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Module-11
Lecture-33
Circular Cylindrical Shell for Fourier Loading in a Membrane State of Stress

Hello everybody, today I am starting the lecture 3 of module 11. And I was discussing about the
membrane theory of cylindrical shell roof specially that is used as a roof structure. And we
utilize the membrane hypothesis to obtain the stress resultants. The beauty of the membrane
analysis is that the in-plane forces are all acting in the shell only and there is no bending

moment.

So, a moment less state is considered in this membrane theory and we have obtained the stress
resultant for the shells. Now in this lecture I want to demonstrate how the stress resultants in
cylindrical roof can be obtained using the Fourier loading of course with the help of membrane
analysis? So, we will discuss a case of circular cylindrical shell but this method can be applied to
other shell as well.
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Cylindrical shell: @ is measured from the crown whereas 4 is measured
from the edge, such that @ = ¢, — ¢




Now, we have seen the cylindrical shell roof maybe a single span or maybe a multiple barrel
type. But we are now considering for simplicity a single span shell, where the length of the shell
is or span you can see here it is | and width of the shell is B. We take the origin at the centre, so
here we have taken half portion of the shell to analyze this stresses. So, here we have taken an

element dx of the shell and which is located at an angular distance measured from this springing

level whichis ? .

But however in our earlier analysis you have noted that we have measured the angle from the

crown and we denoted it as 0 . So, there is a distinct relation between 0 and ¢ , you can see

that @ can be replaced by P =%  where % is the semi central angle subtended by the arc of

the cylindrical shell. That is here the directrix is a circular curve but other directrix can be also
taken when analyze the shell.

(Refer Slide Time: 03:12)

FBD diagram of shell element

Rdo

So, if we see a equilibrium of an element this length is ,1f 49 is the small angle subtended

by this arc and this length of the side parallel to x axis is dx. So, we can denote the stress

resultant in phases which have in this phase here you can see, this is = ¢ that is the meridional



N, . : N . . .
stress ~ ?. And on the opposite edge there will be ~ ¢ plus some increment, so this increment is

along the length Rdg

So, here you are seeing that Rdg g appearing in the denominator. Now, membrane shear force
N, . . . . N, . . .
»* is acting at this edge, on the opposite edge the ~ ?* is accompanied by a incremental

quantity. And this incremental quantity is N by RdoxRde , RXdQ i the length. So, Rdg

is due to this length of the arc and you can earlier also I have explained that this term has come

from Taylor series expansion of the stresses and we keep the first term only. So, in the other

phase we can see there the stress is N, and on the opposite phase here in the longer general

N
N+a"

f dx
reaction ox

So, here we are taking the partial derivative quantity because the N, is function of x as well as

phi. So, 2 variables are in involved here x and ? . Now other quantities X, Y, Z are the

components of the load in x, y and z direction, y direction is tangential direction at any point that
we call the meridional direction. And X direction is the longitudinal direction, Z is the radial
direction. So, Z is the line along the z axis will pass through the centre of curvature. So, this is
the free body diagram of the shell element.
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STRESSES IN CYLINDRICAL SHELL

We have three equations of cylindrical shell in membrane analysis which are

Anf Ant e, ¥ il dF
C'&". 3 I m"‘ ik ,{ _[} "'f"._l_ o3 TI -.'.“_'"II.
= . TA = o L
cx R of LT P -
'.-".'I'.-"-l\' ! |:.I J'J
7 R
1N, &N A qg Ly S
10 ==V vl r b T S
g i N (N
Radf ox Lo\
Mg =" R ¥ o
k LA 4 *T
K “u o h.?
b WOH o
Nu +ZR = G ’ * A
o

These are to be solved with boundary conditions and given loading

—

Now we have established the equilibrium equation of the shell element and we have seen that 1

equation fortunately it is an algebraic equation. So, meridional stress that is No is directly

obtained as N, =—ZR

, Where Z is the component of the load along the radial direction, R is the
radius of curvature at a particular location. So, to find the meridional stress one need not solve

any differential equation, directly from an algebraic equation one can find the quantity No .

Now after finding the No , other 2 differential equations which involves the longitudinal stress
N N, e N, .
* and membrane shear stress *'9r that has to be found out by utilizing the value of "¢ . So, if

I substitute the No here, then after integration and substituting the condition at the edges we can

obtain N . So, when N is obtained and substituting N here, finally we can obtain this N,

after integration of the differential equation and applying appropriate boundary conditions.

So, you can see that this equilibrium equation has been solved to find the membrane stresses
only the bending moment in the shell have been neglected in the theory. And why we neglect the

bending moment because the shell behaves as a stress scheme, so here the bending rigidity can



be neglected. However, it is seen from advance theory and after research the bending moment

has some important role near the edges of the shell.

So, there we cannot neglect the bending moment and therefore the theories involving bending
moment has been also developed. But while analyzing the shell using the bending theory, one
needs to utilize the results of the membrane theory. So, now we discuss why the Fourier loading
is taken? Fourier series is taken to express the loading in case of membrane theory. Here you will
see the utility of this Fourier loading.

(Refer Slide Time: 08:33)
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Why one requires to express loading in Fourier Series?

We can see that frem membrane analysis of cylindrical shell, the stresses at the
edges according to the theory does not conform to the real boundary conditions

At the edge 0=0,

This wvalue does not depend on
whether edges are free or supported.

Variation of Nx0 at edges

Now you can see in this shell at the edges, because we have seen that in earlier classes, we have

derived that N that membrane sharing force = -Kx where K is a constant which does not

depend on x. So, the variation of N that may membrane shear stress is linear, it is obvious

from this express and diagrammatically it is represented here. So, the confusion arises if the shell
is free then also there is a stress that is not realistic. So, therefore membrane theory fails here to

predict the correct state of stress at the edges.

Now, if I use the corrective line load that is to correct this edge stresses suppose it is the shell is

supported at the edge. So, then the membrane shear stress at the edges will exist. But suppose the



shell is free at the edges, then there is no membrane shearing stress the free edge will be
completely free of stress, there will be no stress acting at the free edge. So, therefore a corrective
line load has to be applied at the edges and this load will produce the bending of the shell and
alters the state of membrane stresses.

(Refer Slide Time: 10:16)
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Drawback of membrane theory
Actual boundary conditions is not realized at the edges or at cut out. Also
membrane state does not yield acceptable results in the vicinity of concentrated
load
How to overcome?

+ To gvercome such situation, corrective line loads have to be applied
along the straight edges.

* This produce bending of shell.

So, drawback of the membrane theory we have noted clearly the actual boundary conditions are
not utilized at the edges or at cut out. Even at the cut out suppose airplane fuselage, this is also a
cell structures but windows are there these are cut out. Or also in case of spherical dome, there is
some cut out somewhere to allow the light to pass. So, therefore at the cut out, the edges of the

cut out or hole there should not be any stresses.

But if we analyze this stress as a whole using the membrane theory, then the stresses are obvious
at the free edges, so that has to be corrected by applying the corrective line load. The corrective
line load actually produced the bending of the shell and this bending moment causes the change
of membrane stress in the vicinity of the edges or support or at the cutout. So, how to overcome
this difficulty? That I have discussed the corrective line load is one thing and then to consider the
bending of the shell.
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+ Haowever, because the application of membrane theory is simple
and gives a Reasonable basistfor design of shell (as a stretched skin),
the theary has got some merit and still popular for faster analysis.

* Moreover, the bending theory of shell also requires the stress
resultants of the membrane theory to be used as particular integral.

* |t is observed that in solving a differential equation of loaded shell,
use of harmonic function in particular integral offers advantages.

However, because the application of membrane theory is simple and gives a reasonable basis for
design of shell, nobody can question on the membrane theory of the shell for the design of such
structure in a rapid manner. So, what does it mean? That means away from the edges, the other
region will reflect the correct stresses if we use the membrane theory that is also validated by

several authors with the experiments.

And therefore this membrane theory has become popular in the design office and we cannot
neglect this. Moreover, the bending theory of the shell requires the stress resultants of the
membrane theory to be used as particular integral. Now when we establish the equation for
bending of loaded shell, then the particular integral that have to be solved will contain the nature

of the load that is applied on the shell.

So, if the load is expressed or transformed into a Fourier series, then finding the particular
integral becomes easier. Because the standard solution for harmonic functions are available in the
integral calculus or the tables of integral, there are handbooks there we can use the particular
integral easily if this function conforms to a particular harmonic function. So, therefore this is the
utility of using the load into a Fourier series.
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Membrane Theary of Cylindrical Roof for Fourier Loading

The bending theory of cylindrical shell requires membrane stress resultants as
particular integral.

The particular solution is convenient when the loading is expressed as Fourier
SEries

Let us consider a cylindrical shell roof subjected to self weight 3"

Let g be expressed as Fourier series as

[
mrx
0= ), Anchs-

m=1
Multiply both sides by cos (nmxfl] and then integrate both sides with respect to
dx between the limits =1/2 to |/2

Now let us see how we can apply the Fourier loading in the shell? We have already seen that q is
the gravity load acting on the shell, we are taking here the gravity load on the shell which
consists of self weight, snow load or maybe this live load for some purposes. Wind load of
course here we are not considering because this will give an unsymmetrical state of stress and we

are so far considering the symmetrical condition of stresses.

Now, let q be the load which may be a constant or which may be a function of x.

q= ZAm cos m7lrx

m=1

Now q is expressed as a series and series is given by this cosine series that is a harmonic function

mmnx

A, cos
and it is an infinite series the summation includes m = 1 up to infinity. So, [ . So, this

is the general term my, term of the series and by substituting m = 1, 2, 3 etcetera, you will get

number of terms and if you sum up you will get the series.

Now question arises, what is the coefficient A, ? If we know the coefficient A, then we can

fully express the series because m is integer and it will vary 1, 2, 3 like that up to infinity,

because this is an infinite series. However, for practical calculations the infinite series cannot be



used. So, there we truncate the series to a limited number of terms. Now to convert this into a
form in which we can solve the differential equation, let us express or let us determine the

coefficients A m. Now to do this see the steps how we can obtain the coefficient A m? Multiply

cos——
both sides by !

cos——
[ that I have taken n is also integer, m is a integer, n is also integer. So, I am multiplied

nwx /
coS —— -

both sides by I and then I integrate both sides with respect to dx between the limits 2

[
_|__

to 2. Because we have taken the origin of the shell, origin of the coordinate system for the

/ [
+_

analysis of cylindrical shell at the centre of this span, so therefore our limit of xis 2 to 2.
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2 w 12
niwx nwx
2chos—l dx:ZAm2jcosTcos
So, in the next step 0 m=1 0

mmnx

dx
. The left hand side now

/

N
q cos——dx —
but since it is symmetric, so I multiplied it by 2 and apply the limit 0 to 2 . And

right hand side you can see that A, coefficient is there and it is inside the summation term and

mmnx nmwx
COS COS——

/
then the integral I cos this is multiplied by I then integrated and the limit a 2

and because of symmetry we have used a factor 2, so this is integrated.

So, now we use the orthogonality condition of the cosine function, sine and cosine function

follows a very important orthogonality relationship. And this relationship is due to orthogonal

12
nmwx mmnx
COS——COS /

property of the function. And it can be verified that © , when this product is

[

integrated with respect to x between the limit 0 to 2 or 0 to a, whatever may be you have seen in

plate equations also where we use this property.

So, if I integrate it, if n # m then the integral is 0, which means that suppose if I take P =P and

3wx 2rx T
CcOS—— coS—— CcOosS—

here ' then integral is 0. If I take integration of [ and [ dx is 0, that means

n # m. So, for that condition the integral is 0. But when n = m then in this case it becomes

, MITX

[
cos —
I because n and m is same, so the integration becomes 4 .



[ /
So, 2 divided by 2 that is 4 if n = m. So, using this orthogonality condition of the cosine

function, we now write this equation again. So, this equation can be written as

2q i-1

24(1/4)="(-1)2

in
Here you can see that where this 1 is varying from 1 to infinity, the index can be changed, i is

i-1
24,114)=22 1)
also an integer. So, | have written here “7, so I

This factor is taken to show that the value of integral exist only for odd number of integers. So, if
n=1,3,5 7,9, 11 like that, then only you will get the value of this integral otherwise this
integral will be 0. So, therefore we now express this load q as because the coefficient now is

= 4
g= 3 oyt

known. Coefficient will be now we can get it coefficient will be n=t.3. T d only for

this odd integers, son =1, 3, 5. So, we have now got the coefficient of the Fourier loading.
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Taking only first term of the series, we express
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So, taking only first term because first term actually predominates and using the first time you
will get almost accurate results in almost all cases especially for the first order terms. So, taking
only first term of the series, we express q (x), say here it is q is a downward. This is the
downward load that is q, it is varying along the x. Now in that case we are taking it as a constant

loading, say for example self weight if the shell thickness is uniform, then self weight is also

constant.
q(x)= 49 cos X
So, the q (x) here because the first term of the coefficient will be T [ . So, this is
X
cos—
the coefficient of the first term and I so this is q. And if this angle is 0 | then in the radial

direction the component of q is qc0s0 i the tangential direction or meridional direction if you

call it or circumferential direction this will be 95100  Now in the shell analysis using the

Fourier loading, we have seen that in earlier slide in the first slide, | have demonstrated here.

That ¢ has to be replaced by P =P because ¥ we are measuring from the crown, but we are

expressing all the quantities of stress resultant in terms of ¢ . So, ¢ is measured from the edges

that is a springing level. So, here the relation between 0 and ? is 7P it P is the semi

central angle. So, you can easily substitute now this here instead of theta we are now writing

b.—¢
Z = 4—qcosﬂcos(goc -Q)
So, the radial loading now Z is T ! . Then the tangential loading, that is

4q TX .
Y =——cos—sin(¢p, —¢)
the circumferential loading T ! . So, this is the circumferential loading



and the loading in the longitudinal direction that is 0, so X = 0. So, knowing these 3 load

components X, Y, Z, now we can proceed to find the membrane stresses.

(Refer Slide Time: 23:10)

So, N, is directly obtained N, =—2R . So, Z that is the radial load that we have obtained
4qR
N, = —Lcos%cos(goc -Q)
T

So, you are getting this the expression for N, directly from this equation, there is no need to

X

integrate anything. So, at any distance x or for a given ! ratio, where 1 is the span of the shell

and knowing the angular distance 7 , where 7 is measured from the edge.

And % isa given value for the shell that is the semi central angle, so ? varies from 0 to 2 %« ,

so range of ? will be 0 to 2 P . So, under this condition because it is symmetrical, so we can



only find up to the half part and then it will be similar thing for the other part because it is a

4gR
N =242

N R cos—cos(qo —Q)
symmetrical problem. ~ ¢ is now T [

~| =

So, at different values of % for a certain , you can now calculate the N, . That N, can be

taken for the design purpose for checking the reinforcement in the tangential if it is reinforced
concrete shell based on this N, we can now calculate this amount of steel needed in the shell.
Then the membrane shear stress ~ #* , now it will be calculated from the equilibrium equation, if

you see the equilibrium equation earlier that I have given let me here.

—ZR here.

After finding No , then we go to the 2nd equation. So, 2nd equation substitute Ny =

So, No is completely determined, so we can now obtain N by integration. So, let us see how it

. . N N . . . .
is opting. So, * or ?* because this will be same equal to this integration of

1 ON,
X dx
R 8(p . . . . N_. .
. So, there the loading Y is coming and this ~ ? is now obtained here, so we
N N _44R cos—cos((p -Q)
can substitute = ?. So, ~ ? is substituted you can see here 7 [ , that is the

N,

(p .

And this quantity is the Y that is the component of the load in the tangential or circumferential

direction. Now before integration let us differentiate. So, if you differentiate this quantity with

respect to phi this term will be differentiated. So, it will be sin(@, —¢) and because the

differentiation of cos with respect to cos phi with respect to phi will be accompanied with a

negative sign, so negative sign will come. And again here if we differentiate this quantity with



respect to phi the negative sign will be coming. So, this thing you have to note very carefully

otherwise you will commit the mistake.

(Refer Slide Time: 27:14)
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At x=0, N,,=0, so that F, (#) = 0, hence

L | )

8¢l
N, = Eism—xmai -¢)

So, after this differentiation we get this

- J'( cosTsm(goc ®)} ——cosTsm((pC go)jd

Now you can see this R, R will get cancelled, so ultimately when we integrate it with respect to

N, = 8ql

,=—L-sin"Zsin(p, —p )+ F,(0)
dx and then we get this n’ [

How 7 is coming? Because if we add these 2 term after cancelling R, we will get this

4qR
cos—sm((p -Q)
T l So, this quantity when it is integrated with respect to x that means we
X X X
cos— cos— sin—
will integrate this parameter only, I . So, integration of I will be I and this
[ 8ql [

. . . 2 . .
7 factor will coming out, so therefore you are finding here 7 . So, because the 7 is coming



8ql

. 2 . L. N(px —,-sin TSln((pc ¢ ) + E (9)
out we are getting here 7 . So, final expression for this is n’
8ql
N, sm—sm((p -¢ )+ F(p)
or w1 . What is this 71(#) 9

Because the constant of integration, now here constant of integration is taken as a function of

theta because we are integrating with respect to x. So, therefore it is instead of taking a constant

arbitrary constant we have taken it as a function of 0 or ©. Now, we apply the boundary

condition. So, we are considering a simply supported shell for our analysis and this condition we

will assume here also.

Now, at x = 0 because x 0, origin we have taken at the centre of the shell which is a point of

symmetry and here you can see that membrane shear stress is 0 because of symmetry. So,
immediately we get F](O) Fi(e) = 0, so therefore, we can get completely

N, = 8qlsm—sm((p -¢)
oo [

So, that is one stress resultant that is completely found out.

(Refer Slide Time: 30:07)

To find N, we use the following equilibrium equation

N, 1N,
& R o

+X=0

Since component of load in x direction is zero, we can write

N, 1N,

ax R og,
Substituting the value of N, and integrating the above equation,
> gl

j R { o si - ] :~1ﬂ|:q.'i: @ M + F(€)




So, next we take the help of this equation.

ON, 10N,
+_
ox R 0¢

+X =0

Once we get Noa then we are targeting to find this N, the longitudinal stress. So, here we write

ON, 10N,

it O« R 00 and x is 0 because there is no component of the load in the longitudinal

. . o N . . N_ . .
direction. Now substituting the ~ ?* whatever we got earlier, so this = ¢* is here substituted and
we write this equation. So, here 1 operation is remaining before integration, so this operation is
that derivation. So, derivation of this quantity with respect to # is carried out first and then

integrated.

(Refer Slide Time: 30:59)
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E’Efl'l- ey q
=——_cos—cos{g - )+ F, (0
R 0T (@, -9 )+ F,(8)

Now, apply the boundary condition that N, = 0
atx = +J-.we get F,(8) = 0, Hence

—

N, =20 cos T coslg, -9)
R !

So, after taking the derivative of this quantity, we now get ox 4 a constant of integration, since

we are we integrated with respect to x. So, we are taking a arbitrary constant as a function of ¢



X
cos—
or 0. Now, this is integrated with respect to x and therefore this will be coming as [ and

1

naturally a negative sign will come and the coefficient 7 will be plugged here.

. X

sin——
So, due to association of the coefficient that is coming from the integration of ' you are
8ql°

now getting R7° | So, this is the coefficient and this is negative

cos = =cos(p, ~¢ ) + F(6)

So, this constant of integration now have to be found out. Now apply the boundary condition that

N.=0 . Now, this shell is supported at the ends that is the traverse, we call it reverse and

reverse cannot receive any longitudinal load, so therefore * * we take it as zero.

T
X = COS—

[
x== -
here, if you put 2 this becomes 2,

/
J— X =
So, 2 the traverse is located, so putting

| ~

so this term will get vanished, so £0) is again 0. So, now we finally arrive at the expression

2
N, = —Sq{ cos%cos(q)c -9)

N, . So, " R , so this is the expression for N, .
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When the cylindrical shell, simply supported at the traverse is
subjected to self weight g, then membrane stress component using
Fourier series expansion of the load g and taking only first term we
get the following membrane stress components

N, = -%cns%cnﬁ{ﬂ- =)
N, _Esm sm(¢ -¢)
r

N, =

: R;m—cas@ -4

. N N . )
So, now we have obtained the 3 stress resultants =~ ¢, =~ ¢, N, , I am calling this as a stress

resultant. But, in fact these are the membrane forces per unit length, you remember that the shell

and plate, the all forces and moments we express in terms of appropriate unit per unit width or

. N . S .
per unit length. So, ~ ¢ is also the membrane force which is expressed suppose the force unit is

N, . . .
Newton. So, ~ ¢ will be expressed as Newton per metre or it may be say N expressed in Newton

per millimetre as per the wish of the analyst.

So, Noa is similarly expressed as Newton per millimeter, N, is also expressed as Newton per

millimetre. Now, if we want the stresses, suppose we want the shear stress, for example it is a
concrete shell, so we want to check it for shear. What the permissible shear is exceeded or it is

below the permissible shear of concrete of particular grade? So, in that case what we do actually,

we will divide this Nox divided by thickness of the shell.



N

ox
Then h will give you the Yor that is the shear stress in the shell, that is the membrane shear
stress. So, that shear stress can be checked with the design codes to comment on the safety of the
shell against shear. So, like that other stresses can also be calculated and based on that the
dimension of the shell reinforcement whatever quantities are required can be found out
appropriately.

(Refer Slide Time: 35:03)

Following points are of interest
For a particular value of x/L and semi cental angle 4,

*+ N, does not depend on span L, but N, varies linearly with the span; N, varies with
square of the span if radius R is constant,

* Ny is indepgndent of R, while N, is directly proportional to R. N, is inversely
proportional to R if span L is constant.

N Sy gy am s f)
i

Now, following points are of interest. We have got these 3 stress resultants. Stress resultant is a

4qR
N, = cos—cos((p -Q)
general term actually this is the membrane forces. So, T ! ,
2
N, = 8ql s1n—s1n((pc @) N = 84! cosﬂcos((p -9)
[ , R’ ! . So, 3 test results are there. Now

X

you can see for a particular value of / and for a given value of semi central angle ..



=60’

Say for example, in a problem P , that means total angle subtended by the arc is 120 and

X

at a particular ratio of x by 1 say / = 0.25 at a quarter span. If we examine or any other value if
. N .. .

we examine, then we can see that = ¢ does not depend on span, it is very clear that for particular

X

value of ! this quantity does not depend on the span length. But N or Nox varies linearly

NX

with the span and varies with the square of the span if the radius is constant.

So, that characteristics we have noted from this 3 expression, then the second point is Nep

independent of R, you can see here there is no R that is radius of curvature of the shell appearing

here while Ny , N, is directly proportional to the radius of curvature. And you can also note that

N, is inversely proportional to R if | is constant that is span is constant. So, these are some

points that you can note from the expression that we have derived.
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Now similar exercise can be carried out for finding the stresses due to snow load or projected
load. Snow load we consider it as a projected load on the horizontal plane of intensity p.

Suppose, this is the projected load p then the equivalent load along the length of the shell will be
found as P 0S¢ , if p is the load and q is the equivalent load on the length of the shell, then it is

g 4=pcosb

found a and that is obvious from this simple relationship.

That is equating total load P4~ b4 where the relation between a and b you can find from this

=cos6
, so the q is nothing but 7 coso So, this transformation is needed and

STREN

triangle, so
other things are same. So, X = 0 because there is no load component along the longitudinal

. 2
direction and then Y is P 080810 4,4 7 j5 pcos 0 that is obvious from this diagram.

So, total load earlier in case of gravity self weight or gravity load that we are considering self

weight and live load. This was q and this component Z was 4¢°% 0 , now this component is now

2
pcost , so it becomes P ¢0S 0. So, similarly the component of the load in the tangential

pcosOsinf

direction is , 0 3 components we have got here.

(Refer Slide Time: 39:12)
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\ VN
Cylindrical shell: © is measured from “5:5 "fjf

the crown whereas ¢ is measured - \\
from the edge, such that 8 = a— ¢ \ o

So, now in a similar way we can obtain this expression for the stress resultants.

(Refer Slide Time: 39:19)

Expressing snow load over the horizontally projected surface

7 = peos’ (¢, —";ﬂ'}
Y =-pcos(g, - #)sin(g, - ¢)
X=10

The membrane stress components are

4 iy 5
v =—;—:Hcm$ws'm -4)

[
#

oo 12pr Fing o bpl | m N
N = ! —cos—cos2(g —¢ ) N, -%smf—sm A ~¢)

A L

So, expression for stress resultants are calculated in a similar manner that we have carried out for

qcos6

the self weight, only the change is that the load quantity previously it was this , NOW it is

2 .
peos 0 , the radial load and this tangential load is 7 cosfsing So, it is very obvious that if

2
the radial load is 7 %% (@.—9) then N, is simply this -ZR, so that you know, so that have we

obtain.



And we have already expressed the load into Fourier series. So, here the first term of the Fourier

4p 4p
series is 7 , p is the load 7 and it is component along this radial direction is
4p

2
—~cos’ (¢, @)
T . So, N, is this, N, is this, N, is found in this way, in the similar way that we

have carried out, I am not repeating here, but you can easily come at this expression just by

_onl sinﬂsinZ((p -Q)
changing the load quantity. So, "o ! ‘ . So, these 3 expressions pertain

to the projected loading that is the intensity is p.
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Q1. Determine the membrane stresses in circular cylindrical
shell given the following data:

Take dead load + I*.L (q)= 2 kN/m?

Span ([)=25m

Radius of curvature (R) =7 m

Shell thickness =70 mm

Semi central angle, ¢, = 36°

Plot the variation of stresses with ¢ at x=0, 6.25m, 12.5 m

(Take the load with the first term of Fourier series)

Now, let us see some problems. So, 1 problem is that determine the membrane stresses in
circular cylindrical shell given the following data. Dead load plus live load is given as 2 AN /m’®

and it is assume to act along the shell surface, so it is not a projected load. Then span of the shell
total span I have taken 25 metre, radius of curvature of shell because it is a circular directrix, so

there is no variation of radius of curvature.



So, radius of curvature is taken as 7 metre, shell thickness I am taking here 70 millimetre, semi
central angle that is Pe is 36°. Now we want to see the variation of stresses say first we take

variation with # , how it varies with the ? 9P is measured from the edge if you go P 1o say

Pe , then we will get complete picture of the stresses and then other part will also be similar

because it is a symmetrical problem. So, at different longitudinal distance at x = 0 and x = 6.25

X X X

and x = 12.5 metre. So, that means ! is fixed. So, here ! is 0, here you can see ! is one

X

fourth and here you can see ! is half.

(Refer Slide Time: 42:37)

+ Taking the load with first term of the Fourier series, the membrane stress
components are given as:

N, =— -l €os Ecns(;ﬁl —¢)
T /

'ﬂ".';ﬂ' = %m?sinm -¢)

r

N = _ff’!{- €08 :1 cos(¢. —¢)

So, taking these data, we proceed to calculate the membrane forces Ny taking this expression,

—44R
N, = . cos——cos(p, — )
8ql . mwx

N, ——zsinTsin (.- 0)

T , then



_ 2
N = 8q!

cosﬂcos( -9)
*  Rn’ / P9

X X
So, we will utilize this 3 quantities for 3 different values of ! First we will consider ! is 0, so

in that case this term is 0. So, you are getting in the first case, that is at the crown where these x =

0.

So, you are getting at the centre, x = 0, you are getting ’ T

And you can see here this quantity is completely 0 for any variation of P because it is a point

of symmetry. So, it is obvious that at x = 0, this shear stress does not exist because of symmetry.

2
N = 84 cos(p, —¢) ;_

And N, , again it will be " R . So, these 3 values are for 0.

(Refer Slide Time: 44:11)

Atx=0and ¢ = 36°

N, =-17.82kN/m

D

N, =-46.07 kN/m

Erian

N,4is zero becausg of symmetry

So, if we find for a semi central angle that is given here is 36°, we find

N =-17.82 kN/m
thmax
N, _ =-46.07 kN/m

=



and Nox is 0 because of symmetry.
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If we see the variation of stresses, then this stress variation is like that from 0 to

Ny

(kN /m)

" L
o '>¢ o = X

Variation of Ny with ¢ at x =0

& u

P

. So, here it

will be maximum value 14.5 and gradually decreasing and it is coming say value of 14.5 is the

minimum value here. Because these are plotted on the negative scale and maximum value here

you are finding that we have shown here 17.82. The stresses are plotted on the negative scale.
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Variation of N, with & atx =0

Then, let us see the variation of N, , N, is also the maximum value that you are getting here at

Pe are the crown and the value is tabulated here 46.07 and here also you are seeing these value

is the maximum. So, N, is this, the variation of N, the longitudinal stress. In all cases, we are

finding the magnitude of the maximum value is at the crown. So, this variation pertains to the x
coordinate 0 that is at the centre of the shell.

(Refer Slide Time: 45:57)

Atx=6.25mand ¢ = 36°

N, =-126kN/m

T

N, =-32.57 kN/m

ma

Atx=625mandd=0

N gy = 1684 KN/
*




X

Now let us see the variation at x = 6.25, that is [ ratio is 0.25, 6.25 divided by 25 it will be 0.25.

~| =

N
So, ! = 0.25, we see the variation, ™ is -12.6, N simax value is -32.57 and at ¢ =0 we

N
have obtained this ™ = 16.84.
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$ 'III 'I\ ¢ o] .I'u 3 k-] 40
Variation of Ng with 4 at x= 625 m

So, this variation if you see, you again it displays the similar kind of curve pattern. So, variation
because the same expression we used only the change of parameter is changed, but the
expression is same, so same nature of the curve we have seen here.
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Hw il
(kN /m)
L]

Variation of N, with ¢ atx =6.25m

So,  #*is also like that, maximum value is already noted.
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.=

(kA fm)

o - X . @

Variation of N, with datx=6.25m

And this N, , the variation of this longitudinal force in the shell is this. At all these variations

are at x = 6.25 and the stress variations are shown with respect to 4 up to semi central angle.
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Atx=125mand =0
N = 23.82 kN/m
&
N"‘ T
(kN fm)
1 " ‘ x s} 1] i
X

Next, at x = 12.5, that is / ratio that you can tell if at | is 25 metre then it is 12.5/25, you can see

0.5. So, here this value you can see, how it varies? Maximum value is 23.82. So, this is obtained
from direct application of the expression that we have obtained, but derivation is important and
obtaining the Fourier coefficients is important. Numerical problem is just application of this
equation that we have obtained and to plot this graph.

(Refer Slide Time: 48:14)

Q2. A cylindrical shell roof of cycloid directrix is subject to self weight g=1.5kN/m?. The
chord width of the shell is 20 m and span of the shell is 40 m as shown below. The
radius of cumatutekﬁ[ﬂl = Rycos"d, in which Ry is the central rise, 8 is the angle
measured from the vertical axis of the shell. Taking appropriate value of n for the
cycloid, calculate membrane stresses on the shell at x=15m and at 8=45°. Find the

maximum value of axial force developed in the edge beam.




Next, let us see a problem of cylindrical shell roof. A cylindrical shell roof of cycloid directrix is
subject to self weight q = 1.5 AN /m*  The chord width of the shell is 20 metre, so this is the
chord width and span of the shell is 40 metre. The span is of course here not shown, the radius of
curvature here we take the intrinsic variation that is intrinsic equation that R is a function of 0

radius of curvature and it is given by R, that is the radius of curvature at crown into cos raise to

the power No , where R, is the central rise.

And here of course it is a radius of curvature at the crown and ¢ is the angle measured from the
vertical axis of the shell. Taking appropriate value of N for the cycloid, calculate membrane
stresses on the shell at x = 15 metre and 0 = 45 metre, find the maximum value of axial force

develop in the edge beam. Suppose this shell is joined at the edges, of course the edges bending

moment will be developed.

But the transfer of membrane stresses from shell to edge beam will cause some tension in the
edge beam, so that we want to find out here. Now one thing you can note here, the cycloid is a

curve that is formed when a point on a circle rolls along a straight line without slipping. So,
therefore this distance if the radius of the circle is a, this distance will be 2ma and this the
central rise here you can see, it will be 2a. So, accordingly if this distance is 20 metre, this chord
width that is fixed, so this distance will be this is 2na , 80 20 divided by 7 , so that will be 6.37.

(Refer Slide Time: 50:27)



So, this is the shell isometric view of the shell 3D view, you can see at the span 40 metre.
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Q2. Ans:

Width of the shell=2amr=20m.

where ‘a’ is the radius of a circle which rolls without slip.
Rise of the shell=2a=6.37m.

R = Rycos™

n = 1 for cycloid.

Self weight, g = 1.5 kN /m?

So, width of the shell is given this and this rise of the shell is this calculated, like that. So, if you
refer my last lecture then we have obtained the n for different types of directrices like parabola,

catenary, cycloid and also circle. For circle n = 0 because radius of curvature is constant at any

angle 0 . Now for cycloid type of directrix we have obtained n = 1. Now self weight q = 1.5

kN /m*



(Refer Slide Time: 51:18)

Expression of Stresses

Using R=R; cos " & and Z=w, cost, Y=w sint} in following expression for Ny, first we
get

w, is gravity load, to
Ng = —ZR = -wRycos"*16 be replaced by g
3

| N | d it .
(o YY) = o (-w K. cos ' ) +w,siné

R dd Rdt
K= HUELSI_ﬂf—u-l,[m]}a‘{t,cns" B=sin@)}+w_sind
K=(n+1)w_siné+w, sind K=(n+2)w,sing

o . : : N,
Application of these numerical data in the expression of stresses because the = ¢ first we find

N,

1
—w_R cos"" 0
0=-ZR,so &7

: : : N,
out the tangential stress, circumstantial stress = ¢ . Say

~w ROco " 1g because the Z, the component of the load in the radial direction is w g cos theta,

so therefore this expression becomes this. "e s the gravity load to be replaced by q, that in the
earlier slide we have shown it.

And if you see the expression for N9 in the earlier classes and also in the first 2 slides I have

: . N o
use this expression ~ ¢ = -Kx. So, K value is this

1 dN, 1 d el
K= (E d@e + Y) :E%(—WgRO COS

0)+w, sin6

W, sin 0

0 we are substituting from here and this Y is . Here of course we are not using any

Fourier expansion of the loading, just by normal self weight whatever is acting we are using. So,
K is found out like that and K is

K =(n + 2)wgsinsin



So, after step by step derivation, you can arrive here K = (n + 2)wgsinsin 8. Now for

cycloid type of directrix n = 1, so therefore k becomes 3w, sin® , so that is the tricks. So, now

3wg sin@

you obtain as K and when you required the derivative of K, it will be simple the

ﬁ = 3wg cos@

derivative of 40

(Refer Slide Time: 53:11)
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Then, we get

N.\ﬂ ==Kx==(n+ 2]“‘315inﬂ

Now, we know,
K=(n+2)w,sind
1 (¢ 1dK
N ——2]|—— dK
A 2(-‘: )Rd!f —_=
. B (n+ 2)w, cosfl
N =—n+2Wl:,l——_:|.‘=} ]

So, we have obtained this

% =(n + Z)Wg cos cos 6
I am putting n = 1, it will be 3w, cos6 . And the expression for N is

Ny =—Kx=—(n+2)w,xsin6

Then expression for this N x

dk =3w, cosf

And you can see that this 40 ) , how 3 is coming?



Because n = 1 for a cycloid type of shell, cycloid type of directrix, so therefore the

dk

=3w_cos6
* . So, after substituting these value we now finally get the N, here in this fashion.
2
Nx:—n+2w(l——x2) 1 _
2“4 R,cos"" 0

Here also we utilize the value of n, so if I substitute n = 1 here, then it becomes

2
N, =—2w
o2 fy R,

(Refer Slide Time: 54:43)

.“I.”- - _I?R“ L'Li.'i':H

N = -3qx sind

g )
N, == -
’ 29.3(4 ]

MO =45 x = +15m,

1\
Ng==15%637x (—) = =478 kN/m
1

1
Ny ==-3x15x15x (—_) = —4772 kN /m

Vi

So, substitute the numerical values that is given in the problem. So, at 0 =45° , X = +15 metre,

S0 we are getting No — 478 kN'/m N_theta we are getting -47.72 kN'/'m _after a substitution
1
of the given physical parameters of the shell given in the problem. V2 is coming because cos

1
45° or sin 45° whatever we take is V2 )
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Atx =15m,

N, = d o 15% | = -6178 kN
""E"ﬁ" T 3° | = -6l fm
Axial force on the edge beam:

Maximum value of Nyg is at 8 = EJ
(N:.'Id:llmu' = —3qx L1

Axial force on an edge beam, at a distance x from the mid span,

f 3 (B
P= —j—qudx =EQ(I—X')
¥

At x = 15 metres similarly we get this result

2
N xS (% _ 152) —— 61.78 kN/m

Now question comes how we determine the axial force on the edge beam? You can see the axial

. N .
force is transferred on the edge beam due to membrane shear stress and ~ *¢ that is at the edge

0=
which is located at

SN

is simply given by this. Because we have found that Ny equal to if

we put n = 1 then it will be 3w, sin6 .

T
0==—
So, at the edge 2 | so we are getting 3w, . So, therefore We is replaced here as q. So, N
0"
Ny is 39xsing o4 substituting 2 | we get -3qx as the edge shear force here. So, this is

)
integrated along the length of the shell from any point say x to 2 up to the end. So, after

integration we are finding



l

2 2
P =— [— 3qxdx =%q(lT— xz)
X

Now you can see here it is a tensile force and the maximum value you can see that is obtained at
x=0.
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Maximum value is found at mid span when x = 0,

3 ¢ 3¢
P=_qu_=_ﬁl

2 4 8
and it Is found to be tensile,

340 %15
= — =00 kN

So, at x = 0 the maximum force at the mid span maximum force at x = 0 that is obtained on the

edge beam

2 2
_ 3 L _ 3lq
P—2><q><4—8

, 1.5 T have taken 3/ 2 and this also you can simplify it and you can write in decimal places. So,
substituting the value of 1 and q, we now obtain this

p = 3x40°x1.5
=

so this is 900 kN. So, axial force that is the tensile nature is transferred on the edge beam or edge

member whose magnitude is 900 kN

So, based on that magnitude we can calculate if it is RCC structure, we can calculate the
reinforcement requirement on the beam due to transfer of membrane stresses at the edge member
from this shell.
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SUMMARY

In the present lecture, membrane analysis of cylindrical shell
expressing the load in Fourier series has been discussed. The
drawbacks of the membrane theory have been stated. The
correction necessary to realize actual boundary condition at the
edges was pointed ouf giving direction to introduce bending
moment in the cylindrical shell. Finally two examples of
cylindrical shells (i) circular directrix with Fourier loading (ii)
cycloidal directrix under gravity load have been solved and also
determination of tenaile force at the edge member transmitted
due to membrane shearing force in the shell has been illustrated.

So, let us summarize this today's lecture. So, today's lecture we have discussed the membrane
analysis of cylindrical shell using the load in Fourier series form. So, that is the new edition in
this chapter membrane theory of cylindrical shell. The drawbacks of the membrane theory have
been stated, the correction necessary to realize actual boundary condition at the edge was
discussed giving a direction to introduce bending moment in the cylindrical shell. Because

corrective load when you apply, this will produce a bending moment.

Finally, 2 examples of cylindrical shells, one is circular directrix with Fourier loading and second
one is cycloidal directrix under self weight have been solved. And also determination of tensile
force at the edge member transmitted due to membrane shearing force in the shell has been
illustrated. So, you have learned the analysis of the membrane stresses in the cylindrical shell
group and also the force that is transferred from the shell to the edge member. So if one uses the
membrane theory for the design of shell group one can analyze like that for gravity load, self

weight, live load and also for snow load. Thank you very much.



