends to 0, then load is a point load, load is P which acts at
coordinate. Previously we had the distributed load; now instead of distributed load we have the
concentrated load acting here, for example. So, P is acting here, and this location of P is defined
by the coordinates & and n. That means if you see a section and this is simply supported slab, of

course.

If I see this section, then you will find, let me see, the section of the plate along the load; you will
find the load is acting here P if this section is shown along the longer direction. If this section is
shown in the shorter direction, then you will find this length is a; if this section is shown in the

shorter direction, you will find, this is 1, and the length of the plate in the shorter direction is b.



So, we have the expression for q

mn
4 Pab . , . omm . , . nm . , . omna . , . nm ..
q == sin sin 22 sin sin 22 sin sin Z2% sin sin 222 . Now take the limit of q
mn il O(an a b 2a 2b mn

as o and B goes to 0. So, if we take the limit, we know that very important formulation in our

differential calculus.

This sine say ax limit of say ax as x tends to 0 = 1, so that formulation is known to us. Based on

that limit, now let us take the limit of this function you will get that. « and B goes to 0, that

means if | take Hl: Pﬁab then limit a goes to 0, then I write sin sin
apmn

mio . .
g o I the denominator

2

mma
2a

again, I will write . That means I have to multiply this function by , so that [ will show

mmno
2a
you later; let me write the limiting value.

So, again limit B tends to 0; we will get this sin sin 218 and here 22

T TR So, that limit we have

written and then sin sin anE sin sin "_er . So, we have actually divided this function by ";za 3

nnf

and here b

. So, to keep the equality of this expression, we have to multiply this function by

mmno TI.T(E
a and T

So, you can see now, from this a, b will get cancelled here, then 2, 2 is 4, that 4 will be also

cancelled, o B will be cancelled here, m, n will also be cancelled, and m, T, T[Z will also be

cancelled. And these value is actually 1, these value is also 1, so ultimately we get the limit of

q, . asa BB goes to 0 is nothing but P, P is there and sin sin anz sin sin % , so that is the limit

of this function q.. Once the limit is found, then we can find the Amn, SO expression Amn is now

found out with the help of this limiting value.
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So, Amn will now turns out to be , D is the flexural rigidity of the plate. So,

2 2 2

Dabn4(lz+"—z)
a b

this is the value of Amn; once you know the Amn then deflection surface is completely known.
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So, deflection surface is now, for a concentrated load situated at a distance of § from x-axis and 1

from the y-axis, we have the expression for concentrated load. So, let us see what are the



expressions for concentrated load? So, deflection now becomes w x, y and limit we have found

m‘rt§

a

4Psinsin sinsin - . . mx . . nmy
Sin sin T sin sin T

out earlier. So, 4P we can substitute and

o m® | 2
Dabm (7'}‘?)
So, we have derived the expression for deflection surface of the plate rectangular plate simply
supported along all edges subjected to a concentrated load. The location of the concentrated load
is governed by or defined by 2 variables € and n. So, in a plate, actually, there may be a number

of concentrated loads. For example, a bridge deck, a deck panel of a bridge subjected to vehicle

loading; there are maybe two axles in general.

So, 2 axles on the both sides, right and left, you will get this wheel, so wheel loads are imposed.
And you can see if this is, say P, in the same axial; of course, the load is same. Then P,, P,, so if
this is the direction of motion, you will see that the load imposed on the plate is concentrated
load and it is a moving load. So, concentrated load formulation is very important specially for

bridge deck analysis when the wheel loads are treated as a concentrated load.

The expression for w is found out and based on which we can find out the expression for M,, -D,
an expression for M,. So, this is the deflected surface of plate subjected to concentrated load, P
at. From that expression, we can arrive that M,, M, and if required, other values can also be
found out. Then Q,, the shear force Q, will be -D and Q,, -D. So, all the stress resultants are

found out after finding the deflection.

Deflection is the basic quantity from where we can differentiate, and we can find the quantities
of interest, the bending moment even the twisting moment also you can find. Twisting moment =
— D(1 — v) cross derivative that is the twist curvature will come into picture.
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U 4 Dirac Db fonchin
,} +oc
{ I [#6) Se-0e
F'a "'ﬁ&)
S0+
#jip(g,y i

S@—ﬂ):u# 1£4
4(yy) = 50-)3GV = A6y

iy 2+ 2ty
[ 469560300 ety
LA = 402l

Now, let us introduce a very interesting method to tackle the problem of concentrated load that is
by use of Dirac-delta function. Now in many situations, the forcing function, whether it is a plate
problem or even any other problem, may not be continuous. For certain point it is significant or
certain location it is significant; for other locations or other places, there is no importance of that

load. So, that happens in many physical problems.

So, in that situation, suppose a real axis is taken which extends from minus infinity to plus
infinity and on the axis at certain point sudden impulse is there. So, this impulse is defined only
at this point, say x = a, if this is x-axis and this is y-axis. But at all other points except a there is
no value of or there is no function does not exist. So, that means this type of function impulse

can be defined by a Dirac delta function which has the significant here x - a is 0 for x#a.

But x = a, it still remains undefined, and the magnitude is very high. But restricting this
limitation, we will now use this direct delta function to represent the concentrated load on the
plate. So, equivalent distributed load in the plate subjected to the concentrated load we can write
as, suppose the load is acting at the coordinate here x-coordinate is &, and y-coordinate is 1. So,

the q x is now expressed here like that.



The direct delta function has very important property, use of which the calculations are
simplified. So, the properties of Dirac-delta function that is used to simplify the calculation is
this. So, direct delta function defined at point x = a and multiplied with a function say f, any
function, and it is integrated in the real line between 2 limits minus infinity, minus infinity any

limit, then the integral will be just the value of the function evaluated at this point x = a.

So, in case of concentrated load acting on the plate, if I write like that, say any function which is
a function of x, y in two-dimensional problems, integration is carried out along the x-axis and
along the y-axis in infinite domain. Then we get say a Dirac delta function is situated here, so

double integration will result just the value of the function evaluated at this coordinate § and 0.

So, if a function, say a function is defined f(x, y) is equal to say X+ xy + yz, say a function is
defined. Now, if I want to integrate this function with the direct delta function, say x - 1 and y +
1, for example. In limit say limit you can take any limit, say -10 to +10, finite limit or infinite
limit and here say again -10 to +10. Just to explain this use of Dirac-delta function, what will be

the integral?

Integral will be the value of the function evaluated at the point where the direct delta function is

significant. So, here it will be evaluated as x is replaced by 1 and y is replaced by -1. So, if the

function is given with this function, a function is defined as X+ xy + yz. The value of the
integral will be 1 + 1X( — 1) + 1, so the answer is 1. So, now you have understood the
use of Dirac-delta function.
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So, if I use this in the evaluation of q._. in the plate problem, so q._ is defined as,

q(x,y) sin sin % sin sin %L dxdy. Now if a concentrated load x at a coordinate

)

Il
o~ Q
o =

mn

¢ and 1, then we will write P double integration 0 to a, 0 to b. Then it is acting at coordinate x = &
and y =, then sin sin === sin sin 3 dxdy.

So, the q._ is now for the plate problem is very simple now, it will become P into the function is

given by sin sin % sin sin ﬂ;L , and it is evaluated at x = § and y = n. So, integral become

sin sin Tngsm sin %ﬂ . So, this is same what we obtained earlier in the limiting process. Now

mng . . W
Esmsm il

4Psinsin
a b

once the q._ is obtained, obtain Amn, Amn is given by this as

2

4 m? 2
Dabn (Lﬁ%)
a b

After  getting Amn , we obtain the deflection function as  w(x, y),

wix,y)= Y X Amnsin m;x sinﬂgl, and you put this index for summation. So, this is the
m=1n=1

procedure for handling the concentrated load in the plate. Now let us see what happens in case of
line load. So, if a line load is acting in the plate instead of your concentrated load, then also it is

possible to obtain this q._.
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For example, we have the plate line or strip loading. Suppose a rectangular plate which is simply
supported along all edges. And for example, we have this loading a brick wall is constructed, or
any other load which imposes a strip loading, whose intensity is say q per unit length and this

line load is imposed at x-coordinate is , and it is running full along the y-coordinate.

So, in such cases, the load q(x, y) is defined as q, then Dirac delta function, §(x - §), where the
q represents the intensity along the line. So, this is the load representing a strip loading on the

plate. So, with the help of this representation, now we can obtain q . as this

m;y dx dy. Now replace this g(x, y) by q, q is a constant, so we can take it out.

. MTX .
sstm

mmnx . nmy
sin
a b

Then we have this value sin dx dy multiplied by Dirac delta function, §(x - §).

Now integration with respect to x will result a value say quinm—;Tg-, then the integration with

respect to y remains. Because of the property of Dirac delta function, we have found this integral
with respect to x, very easily by replacing x by &. This integral can be carried out, and finally,

mrit
a

q . can be obtained as quin—g-, and this is -b by npi cosn piy by b — %COS cos ﬂ;L ,

then you put the limit O to b.



So, after simplifying these, you can get completely q_ and then you proceed to find Amn and
then deflected surface Amn. Now let us discuss what happens if a concentrated couple is acting

instead of a concentrated load.
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So, let us now discuss the case of concentrated couple. Say rectangular plate is shown here, this
x-axis and this is y-axis a concentrated couple see M is acting here. The location of the couple is
also defined by the coordinate & and n. So, at this point, the couple is acting, and the length of the
plate is a and the width of the plate is b. Now to handle such problem, what do we do actually?

The couple is acting along the x-direction, so what do we do?

Actually, we replace, suppose I am doing a section of the plate where a couple is acting, we
replace this couple by two equal, and opposite forces say P acting at a distance A€, such that
PAY = M. Now what is done? The external moment is replaced by 2, equivalent opposite
forces acting d € apart, as shown here. Now, if we decrease d¢ to a very small value, say if we

decrease d¢ to a very small value while maintaining the original value of the M, PAE.



We must proportionately increase P; this procedure is identical with replacing P by dﬁg' So, P can

be replaced by dﬂ%. Now here at this point, you are getting a downward load P, and at this point,

you are getting an upward load P. So, at the point € or at the location £ downward load is P at the
location § + A€ the load is upward, and its value is P. Now we know for the concentrated load P,

the expression for deflection which is given by this earlier expression that was

mit . . n
5 sinsin SLUN
a b

4Psinsin nmy

b

. Then a function of x and y which is nothing but sin sin %sin sin

4f m* | P 2
Dabm (T‘l‘?)
a

So, in one case, in downward loading case will replace P by l% and the location of this § will

replace it as a § and n remain as it is. But when we come to the neighboring load at a distance of
d€, d€ apart from & or location define by € then, we replace § by € + delta § and 1 remains as it is.

Because it is acting along the x-direction, so it is defined as this.

Now, if I see this is the function of say whole function if I see, so P is replaced by% and then

we can write this deflected surface as you’re the Aii f(x, y, § n) for downward load and for

upward load a function f(x, y, § + Ag, 1). And the summation process is there; of course, the
summation process you cannot ignore this. Then in the limit, when d§ turns to 0, we get the

effect of couple.

So, in that case, it is written as M, and if I see the limit of this as AE turns to 0, so what is this?
From the definition of derivative, we can write this is the derivative of the f(x, y, &, n).
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So, that means for concentrated load and concentrated moment, the expressions that are derived

for concentrated moment is due to limiting process of the expression derived earlier for
concentrated load. So, now w(x, y) can be written as M %gi' So, for concentrated load, this is the

expression for the deflection, where M is the couple that is acting at a certain location &, and n

and x y are the functions of the location where we want the deflection.

And total function, so f(x, y, § 1) has to be differentiated with respect to € with respect to
location. That means first you differentiate with respect to x and then put the value of €. So, that
is the process of finding this problem of or solving the problem of concentrated load. That means

the next function form we can write w(x, y) is 4 M substituting the earlier expression we will get.

And because of differentiation of your sin sin mT“E , you will find the cos function will be

. Then you are differentiating with respect to & because the moment

. mmé
appearing, so COs €cos v

is acting along the x-axis. So, sinsin n_qu will remain unaffected and other function with

variable x and y will appear as it is. So, due to differentiation of this function, earlier it was

. . nt o, .
sin sin TE , so it is changed to cos.



And the coefficient that is coming out of the differentiation is divided or multiplied with the
coefficient existing with this expression. Then other important parameter that is wave number
square that was also be existing in this. So, this is the full expression for the deflected surface of
the plate subjected to a concentrated moment at location § and n. Now let us give an example of
this.

(Refer Slide Time: 49:10)
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So, here a square plate of size 1.5 meter by 1.5 meter, simply supported along all edges and
carries a concentrated load at the centre. The magnitude of the load is given, and the maximum
bending stairs not to be exceeded 230 MPa, this condition was given. So, we have to find the

shear force distribution, the edge shear distribution as well as this plate thickness.

So, first, you calculate D, the flexural rigidity of the plate, substituting the value of the quantity if
it is a steel plate, then E is 2><1O5 and h remains in millimeter h3. Then 12(1 — VZ), vis 0.3; we

have taken 4 steel, this value is 18315><h3, the unit is Newton millimeter, so D is found. Now,

w(X, y), because it is a concentrated load problem, so it takes only one term, m =1 and n=1.

. . . . . . . TC .
So, there is no need for summation, so we write it because it is acting at the centre, so % there is

2 , SO sin sin 7 is 1. Again along the y-direction, you are getting also sin sin 7 So, because



sinsin -
of the centre location you are getting all sine function as —- because we have taken only

1 1
7+7
( ad b

one terms. Now since it is placed at the centre, so M, = M, and after substituting these of course

nmy
b

. . . . . . mmnx . .
here the sine function will be there, location sin sin ——sin sin

So, M, = M,, and you will get these values as Lz(l + V) sin sin ——sin sin == . Again, at the
p- a b
centre, xandy = % , SO you are getting the maximum bending moment is %(1 + v). So,

hence stress that is produced due to bending moment is maximum at the centre, and it is given by
6 M max divided by a square. Now given condition is that delta max should not exceed 230
MPa. So, based on that, you can find out the thickness h; the thickness h here comes out to be
22.7 millimeter. For this problem and given that thickness comes out to be this.
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Now, if we want to calculate this shear force distribution, that is the edge shear. The expression
for edge shear along x = a because it is symmetrical it will be same equal to -D. After

substituting the value of derivative, you will finally get the result as edge shear value as

85.894 sin sin —T[b% ; this unit will be Newton per mm. So, if I see the distribution along 1 as

this edge, I have taken as x = a.



So, distribution is sinusoidal; you will get the edge shear distribution like that. This is the
distribution of edge shear along x = a. But since it is symmetrical, you will get similar
distribution along the other edges. So, the problem is solved because we know the deflected
function of the plate due to concentrated load. Using these deflected functions and taking
derivative up to third derivatives, we can then obtain the edge shear along any edges you can find

out. So, thank you very much.



