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Lecture - 35
General Bending Theory of Cylindrical Shell

Hello everyone. Today I am delivering the second lecture of the module 12. You have seen in my
earlier classes, I first introduced the membrane theory of cylindrical shell and then in the last
class that is first lecture of module 12, I introduced the bending moment in the shell. But a
simplified approach was adopted to carry out the analysis. In this lecture, I will try to show you
that bending moment in the shell due to deformation in the shell wall subjected to the action of

radial load can be found out.

And this can be taken into design or many important structures specially, for the circular
cylindrical water tank then cylindrical pressure vessels, cylindrical pipes, circular pipe which are
very common in applications in many engineering field will be analysed or solved using the
theory that I will discuss today. So, today's topic will be theory of cylindrical shell including the
bending moment due to radial deformation.

(Refer Slide Time: 01:55)

In plane forces (Membrane Actions) Bending and Twisting moments



As we have seen that in general a shell element has force resultants and also the moment. So,

among the forces resultants the membrane forces or in plane forces are these along the

longtitudal direction it is N, along the circumferential or tangential direction that we call is ~ ¢

. . N_ N . .
and then your this membrane sharing force ~ ** ' ?* and vertical shear force. Vertical shear

force it is not in plain force out of plane force.

So, vertical shear force Q. along the edges perpendicular to the x axis and adjacent edges it will

+

. . N N, .
be Oy . On the opposite edges, the increments are noted here. So, = ¢ means, = ¢ is change here

due to some increment of this membrane force at this edge. So, one thing may be noted that these

forces are things are all in per unit width or length of the shell. If I go to the moment actions in

this shell, then I can find that M, is one moment that is along the x axis.

M+ oM, dx

And on the opposite forces of obviously there will be incremental quantity toox this

+

length is dx. Then on the circumferential direction thatis = ¢ and ~ ¢ and the twisting moment

M, M . .
¥ . “7er are also present. So, in general the shell element contains so, many stress resultants

including the imprint forces, vertical shear forces and the bending moment as well as twisting

moment.

Now, different simplifications have been done one of the cases that you have learned in my
earlier lecture is the simplified beam theory which takes into account of your beam action and
arch action in the shell. And acceptable results are obtained also using the beam theory and it is
also still popular in many designs offices.
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A circular cylindrical shell loaded symmetrically with respect to its axis

There are many occasions where we find a circular cylindrical shell

loaded symmetrically with respect to its axis such

* (Cylindrical boiler subject to internal steam pressure

* Stresses in cylindrical containers having a vertical axis and submitted
to internal pressure "

+ Stresses in circular pipe

O Due to deflection of the shell along the radial direction, bending
moment is produced in the shell wall in addition to membrane
stress (hoop stress).

Now, we shall analyse the cylindrical shell subjected to a loading which is in the radial direction.
Other loads will be neglected and shells will be symmetrically loaded with respect to its axis. So,
that type of situation may arise in cylindrical boiler shell subjected to internal steam pressure.
Then cylindrical containers having vertical axis and subjected to internal pressure that is very
common in our design of liquid retaining structures and then stresses in circular pipe carrying

fluid.

These are also various applications of the theory of cylindrical shell subjected to Radial route.
Now, due to deflection of the shell along the radial direction bending moment is produced in the
shell wall in addition to membrane stress. So, as a result of radial deformation due to application
of the internal pressure or external pressure whatever may be the case the bending moment is

produced and memory stresses are also present.

Now, we will analyse the action of the shell with respect to bending moment and this membrane
stresses. But simplification will also be done here using certain assumptions which are also
realistic. And then these some of the force resultant will have insignificant effect. So, we will
drop this in our differential equation. Actually, in earlier classes when we use the strength of

material approach, there was no necessity of solving a differential equation.



Now, here we will solve the differential equations of equilibrium of the shell subjected to radial
load.
(Refer Slide Time: 06:38)

Ground surface

—

Underground water tank subjected to hydrostatic pressune

So, a common application you can see here a tank whose cross section is circular. So, it falls
under this category and subjected to radial load and this load may be uniform or in case of say
hydrostatic pressure that is it is a linearly varying load maximum at the bottom and also since it
is underground trend when the art pressure is also have to be taken into account in such cases.

And if such underground trends are analysed including the seismic forces.

Then hydrodynamic force that is induced in case of this tank filled with liquid or water that can
also be taken into account.
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Due to symmetry of the problem, shearing
forces Nwzﬂwzﬂ

N, is constant along the circumference
M=M,=0

Bending Moment M, is constant along the
circumference.

Assume that the external forces consist
only of a pressure normal to the surface(i,e
X=Y=0), the three equations of equilibrium
(along x direction, along vertical direction
and moment along one edge) are derived.

So, let us go to the theory now, we take a shell element, length is dx an angle subtended by the

Rdo

element at the centre is de . So, that this arc length is , if the radius is a here, I will

symbolize the radius with a. So, 4% 49 is the arc length into dx will be area of the shell surface.

Now, due to symmetry of the problem because the; loading is symmetrical with respect to excess

of the shell.

Now, in this case the element is taken here, which is a part of cylinder and the axis is horizontal.
For example, here x is horizontal. So, loading is symmetrical about the axis. So, therefore,
shearing forces will not come into picture. So, therefore, will omit N x phi = N phi x and also the
deformations that are produced in this shell are small and the distance of the shell element from

the middle surface is very, very small compared to the radius of curvature.

N N M .. M M
So, therefore, "~ = "~'?*=0 as well as ~ #* the twisting moment ~~ * =" So, that two

things are possible only because, this z that is the distance measured from the middle surface of

the shell is very, very small compared to the radius of the curvature. So, z by art tends to 0. So, in

N M, _M

that case only we get this identity that is Nip = Nox =0 and ?* . But due to symmetry



we will take Nip = Mo _ 0 as well as M.y and M. will be twisting moment will also be

vanished.

Now, bending moment ~ ¢ is assumed to be constant along this arc length so, the "~ ¢ is

constant here and M, will vary along the axis. Now assume that external forces consist only of

pressure normal to the surface. Now, here the load whatever load may be will decompose or will
resolve into three components, one is along the x direction that is capital X, we call this load as it

capital X component of the load as capital X.

Then along the tangential direction that component will call that call as capital Y and in the
radial direction radial direction is your z direction. So, component of the load along z direction is
termed as capital Z. Now, the pressure is normal to the surface. So, we have no component has
capital X and capital Y. So, capital X and capital Y are 0 and only the load component that exists

along the radial direction is capital Z.

So, that will take into account in formulating the problem. So, this figure shows the stress
resultants at the edges and load is capital Z on the element.

(Refer Slide Time: 11:22)



Force and moment equilibrium

Equilibrium of force in x direction

aN
—= adxdp =0
dx
Equilibrium of forces in vertical
direction
\ Bl
% adxdg+ N ddp + Zadvedg =0 ‘%
(ke
ilibri M
SRS 2= 57— 0 adtvdp =0
along x axis dx ‘

Now, let us derive the equilibrium equation. So, forces and moment equilibrium are considered

here. So, equilibrium of the force in the x direction. See this picture figure that is one end this

ON,
: N L N, . No+—*dx
longitude forces “ '~ at the other N with increment and “ " will appear Ox . And there

is no shearing force member and sharing force as I have told because of symmetry symmetrical
cases.
So, therefore, if I take the equilibrium of the forces that is if I take the summation of forces in the

x direction and then equal to 0 to maintain the equilibrium of the forces in the x direction, then I

dN
*adxdp =0 dd N
will get this X , where 94X%® is the area of the shell. This "'~ in this direction you
N N_+ N, dx
are finding it "'~ in the opposite direction Oox . But remember these forces all the

forces quantity or moment quantities that are shown here are expressed as per unit length.

So, therefore, if I establish the equilibrium, I have to find the total forces acting along the edges.

N_xadg

So is the force here along this because this length is ade. Similarly, in this edge the



X

N, de xad

N_+
force along the x direction is [ . So, summing these force components along

dN
~adxdp =0
the x direction, we ultimately arrived at this equation dx .

So, this is one equilibrium equation. Second equilibrium equation will obtain considering the

summation of forces in the vertical direction and equating the sum to 0. So, let us see what are

the forces in the vertical directions? So, vertical directions you are finding the forces that O, is

20
Qx +—"dx N
here and Ox is here and component of ~ ¢ along the vertical direction will also be

there. Suppose N, is acting tangential to this direction.

Then N, can be resolved into radial direction actually it is not vertical this word should be

actually radial. Because, we are considering the equilibrium in the radial reaction and component
of the load capital Z is in the radial direction. So, there is actually the vertical force equilibrium

means, it should imply the equilibrium of the forces in radial direction. Now, if I see the

equilibrium of the forces in the radial direction, then Q.adp is the force here apart.

And in that edge curved edge, whose length is again ad@ total force in the radial direction will

(QX +8&de>< adg
be ox

load on this element will be Z, Z is the pressure intensity of pressure in the area of the surface.

. Then component of N, have to be taken here and the total load, radial

Area of the surface, I told you that the art length is 999 and dx is the length. So, 9999 is the

total area of the surface.



%adxd(p + N, dxdp + Zadxdp =0

X

So, Zadxd® i the total load on the surface and it is added to the other component of the forces
in the radial direction. So, this is one equilibrium equation where we relate the shearing force and
this membrane force one membrane force and in N, another membrane forces appearing here
and the membrane shearing forces 0 in that case and the radial looked. So, simplification can be

done after dividing both sides by adxd@ pecayse adxde you are seeing the common everyone.

N /
¢
Here of course, it is not there, but you can divide it. So, @ will come anyway. So, let us see

the moment equilibrium equation along the x axis. So, M, will be balanced by M, so, there is
it is identically satisfied the moment equilibrium in the tangential direction. In the longer general
direction if I take the moment equilibrium then I can find that M, is the bending moment at the
said M.xado

is the bending moment along this edge.

M,+8M"dx

On the opposite edges the bending moment will be toox again ade So, this is the

moment. Now moment of the vertical forces that are vertical forces to equal and opposite forces

are shown here and this increment can be neglected. So, they will form a couple of obviously

they will form a couple and this couple is given us Q,adxdg . So, considering the equilibrium of

dM

the moment along the x direction, we now get this equation dx

*adxdp —Q adxdp =0



So, three equations of equilibrium we have obtained. Other equations of equilibrium are not

coming into picture because some of the forces are vanished and some are identically satisfied.

For example, here Ny Ny so, it is identically satisfied.

(Refer Slide Time: 18:00)

Vertical force equilibrium and moment equations can be rearranged as

@ . 1y .z
& a '’
dM

-0 =0
dx ¢

k
These two equations contain three unknown quantities Ny, Q, and M, To solve the
problem we must therefore, consider the displacements in the middle surface of
the shell.

From symmetry, displacement v in circumferantial direction vanishes.

Only the components v and w in x (longitudinal) and z (radial) directions
respectively are of significant.

So, particle force equilibrium and momentum equation equilibrium now can be rearranged.
Another interesting thing here you can see that first equation. If I simplify this equation

X=0
dx

dv, _,

because, if I divide both sides by adxd¢ , then only one quantity will be present. So, X is

the only quantity. So, it indicates that derivative of N, with respect to x is 0 that means, N, is

constant along the edges.

So, that thing will interpret later. First let us see, interpret the vertical force equilibrium actually

it is radial force equilibrium and moment equilibrium. So, for that two equations if you see, this

&+1N¢=—Z

second equation if I divide both sides by adxd¢ , then I will get dx a . So, that



equation relates the membrane force in the tangential direction, there is the hoop force very

important force in the design of cylindrical shell and O, is the shearing force.

So, we have related shearing force with the membrane force via the load that is acting. Then

second equation if you see, this third equation again, if you divide it divide both sides by adxd
M M

. =0, - “-0,=0 N

you will get dx . So, that is arrived here dx . So, two equations that is

containing the vertical equilibrium moment equilibrium are written here. Now from symmetry of

the problem, the displacement v in circumferential direction vanishes.

Now, one thing you can note here there are two equations of equilibrium, but unknown quantities

M

are three Q. N, and " *. So, two equations three unknown so, it imposes difficulty. So,

therefore, we have to bring the displacement relationship to solve the problem completely. Now,
from symmetry displacement v in the circumferential direction can be ignored. Only the
component you in the longitudinal direction x and w in the radial direction that is in the z

direction.

Z direction I call it radial direction not a vertical direction. So, w in the radial direction are of
significant. So, u and w are only the displacement that can be considered to establish the strange
tense relationship.

(Refer Slide Time: 21:04)



The expression for the strain components are

, la-whg-adp _ w
g adg a

Now, let us see the expression strain components. In the longitudinal direction the strain Ex s

du

£, =—
given by ~  4@X . Then circumferential string that is the tangential string that is obtained in this
way that I am giving the explanation suppose, due to action of radial load that is the shell is

compressed and therefore, original circumference length circumferential length to us adg

Now, due to compression that is the deformation w in the radial direction the change radius is

(a a W) So, (a —w) dg is the change circumference circumferential length. So, difference of

this length divided by original circumferential length ad il give you the circumferential

. _(a-w)dp—-ade _w
v ado a

strain. So, this is obtained as

So, that two strains are now will be utilized to obtain the membrane stress relations in this
problem.
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The first equilibrium equation (sum of the forces in x direction=0) gives

This indicates N, is constant and we take this equal to zero in our further
discussion. %

If they are different from zero, the deformation and stress
corresponding to such constant forces can be easily calculated and
superposed on stresses and deformations produced by lateral load.

The first equation of equilibrium that I have told you that it is a single term equation and after

dv, _,

dividing this term with adxdp e ultimately get X . So, this indicates that N, is constant

and we take this constant equal to 0 in our further discussion. Now, if they are different from 0
the deformation and stress corresponding to such constant forces can be easily calculated and

superimposed on the stresses and deformation that are produced by lateral load.

So, that is also possible. Now, we take for our calculation that N, is constant and we take this

constant equal to 0 in our further derivation. So, we are concerned only with one membrane
. . M
forces Ny . So, our mainly stress resultant are the Ny then bending moment M, , ¢ and shear

force 0, .
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Apply Hooke's law

_ de  w
Since N, =0, weget —=v—
v a

L du
Substituting — =uw/a
d

N =£’,{£,+ 1?5|]=i[-£+r@
a v

= -

N
a

So, apply Hooke’s law, if N, is the membrane force in plane forces along the x direction, we can

write this 1=V , Eh is the thickness of the shell divided and V is the Poisson

. o € . .
ratio. Now substituting the value of €x and “¢ . We can now see that this expression becomes

N, = Eh2 (@—vﬁjzo
1—v° \dx u

du w
_:U

( du wj
_ —_——y—
Now, since it is 0, we now get dx a . So, that is one relation we get it. Here dx 18

w

the circumferential strain that we have obtained here. We obtain here @ 1is that circumferential

du  w

strain epsilon phi. Substituting @x @ in the expression of N‘P. Now Ny can be written

similarly, N



sz: Eh (_E+vﬂj @
dx

2
So, this is equal to I=v'\ a . Now, you can easily verify it that 49X is nothing

w
L—

but 2 where V is the Poisson ratio. So, if I substitute this here then and after simplification,

N :_Ehw

we will get No is nothing but ’ a . So, this is very important relationship and which

can determine the hoop stresses in this cylindrical shell.

Hoop stress is very important element in the design means, you have to find out by whatever
method you consider the hoop stress whether it is compressive or tensile due to nature of the
forces and then based on that the thickness of the shell or if it is a reinforced concrete shell hoop
reinforcement can be calculated. Now, one thing you can note here the w is the radial
deformation that are not determined till now. So, we will now go for determining w.

(Refer Slide Time: 26:44)

From symmetry, we conclude that there is no change in curvature in the
circumferential direction. The curvature in the x direction is equal to

i

]
dx

X

Using the same equation as for plate, we obtain

L ®
Ml :—D? D= Eh!

X 12(1-v%)
M, =0M,

From symmetry we conclude that there is no change in curvature in the circumferential direction.

So, curvature in the x direction is taken edge  * is the curvature in the x direction it is nothing



but . So, this is the curvature and it is constant along the circumferential direction.

But it is varies along the x direction. So, using the same equation as for plate now, if you

remember the plate equation the bending moment in the x direction was given by - D x

(Curvature in the x direction) + U x(Curvature in y direction).

Now, since curvature in y direction is not taken into account. So, bending moment “  is nothing

d’w ER’

2
but dx’ , where D is the flexural rigidity of the shell 12(1=v7) Now, we can note

here the flexural rigidity of the shell and plate has the same expression. All those shells are

carved element but there is no change in expression of the flexural rigidity.

And " ? can be obtained similarly, because in that case this curvature in the y direction cannot

vxM

be taken. So, ultimately M, will be ¥, So, that two bending moment expression we

obtain.

(Refer Slide Time: 28:24)

Utilize following equations with moment-curvature relationship

i dO I - : !
L O PP
dx dc a dr”

ddM ) 1

—|—=|+=N,=-Z

n&[ aﬁc)*a =~ _mE
N‘--_w

d 1 [”d l:l ]+.-'.|ff‘11 -7
-’ i’

a




M,

Now go to the shear force expressions. Shear force was given by ( dx jand we found this

equation from the equilibrium of the forces in the radial direction. So, that equation was

0. 1y -z - v,
dx a ”’ . Where Z is the radial route. Now, substitute todx So, this equation we
M
i(d Xj+lN(p:_Z N(p:—EhW
rewrite here like that 9%\ @¥ a . Substitute a  that we have obtained

earlier.

So, here it is substituted and after simplification that is M x is also substituted here you see M,

is brought here No is brought here. So, ultimately the equation of equilibrium now is obtained

2 2
d2 Ddzv +Eh2W=Z
dx dx

a

relating the deflection w with the radial load. So, we are getting the

Now D we have written inside the bracket in a general sense because D may be also a function of
x and y. So, therefore, but if D is constant, we can take it outside.

(Refer Slide Time: 30:00)

If the shell is of uniform thickness, then flexural rigidity D is constant

d'w Ehw
D—+—=2Z
d' @

The equation can be rearranged

i1
d'w & - : T
— +4ﬁ"w= = Inwhich A ‘=k—_:&= kﬁ# “3“;;: }
dx D da'D i i _ h
12(1-0°)




And we can write the differential equation as for constant D as

d*w  Ehw B

D +
dx* a’

Z

So, this is the governing differential equations of equilibrium of the cylindrical shell subjected to

radial load. This equation can be rearranged suppose if I divide both sides by D then I will get

4
d’'w
4

z
+4Bw="—
dx Frw D

ER’ 3(1-07)

2 4 — 5
And substituting D as 12(-v7) B given as a’h’  The P is very important parameter
for this shell deformation and it is responsible for the stresses that are generated in this shell.
Because P is governed by you can see is the material properties also there and shell geometry is

also involved here.

So, it is obvious now that we have to formulate a method or device or approach for solving the
radial deformation w. Once the radial deformation w is found, then we can easily find the hoop
stresses and after taking secondary derivative we can take bending moment and third derivative
also will induce the shear force like that. So, first let us go to find this radial deformation w.
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Solution of the shell equation for bending

d'w Al
R
re b

The general solution will be superposition of homogeneous solution with
particular integral

A

For general solution, let us substitute 1§ = @
A +4p =0

(A +28°) =(24B) =0

(£ +2AB+25° WA =248 +28°) =0

Solution of this differential equation has to be obtained. Now, this differential equation is a
non-homogeneous ordinary differential equation of fourth order having constant coefticient. So,

it will contain the general solution will contain the homogeneous solution and particular integral,

. Ax
because it is a linear equation. So, take W = € for finding the homogeneous solution first.

w:elx l4+4[))4:()

So, after substituting in this equation, we get , we take homogeneous

case, this right hand side is treated as O to find the homogeneous solution. And we substituted

Ax
this into €  this is the conventional method of finding the homogeneous solution of the linear

4 4
differential equation. Then we arrive at this characteristic equation A"+4p =0

We have to find the full roots of the 4 then we can write down the homogeneous solution. Now,

2 22 2
this equation can be simplified or rearranged in this (A+2p7)" —(248) _O. Again, this

equation can be written as the product of two expressions that is

(A2 +2AB +2B2)(A* =248 +2B%) =0



So, it is actually written as product of two expressions inside the bracket that you are seeing.

2 2
Now, to find out the roots lambda it is obvious that either (A" +2Ap +2p ):Oor

(A*=22B+2B")=0
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Hence the roots of the characteristic equations are
Ry = Bif: B-iBi -B+iB -p-iB  j=+l=]
Hence, the homogeneous solution can be written as

Wy = Ale(ﬂ*iﬂ'}#_t_ 4 2e(ﬂ'fﬂ1~! + 4 sgi-ﬂ'fﬂ}x + A‘é-ﬂ-!ﬂ‘lx

where A, A,, A, and A, are the constants of integration. The above equation can
be rearranged as follows

w, = e (C; cos e+, sin ) + ¢ ™(C, cos fir+ C, sin ff)

b
Hence, the general solution is

w=¢"(C, cos e+ C, sin )+ e (C, cos e + C, sin fiv)+ f(x)

So, if we take these two equations, then we can get after solving the quadratic equation we get 4

/11’/129/13,14

roots of A  which is denoted here as and it is values are

B+iB; B=iB; —B+iB; —B=iB pereiis the imaginary unit and it is given i=v-1 . You

can see this equation the solution of the characteristic equation is yielding the complex roots, but

these are appearing as complex conjugate.

Now, homogeneous solution now can be written as

Ale(ﬁ+iﬁ)x+Aze(l3—iﬁ)x+A3e(—ﬁ+il3)x+A4e(—ﬁ—il3)x

So, we have written the homogeneous solution A,, A,, A;, A, are constants of integration. Now,

(B+ip)x Bx

.. . . . Bx i iBx
it is obvious that € any term you take it can be written as € *€ Now, € can be

decomposed by the Mobius theorem in trigonometry as 08 BX i8I BX g4 jike all the terms



. B -Bx . ) .
can be written where ¢ or ¢ will come as a factor. So, therefore, this equation can be

w, =e”"(C, cos Bx+C, sin fx)+e 7 (C; cos Bx+ C, sin fBx)

rearranged in this form . So, this is

the homogeneous solution and depending on the nature of the load, we can now write in general

the particular solution as J (x) . So, complete solution of the fourth order shell equation

simplified one will be this.

w=e"(C cos Bx+C,sin Bx)+e ™ (C, cos fx+C, sin Bx)+ f(x)
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w=e(C, cos fie+C,sin fix) + (€, cos fe + €, sin fe) + f(x)

Use the following identity

C,. G, C;, C, are constants
of integration, f(x) is the
particular solution

e = %{cush fic+sinh fir)
¢ = l (cosh & —sinh /)

We get another form of the expression of the shell radial deformation

w =] sin fiesinh fie+C, sin fiecosh /i +C cos fivsinh fiv+ (', cos fAecosh fiv+ f(v)

One thing you can observe that B that we have given it is a positive quantity, B s always a
positive quantity. So, that you should not and it is unities also as is dimension will be length to

the power - 1, so, that you should note. Then interestingly, you can see that since B s positive.

This w can be increased with in case of x or w deflection can decrease with the increase of x. So,

these two things we can note here. Now, this equation can also be written in another form. Using

e’ = l(cosh Bx +sinh Bx)
this trigonometrical identity as 2



e P = %(cosh Bx—sinh fx)

_ . Bx . . . . -Bx . .
So, utilizing these two here instead of € if I substitute this and instead of ¢ = if I substitute

this quantity and renaming the constants as C, , C,, C;, C, etc. We can now express the equation

in another form

w=C, sin Bxsinh Bx+ C, sin Bxcosh Bx + C, cos fxsinh Bx + C, cos fxcosh Bx+ f(x)

Where, J (%) s the particular solution.
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Shell deformation due to pressure acting normal to the surface

1) w=e(C cos fe+C,sin fAr)+e ™ (C, cos e + C, sin fe)+ f(x)
The above form (1) is useful when the length of the shell is very large

!E] l w= ' sin fiesinh fic+C, sin ficcosh fiv + C, cosfesimh fie+C, cosfrcosh e+ f(x)

This form (2) is useful when the shell is of finite length.

So, two forms of equation we have found but these are identical. So, sometimes you will find
that for some problems the first form that is given in exponential with exponential term is useful.
And some kind of problem you will find that second form is useful. From our experience and
solution of different problems that are found in the textbook. It is seen that the number one form

that is written here is useful when the length of the shell is large, very large.

And second form is useful when the shell is having a finite length and these boundaries are
completely defined boundary conditions are defined. And the advantage of symmetrical terms

and into symmetrical terms can also be invoked depending on the loading pattern. If the loading



is symmetrical for example, throughout the cell and if we take the origin at the centre of the
cylinder or shell, then we can see that the anti symmetrical term should not come into the

deflection equation.

So, in this equation you can see so, many the terms are either symmetrical or anti symmetrical.

sin Bxsinh Bx sin Bx

You can see here is a symmetrical term because is anti-symmetrical and

sinh X i5 also anti symmetrical. So, product of two anti symmetrical term is symmetrical.

Similarly, you can see this is another term that is symmetrical and symmetrical also symmetrical

term these two terms are anti symmetrical.

So, depending on the nature of the loading and other support condition you can take the
advantage of the symmetrical or anti symmetrical term to reduce the computational time that is
number of constants of integration will be reduced.
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Shell with no distributed pressure Z=0

w=e"(C, cos fir+C, sin fr) +¢™(C, cos B+, sin &]H}[)

=0
Forces applied at x=0 cause local bending which dies out rapidly as x
increases from the loaded ends. Insuch case,

W= e-ﬂt ((1t oS ,{i\ + ('4 sin ﬂ\:l The factor [} produces decay
: of amplitude of wave

Now, let us see a shell which is long and which has no distributed pressure means, if this shell is
subjected to internal pressure through this length that is another problem another kind of

problem. But that problem where there is no distributed pressure and only the shell is acted upon



by a load uniformly distributed along the circumference symmetrically only at certain point.

Then, we can use the equation one the form one.

So, this form is exponential form

w=e"(C, cos Bx+C, sin fx)+e 7 (C; cos Bx+C, sin fx)+ f(x)

now seen Z is 0 ! ( ) we particulars solution we take in 0. So, equation is this. So, deformation

is this, due to pressure acting at the point only. So, there is no distributed pressure. So, if the

force is applied at x = 0, so, say it is a long cylindrical shell at this if this is the origin.

And if a force is applied distributed along the circumference then no other force or pressure is
existing along the length of the infinite shell. So, then you can see that due to application of the
load at certain point deflection and slope or curvature will gradually vanish. And therefore, if we
consider this term then this will be against the physical meaning of this problem. So, if we take
this term then the deflection etcetera and bending moment deflexion slope curvature or other

quantities will increase with x.

So, that is not possible realistic. So, therefore, we drop this constant the C, and C, and for these
_ ,Bx .
type of cases we get w=e " (C,cos Bx+C,sin fx)

Here you can see that it acts like a deformation is seemed like a damped wave extending in both

directions from the point of application of the load. The effect of B acts like a damping factor.

The factor B produces decay of amplitude of the wave. Actually, the deflated curve will be in

the form of wave because cos and sin term are appearing.
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Shell of finite length acted upon by radial pressure
w=, sin fesinh i+ C., sin fircosh v+ cos fesinh fie + C, cos freosh fie + f(x)

If origin is taken at the middle of the cylinder, only even functions in
homogeneous solutions of above equation should be taken, for which
C,=C,=0. In that case, general solution becomes

k

w=C, sin fivsinh A+ C, cos fircosh fiv + f(x)

When this shell of finite length is acted upon by radial pressure, we take this expression and

when the origin is taken at the centre of the cylinder then only even terms can be taken and we

are obviously write " = C, sin Bxsinh Bx + C, cos fxcosh Bx+ f(x)
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Ex. A long circular pipe is subjected to the
bending moment M, and Shear force Q,, both
uniformly distributed uniformly at x=0. Derive éu
the expression for the transverse deflection w W

and hence stress resultants. '

We take the following eq.
e o !
w=e""(C, cos i+, sin fix) T.‘

L
Two constants C, and C, are determined %
from the conditions at x=0.

d’w
&

From above two conditions, Solve two simultaneous linear equations to find C; and C,

d'w
MJ' |r- ] =l |J| ] = M" Q’ el = -DF L--n :Qﬂ

First let us consider a problem where the shell is acted upon by the shearing force and bending

moment at certain point only and there is no distributed pressure. So, oviously, we will utilize

: : =e P i Bx . :
this solution "~ € (C; cos Bx +C, sin fx) . As e to the power € terms will be not coming



here. Because if it is present there, then deflection and curvature etcetera will increase with x that

is not possible.

So, therefore, this expression will only be utilized. Now two constants C;, C, have to be
determined. Now, since this shell is long the boundary condition is not specified. So, we have to

impose the condition that is given at the point of application of the load and moment. So, at x =0

D d’w
the bending moment dx’ s nothing but the given quantity M,. Similarly, at x = 0 the
3
phv 0
shearing force dx” is nothing but the <0 that is given here.

So, ultimately utilizing this equation we get two equations linear equation for solving these
constants C; and C ,.
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Thus two constants of integration are

{.: — e
25°D

[5_—'" t ﬁ"”u:'

M

=t
Y 28D
L
Hence, the solution for w (x) becomes
i
% {BM (sin fix = cos fix) = 0, cos fir}

W=

Once w is found, determine N, and M, , M, can be obtained

-1 M
G, :_Z(Qo"'ﬁMo) ¢, = 20
2B°D and 2p°D . So, how C;yand C ,

By solving C ; and C , we now get

are coming here you will have understood it by applying the condition at x = 0 bending moment



is as M, and shear force at x = 0 as % . And utilizing this expression of w, we arrived two

equations with two unknown C ; and C ,and after solving that, we get C; and C ,.

So, hence, the solution for w now becomes
e’

w=2ﬂ—3D{ﬁMo(sin Bx—cos Bx)—Q, cos Bx}

Ehw

. . N N, . . . N
Once w is found determine = ¢ because = ¢ is nothingbut ¢ . So, you can determine ~ ¢ and

then after taking second derivative you can determine M, and M, is nothing but oM, . So, all
these quantities can be obtained.
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Now, the solution w and its derivatives (which are useful to find slope, bending moment
and shear force) can be written in compact form

|

1
= - | M ) + 0,0 fie = e {2 M, 0 fi) + O
H M“I i)+ 0,0 k) & 2D M) + (ol i)

& w ] d'w |
e )+ 0.C( f)) —=—[20M L (fix) -
& o MO == DAMC ) - Q)

ol ) = ¢ ™ (cos i +sin i) w( )= ¢ " (cos fiv = sin fir)

0(/) = ¢ cos fie C(fx) =" sin fix

k

So, w is this and slope, if you want to find you can find after differentiating w. Bending moment
of course sequence the second derivative. So, second derivative is calculated and you can see

second derivative is written but in the expression that I have written here. You may carefully note
that I have brought the functions ¥, B and then @ then ¢ all function that I brought here.

That function has very interesting characteristics.



All functions are with decaying factor e you can see that $(BX) is function

™™ (cos Bx+sin fx) v (Bx)=e "*(cos fx—sin Bx) ’ O(Bx)=e " cos fx

_ o Bx g
¢(Bx)=e " sin fx So, these are written using this function in the compact form.

But the quantities are obtained after taking the derivative. We need the derivative of 3rd order to
determine the shear force and derivative of second order to determine the bending moment and
this is of course, the slope.
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A long cylinder is subjected to the distributed ring load P at x=0. Derive
the expression for the transverse deflection w and hence stress
resultants

The deformation of the shell is
symmetric about x=0
Separate cylinder into two parts

each with end load of P/2 and ?: 1

BM M, Using the results (w) of
the previous prablem T
P

e

W= %D {8M;(sin i - cos i) +§cnsﬁr}

Let us apply this known expression that we obtained here to solve a problem of long cylindrical
pipe subjected to a distributed ring load. The pipe is distributed load here you can see the ring
load which is P per unit length. The question is to derive the exhibition for the transverse

deflection w and the stress resultant stress. Stress resultants are nothing but bending moment and

N‘/’ , M"’ .And M‘P of course is dependent on a M,



Deformation of the shell is symmetrical about this x = 0 if I take the origin at x = 0 that is the
point of application of the load. We now utilize this equation that we earlier obtain, but before

P P
that, we separate the cylinder into two parts each with equal load 2 and 2 . And bending

moment M, because of action of the load when we cut the cylinder the bending moment M, will

also come but M, is undetermined here.

So, only the load that is P is given we take half of the load in the left side and half of the load in
P

the right side. So this, Q0 we can take it take as 2 so, utilizing the earlier expression this w is

P P

like that w is this. So, instead of o we write 2 and 2 of course. So, this expression

e P

W=—7—
2B5°D

{BM ,(sin fx—cos fx)+ Ecos Bx}
becomes 2

Now, one thing is that M, is still not determined we know P. So, let us go to find M,, by imposing
the condition at x = 0.
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To calculate unknown moment, we equate slope at x=0 to be zero due to symmetry.
Hence

i |
d_r = W.Eﬂ!fumfm + (el ) E[ﬁf] = e—ﬂ CUSﬁl’

Therefore  28M, - F/2=0

M,=P/4p ! ol i) = ¢ cos fi + sin )
Final expression for w(x)
Eh 0.2
Pe"n p ,3 =[ - J
W= ——{sin fix +cos fir} 4a’D

86'D

Once, w is found then find other quantities




Because of symmetry you can see that slope at x will be 0 because the problem is symmetrical
problem the slope at x = 0. So, if I take slope, slope we have written earlier this expression if |

P

take this slope and equate to 0 of course, substituting O as 2 .So, we will get this expression

for M,. So, after writing these functions are written here these 0 , P etc. all the functions are

written in this form this functional form are given earlier.

This 0, ? etc. so, utilize this utilize this function and then we have written in compact form

— ,Bx
using the function that we had defined earlier. And here it is given 0(Bx)=e"" cos fx So, we

get ultimately at x = 0 by substituting x = 0 because we are imposing the condition on x =0, we

ultimately get this equation 2pM,-P/2=0 and then we got M,=P/4p
e
w=———{sin Bx+cos Bx
S5°D {sin 8 px}

So, the deflection equation now becomes

Now, once of the deflections is found other quantities can be calculated and remember that beta
is this factor, the characteristic factor. So, that is very important or you can call it decaying factor
also.
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Bending Mament Expression

r—p a7

|
T I"”u fix) + Jﬂ; -i:
==b= &~ o B+ 04 B0

Since here, My=P/4p, Q=-1'/2

P T :
M =—up(fx o( fir) = e “(cos fr+sin fr)
; 4ﬁwUl

b,

]
M = ::,!'; ¢ " (cos fix +sin fi)

2 P
M =-pY M, = 4(p)
Binding moment expression is nothing but dx”  and we get B . So, we

M = ie‘ﬁ"(cos Bx+sin Bx)

B

can now write . Two interesting thing is there the maximum

value of deflection and bending moment are obtained at the point of application of the loads. So,

3
if you put x = 0 the maximum deflection comes out as 86°D

So, this is the maximum deflection of the pipe. Similarly, maximum bending moment you can

P

see here if you put x = 0 maximum bending moment is 4D
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@l ft) = ¢ " (cos fic +sin fix)

Maximumideflection is obtained at x=0 and its value is Wy = “Liné(ll}

So, if I draw the graphs of the deflection of the shell along the length, then you will find that it is
a dumped wave, but dumping is a dumping factor because of high rigidity of the shell, you will
find that decaying is very fast. Of course, it depends on the thickness of the shell and the
modulus of elasticity, the beta factor depends on that. So, if you improve the material the waves
will be dumped earlier. And the weak material loss shell is thin then the deflection will continue
for longer distance.
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Example. A load of intensity q is distributed for the length / of the
cylinder. Assuming load is at a large distance from the ends of the
cylinder, calculate the deflection and stress resultants at point A inside
the loaded portion.

Taking an elementary ring load of an intensity gd< at a distance £ from A, we get
deflection at a distance £ from A, by substituting P by qelZ in the above expression as

fL *
dw = %?T {sin fiZ + cos fiF} 4,...---'"""_-. W= :;.; fsin fic + cos fie}




Let us see another application. A load of intensity g, it is not like a point load it is distributed
over certain length. The length of the load is b + ¢ and it is required to determine the deflection at
A. So, we want to utilize the earlier this result that we know for deflection. So, that result will
utilize for point load. How will you utilize here? You see these distance is given and it is required

to determine the deflection at point A.

So, we will consider a small element at a distance € the length of the element in g So, at this

element the concentrated load that is acting is 4% dg So, in the formula in the earlier formula

_ 3
for deflection, we write here Pas 4% d& and other factors are the € divided by 88°D whole

thing multiplied by {sin € +cos BS} and this is the deflection of this element.

-Bs
- 995¢

85D {sin B +cos BE}

Now, to find out the contribution of the full load that is acting on the shell element, we have to
integrate it.
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Hence, deflection at A due to total load distributed over the length | is then

u'-! :;j_ln:sin JE + cos fE YdE I ;}—.\”IS'III fE +cos fELdE

: ;{:’FJ’, {2 ~¢ " cosfh-e " cos J

T

W _ k= —;d{l- ¥

p
=




So, integrating in the limit, so, here is a 0 to ¢ and towards the right it will be 0 to b. So,

2
a - ~Be
w=4 (Z—e P cos pp—e” cosﬂc)
integrating these two expression we now get 2Eh

So, this is the deflection of the point A. Due to a strip load you can call it that load acting for a

certain length it is not a load at a particular section only.

So, that problem we have solved utilizing the formulation of the deflection that we have already
derived for the load acting at a certain point.
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Ex. A long pipe of radius 200 mm and thickness 6 mm is acted on by
uniform load around the circumference for length of 1000mm. If
q=2kN/m, E=200000 N/mm¢, Poisson ratio =0.3, find the deflection of
the pipe wall at a distance of 50 mm from the centre of the load towards
left. What is the hoop force at this point?

= (267 cos B¢ cos fx)
2Eh

Ehw

a

Let us see a numerical problem of the application of the theory. A long pipe of radius 200 mm
and thickness 6 mm is acted on by uniform load around the circumference. So, this load actually
is acting around the circumference uniformly and length of the load is 1000 millimetre, if q is

kN
that is 2 7 modulus of elasticity is 2x10” Ppoisson ratio is 0.3, find the deflection of the pipe

wall at a distance of 50 mm from the centre of the load towards left.



So, centre of the load is here. So, we have to find the deflection here. So, this point is now of this
distance the b is 450 and c is 550. So, in our earlier formulation that you recognize b and c, so,

these two distances are found out here. So, w we write as

2
w=14
2Eh

(2 —e P cos Bb—e ¥ cos Bc)

N - Ehw
And once the w is found we can find a
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Deflection

Here b=450 mm; c=550 mm, g=2 kN/m=2 N/mm, E=200000
N/mm2.

First Calculate \

7 3 i ~ 1_. 3 028

fj.-.i M ﬁ:(h“,ﬂ"‘ M = 0.0371mmr”

\ ah | 200" x6
- f!”: it i N
W= 31'-.'.4:{2 ¢ cos h-e " cos _IU

2 Zn : 0017 =49 - e PR £

W= X—Ull—c " 005(0.0371%450) - ¢ ccslﬁ.U.'i?lH:\."OJJ

2% 200000 =6

= 0.0665 mm

So, first step is to find the characteristic parameter beta. So, here b is 450 ¢ is 550 q is 2
kv N

kilonewton per meter there is 2 7 E is this 2x10°  mm® So, B s calculated by using this

5 0.25
3(1-v7)
h= a’h’
expression that I have shown you earlier . So, B is coming out as 0. 0371

millimetre to the power - 1. Substituting the value properly here w is



o 2 %2007
2x200000=6
=0.0665 mm

(2 — e P70 £65(0.0371x450) — e P70 cos(0.0371 % 550))

One thing you should mind it, that when we evaluate the cos or sin function that quantity has to
be taken into radian. Here it is product so, the denominator is 2 Eh so 2x2x10"x6 , 6 1s the

thickness i.e h.

After performing the numerical calculation very carefully the question is that you have to take
this as the radian if you take in degrees then your result will be wrong. So, w is coming as 0.0665

millimetre.
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Hoop Force

Hoop force at the point 50 mm left from the centre of loaded strip

Elw ~ 200000 6 x 0.0665

N, =
a 200

=309 N/ mm

So, let us find out now hoop force, hoop forces depending on this deflection here it is

N =_Ehw

compressive force. So, ’ @ . So, here we have found 2><2><105><6multiplied by

N

0.0665 divided by 200. So, after calculating this it is coming 399 mm

(Refer Slide Time: 1:01:05)



SUMMARY

* In this lecture, deformation and stresses of a cylindrical shell under
radial load is discussed with relevance to bending moment and
shearing force produced by the deflection.

+ The equations of equilibrium have been derived and general
solution is found out. The characteristits of general solution were
discussed.

* The application of the solution for long shell was given with
numerical examples to find the deflection and bending moments.

So, let us summarize what we have done today. In this lecture deformation and stresses of a
cylindrical shell under radial load is derived with relevance to bending moment and shearing
force produced by the deflection. The equations of equilibrium have been derived and general
solution is found. So, procedure for finding the gentle solution is completely described and two

cases are actually shown.

One is with long shell this is exponential form and another with shells of finite length where
boundaries are specified. Then we will use this hyperbolic trigonometric and hyperbolic form.
So, two forms of equations are derived and we have used one form that is for long shell and
application of the solution for long shell was given with numerical examples. Thank you very

much.



