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Module-1
Lecture-03
Plate Equations and Boundary Conditions with Examples

Hi everybody, today I am continuing my lecture and let me first tell what I have covered in the
last class and then the outlines of the today's lecture will be given to you.
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In the last lecture, we covered

Theory of Bending in Thin Plate and related assumptions,
Expression of strain in terms of vertical deflection, Effect of middle
surface stretching Expressions of Moments in terms of vertical
displacement , Principal moments on any inclined plane, Equilibrium

Equations for thin plate

So, in the last lecture you have learned the theory of bending in thin plates and what are the
assumptions related to bending. Then we have obtained expression of strain in terms of vertical
displacement. Then effect of multiple middle surface stretching, that we have obtained. Then
expression of moments in terms of vertical displacement, principal moments on any inclined

plane, equilibrium equations for thin plate.

So, that was our last item covered in the last class and you remember that I have derived fourth
order partial differential equation with a biharmonic operator.
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In this, lecture following things will be discussed

* Discussion on governing differential equation of plate and available
techniques for the solution

* Different Boundary conditions

* One of the rare cases of exact solution of plate-Circular plate with
clamped boundary

* Pure Bending of plate

* Pure torsion of plate

The equation has some specialty in mathematical physics and you know that this type of
equation also represents the airy stress function equation. So, we shall now proceed how to solve
these type of equation for different boundary conditions of the plate and what are the general
method available and whether the method yield the exact solution or we required to adopt any

approximate method. All these will be discussed in our class.

So, discussion on governing differential equation, that will be covered first. Then. what are the
available methods or techniques for the solution. Especially today I will discuss about the exact
solution, approximate solution will be covered later in separate classes. Then boundary
conditions in the plate because plate has straight edge or it may have curve boundary also. So,
today I will specially discuss the boundary condition for straight edges later on I will go to the

boundary condition for the curved edge.

Then there are some cases where the closed form (02:51) solution is readily obtained, very
simple function is chosen and that function is seen to satisfy the boundary condition as well as
your differential equation. So, nobody can deny that this function is not a correct solution, it will
yield the exact solution for them. But there are some specific boundary condition and specific

loading for which only this is possible.



So, one of the rare cases of exact solution of plate and that there are some examples from which
today I will cover the circular plate with clamped boundary. For that you can readily obtain the
exact solution say choosing a simple function. Then I will discuss the pure bending of plate when
the plate is subjected to pure bending moment along the edges, how it deforms and pure torsion
of the plate.

(Refer Slide Time: 03:54)

The governing differential equation of the plate
_ qlxy)
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The homogeneaus part of the equation is called bi-harmonic equation.

Biharmonic equation in Mathematical physics is known as
Plwlx,y) =0 (2)
Solution of the plate equation must satisfy the differential equation and

boundary condition of the plate. When this happens, we call the solution
as Exact.

il L ERE S

Now if you see the nature of the differential equation, A* is the biharmonic operator and if the
right hand side of this equation is 0, then in mathematical physics it is known as biharmonic
equation. So, the homogeneous solution for that type of biharmonic equation is already in
existence in different theories of mathematical physics. And here if we go for the plate subjected
to a transverse loading or it may be some edge loading also, where the homogeneous part has to

be solved, imposing the boundary condition at the edges, so that condition may also arise.

So, differential equation of the plate must be satisfied by the solution and the solution must
satisfy the boundary condition. If two conditions are satisfied simultaneously, then we call the
solution as exact solution. Now we will focus on the exact solution in this class specially, later on
we will cover some approximate method where exact solutions are not possible.
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In general there are four types of mathematically “exact” solutions available
for the plate problem:

+ Closed form solution

+ Solution of Biharmonic Equation upon which particular solution is

superimposed.

* Double trigonometrical series solution

+ Single series solution
The rigorous solution of the plate problem is essentially a boundary value
prablem.
Closed form solutions of plate problems are limited. The general solution is
usually obtained in case of linear analysis as

wix,y) = wy(x, ¥) + wy(x,y) (3)

where w,, and w, represent the homogeneous and particular solution
respectively

So, let us see the general techniques that are used for the exact solution or solution of the plate
problem are closed from solution that satisfy the boundary condition as well as differential
equation. Then solution of biharmonic equation that is you get an homogeneous solution and
over which the particular solution due to forcing term has to be super imposed, then only you

will get the total solution or complete solution for a linear case.

So, for a linear case homogeneous solution plus particular integral due to forcing function will
give you the complete solution, so that case may also arise. Now in certain cases the
trigonometry series provide very useful tool or very useful way of finding the exact solution of
the plate problem for the specific boundary conditions or for specific loading, specially for some
specific boundary condition, single trigonometric series or double trigonometric series can be

conveniently use to find their closed form solution.

The rigorous solution of the plate is essentially a boundary value problem, because boundary
condition has to be imposed. When you find the homogeneous solution of the biharmonic
equation then you will get because it is a fourth order equation. So, imposing the boundary
condition at the 2 edges you will get the 4 constants or 4 equations that has to be solved

simultaneously and you will get the problem of finding the constant of integration.



In many cases to simplify this we adopt the symmetric loading, anti symmetric loading, so many
techniques are used to simplify the calculation of the constants of integration because it
sometimes involves a lengthy calculation. So, closed form solution of the plate problems are
limited that statement I am making here and it is true in many cases you will not get. Then you

have to adopt a numerical technique, either finite difference or finite element techniques.

Or any other numerical techniques solving the differential equation, integrating the equations you
can use any numerical methods. So, here wj, is the homogeneous solution of the homogeneous
solution of the plate equation that means a biharmonic equation. And w;,, is the solution for the

forcing function that I call a particular integral or particular solution.
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Boundary Conditions

1. Clamped Edges

* In this figure, the plate is clamped at edge y=0

p—— —— (edge OA)
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Now let us see the boundary condition. Because I told you that boundary conditions are the
important components of the plate problem. When the boundary conditions are satisfied then you
will get the solution which is close to the exact value. So, in boundary condition, there are two
types of boundary condition, one is your geometric boundary condition and another I can term it

as a force boundary condition.

In the geometric boundary condition the deflection and slopes are the parameters that have to be

known at the edges. And for fourth boundary condition the shearing force and twisting moment



or bending moment have to be known at the edges. Now here I take an example of a rectangular
plate which is having straight edges. So, the rectangular plate is say OA, BC that you are seeing

here i.e the rectangular plate.

The length of the plate is ‘a’ which is along the x.-axis and width of the plate is b along the
y-axis. And you can see here that edge OA is fixed, it is clamped and edge AB is also fixed. For
example, we have a steel plate at one edge along the edge throughout continuously it is welded to
another plate or another element of steel. For example, base plate is welded or flange is welded

to the web, so this type of condition may occur.

So, that means it has a welded edge OA which represents the fixed boundary condition.
Similarly, AB is also an edge which is welded, so it represents a fixed boundary condition or
clamped boundary condition. Now the boundary condition OA, I will specify that, you see along
this y is 0, so along OA, the y value is 0. If I refer O as the origin then along OA y is 0, so that

means deflection is 0 along OA because it is fixed.

So, w at y equal to 0 is one condition that have to be imposed here. Then slope along the y
direction. So, since this is fixed, so the slope along the y direction the deflection curve will be
such that the tangent here will be almost horizontal if the plate is horizontal. So, the tangent will
have 0 angle making with the horizontal plane.

Therefore, the slope is 0 at the fixed edges, hence.

ow

- =0
dy y=0

a_waw

So, a}' dy that is partial derivative of y ay , deflection is taken, because deflection is a
function of two variables x and y. Again, you see at the edge AB, so you have to identify what is
the edge. At the edge AB, x is A and this AB is parallel to y axis. So, any y coordinate on AB

will vary from 0 to b. But x is fixed; x is ‘a’ along the AB. So, again at x = a, you are getting the



deflection at x = a is equal to 0. So, whatever deflection solution you obtain involving the 4

constants of integration then you can impose this condition at x = a to relate the constant with

their 0 value.

Now since this AB is fixed along the y direction, so the slope of the deflected curve along the x
axis, i.e along x direction will be 0 because tangent will be making 0 angle with the x axis at the

fixed edges. So, therefore we have taken

ow

dx x=a

Substituted the value of x = a. So, this is one important condition that we generally encounter in
our practical situation of particular life that is the clamped edges.
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2. Simply supported edge; Let us consider the following Figure

* In this figure, we have the edge OA and BC are
p—— — simply supported as well as OC. So,
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* Since, y=0 edge is simply supported, there will
be no curvature in x-dircction, thus,
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* Thus two boundary conditions at y=0 are
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Next let us go to simply supported edges. That is very common condition and it is mostly useful
in simplifying the work. Because simply supported condition although in the previous case you
have seen that deflection and single derivative of the deflection is taken. But simply supported,
although it is a very simple condition but the higher derivative is required. So, I will now discuss

what is simply supported condition.



So, simply supported conditions are here in the drawing it is seen that OA is also simply
supported, OC is also simply supported and BC is also simply supported. That means at x = 0 it
is simply supported, (x = 0 is here OC). So, OC edge is simply supported, then y = 0 that means,
the edge OA is also simply supported. And then y = b that is the side CB or BC is also simply
supported.

So, let us see what are the conditions that to be written for simply supported edges. In a simply
supported edges we know that deflection and bending moment has to be 0. So, rotation is
allowed in this simple support that we know. So, w is 0 that is the deflection at y = 0 = 0 for the
edge OA, I am writing the condition for edge OA first. So, if [ write the condition for OA first, y

is 0, so therefore w at y = 0 is equal to O that is the one condition.

Then second condition bending moment along y direction since this is simply supported along
the y axis, so slope at y = a along y axis cannot vanish. So, therefore the bending moment
curvature exist and therefore bending moment is 0. So, rotation is allowed, so moment is 0. So,

-0 (55 +v5E) = 0

bending moment expression we know that

-0 (G +v5E) =0

2 2
d Woo dcw

2 55 2
(where dy 9¥* s the curvature in y direction and 0x

42w

2 . L
0x% curvature in x direction).

Now you can see this edge OA is simply supported, so there cannot be any curvature along the x

direction, it is simply supported along the x axis. So, there cannot be any curvature or slope



321«\? 92w

— =0
2
along the x axis or along the edges. So, naturally we take this dx dx? , hence
d 2 W 0 2w
= =0
dx? dx?

the second condition is simplified as

So, second derivative of w with respect to x square = 0, so this is the condition at y = 0, so 2
condition we got at y = 0. Now if [ want to write the condition for the edge OC then how we will
write. So, edge OC is the x = 0, so boundary condition at OC will be w = 0, that is one condition
and second condition will be, the bending moment along the x direction is 0. So, bending

-0 (G +v557) =

moment along the x  direction is

-0 (G +v5E) = 0

But since it is supported along the y axis, i.e along the edge OC which is parallel to Y axis, so

9%w 0 92w 0
2 2 =
there cannot be curvature along the y direction. So, that means ay oy , SO
2
d“w =0 atw — 0

for that edges the condition will be w at x = 0 is 0 and
So, it can be written in the similar way at this edge OC alright. Now, let us go to other condition.
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* Similarly along edge OC, x=0 we can write

i*w

WI =0
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3. Free edge

T

p—t — * In this adjacent figure, x=a (AB edge) is

Py . free. Hence,

M| =0
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That condition I have written along OC, that I have told you now it is written and you will get in
my note also. So, free edge, let us see what the free edge indicates. Free edge, though there is not
any support but condition imposed is very complex at the free edge. Because at the free edge we
know that forces or stresses vanishes. So, therefore the force boundary condition has to be

imposed on the free edges, not geometric boundary condition.

Because at the free as both slope and deflection cannot be 0. In the simply supported edges, we
imposed one geometric condition that is w = 0, but one fourth boundary condition that bending
moment = 0. In clamped edges, we imposed two geometric conditions only that w = 0 and slope
= 0. Simply supported edges one geometric condition and one force condition. But in the free
edges geometric condition cannot vanish because w has to be non-zero and slope also has to be

non-zero.

So, in that case we have to impose the force boundary condition that is condition for shearing
force and bending moment. Now in the plate you know that due to generation of shear stress,
there will be twisting moment. So, at the free edge we have three quantities to be vanished, one
is bending moment 0, twisting moment 0 and shear force 0. Now since this edge AB is located

by x coordinate as x = a, X = a denotes the edge AB completely.



This along AB, the y coordinate varies from 0 to b but x coordinate is fixed x = a along AB. Now
here three conditions are there, these three conditions have been given by poisson.

(Refer Slide Time: 20:09)

The above three boundary conditions are known
as “Poisson Boundary Condition”.

. Kelvin and Tait later pointed out that 2* and 3
' equation are not independent. They can be
/ My .4, combined to give a single realistic condition.

In the adjacent figure, we can note that bending of
plate will not change if twisting moment M, ey
acting on length of dy along edge x=a is replaced
by two equal and opposite vertical forces M, and
dy apant.

Kelvin and Tait pnlrlh,'ﬂ out that at any free \1|J_u;,
addition of vertical shear and vertical shear due to
replacement of twisting moment must be zero,

And later on, this other authors, Kelvin and Tait found that three conditions are not necessary.
Because these last 2 conditions can be combined that is the shear force and twisting moment can
be combined to give a single condition because these are not independent quantities. So, Kelvin
and Tait pointed out that second and third equation that I have shown you that for bending
moment and the twisting moment and shear force (0) can be combined because they are not

independent.

And if you combine it you will get a realistic boundary condition. Now let us see how we can
combine it. In the adjacent figure we see that the twisting moment M, acting on a element dy.
Because all quantities in the plate (i.e whatever stress resultant etc.) are per unit width that you

remember. So, M xy is also per unit width.

So, if it acts on a length dy, so total twisting moment on this length will be M,, dy. Now you can
see this, this twisting moment M, dy can be represented by 2 equivalent opposite forces M, and
M,,, so that it give rise to a couple M ,, dy. So, this M ,, dy is equivalent to a total M, and d xy

equivalent opposite forces is equivalent to a couple M, dy. So, based on that it is found that in



adjacent element there will be some increment M,, + dM,,. And dM,,, is the increment which in

oM,
a_?*’ dy a
the full formis ZY

Myy
dy d_’}’

That is coming from Taylor series expansion that I have given you in the equilibrium of equation
lecture. So, how the incremental quantity is written on the opposite faces or at a distance given
by at a distance dx or dy apart. So, this on the adjacent element you will get that M, + dM,, this
is the twisting moment. So, Kelvin and Tait pointed out that any free edge addition of vertical

shear, vertical shear is already there.

So, in this edge the vertical shear Q, is already there. If Q, is added to the shear force generated
due to twisting moment and then it is equated to the edge shear (if there is some edge shear), then
it will represent the true boundary condition. So, at the free edge there is no shear force, so edge
shear is 0. So, that means the edge shear that is to be balanced by the component of shear force
acting on this edge Q, plus the increment of shear force due to twisting moment. So, let us say
how this can be found out?

(Refer Slide Time: 23:43)

* Now, vertical force at any point due to replacement of twisting moment M
M., M,y
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* Hence, total vertical shear at the edge,
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So, Kristov has given an expression for the edge shear therefore it is popularly known as Kristov

edge shear. So, in this slide you can see that net vertical force in the element of dy you will find



dy My dy

dy dy . So, you can see this is equivalent to the unit of force. Because the

M,, is the force per unit length and this is your this y, so this will be again the unit of force per

unit length.

Because the shear force is expressed as the unit of force per unit length. Hence total vertical
shear at the edge should be V,, which is total vertical shear. So, V, multiplied by the length of the
edge which is dy or length of the element dy should be equal to the shear force that is generated
due to vertical force Q,, Q, into dy for this element plus this is the component of shear force

produced by twisting moments.

So, if these two forces are added and equated to the edge shear then it will reflect the true
boundary condition at the free edge. So, Kristov has given this expression and dividing both
sides by dy you will get V, = Q, + dM,, by dy. So, this is the edge shear force. Now, at the free

edge since there is no shear force acting, so edge shear is 0, so V, will be 0 at the fixed end.

Now let us find out what is the expression for V, in terms of deflection, because we will solve
the equation of deflection, plate equation is expressed in terms of deflection, the generic
equation. So, we will find the solution in terms of deflection which is a function of x and y. So,
therefore let us express the edge shear in terms of deflection. Now here you can see that Q, from

the equilibrium equation if you remember in my last class.

M, ﬂMj,.x

We  have obtained the equilibrium  equation that

Q _ dM,. v ﬂM},x
x dx

dy . So, what is M,. M, is the bending moment in the x direction and

(o + 057}

pe

dx +7

Zw
dx2 dy?

bending moment in the x direction is given as



D2 {az“’ +9 az“’}

2 2
0x L0x 0y , this is the bending moment expression along the x direction.

So, the first derivative of bending moment is taken and then the first derivative of twisting

moment is taken.

9°w 9*w

dxdy dxdy

So, with the twisting moment expression that is the twisting curvature with the

twisting moment you know that a term D (1 - ﬁ) D (1 - 19) is associated. So, this term

—D(1 —9)—D(1 —9)

the twisting curvature is taken with respect to y. Now if you take this differentiation, then you

is there again and it is minus, so is there and the derivative of

will find that cubic the third derivative will be resulting.

And after simplification it is a very interesting thing that after simplification in the edge shear
expression in the shear force expression you will not get any poisson ratio term. So, there is no

poisson ratio term in the shear force expression. Shear force due to vertical force or transverse

po

force. So, shear force due to transverse force transverse load in the plate is simply - dx
a
—D—
09X and this you know this is the by him say Laplacian equation.
a a
DD g2 52
So, we can now say that Q, is nothing but dx dX into that is the

Laplacian operator multiplied by w. And here for Q, the derivative has to be taken with respect to
y. So, once we know the expression for Q,, now substitute the expression for Q, here, from here
to here. I brought these two here and dM,, you know that the expression for dM,, is this term and

multiplied by this term.



So, I have brought this expression for dM,, and I differentiated this with respect to y. So, after

differentiation and rearranging, you will find that edge shear is giving a very interesting

. Now you can see here this is the edge shear force at x

axay )

expression. That is edge shear equal

_D( (2_ U)axay )

= A, that is at the x edge means x coordinate is constant along the edges, x coordinate is constant

but y is varying.

For example, we want to find out say, in the previous case let me show the figure. Say this is the
free edge that I have taken AB where the x coordinate is constant x = A. For example, if OA is
free instead of clamp as suppose OA is free, then we have to write at y = 0, edge shear V,is 0.

So, expressions for V, can be written with an analogy of that expression, V, will be

Vx =D ( ayaxz)
Vx =D ( ayaxz)

So, for depending on the edge, where the coordinates are specified, you can express the edge
shear and the edge shear has to be equated to 0 at the free edge that is the first condition. Second
condition as the free edge there will not be any bending moment.
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* Thus at free edge y=a, the two boundary conditions are

i'w (10)

w
¥ =n=—ﬂ(ﬁ+(2—ujm)=n

X=0

*w  w

At (11)
dxl 1I|J'.'~'J

M| =0=-p(
X=q

« 115 called KirchofT's edge shear.

So, bending moment because this is the x edge, so x = a bending moment is 0, so bending
moment expression is 0. But here in the simply supported edge compare to the two expression
here for free edge we are equating bending moment 0. In the simply supported edge we also
equated bending moment equal to 0. But you can see the distinction or difference between these
two expressions. In the simply supported case where the bending moment at x = a that edge was

simply supported, we take it to 0 and then we neglected the curvature along the y direction.

02w dZw

dx2 dx?2

So, only was there. But here interestingly you can see because it is the free edge,
so curvature cannot vanish. So, it is going to be deflected and free edge deflection will be
measurable, significant deflection will be there at the free edge, slope will be there. So, therefore

you have to take two terms in the moment expression and V, is known as the Kristov edge shear.

So, that is very important condition for the free edge because originally poisson has given 3
condition the bending moment 0, twisting moment 0 and edge shear 0. But twisting moment and
vertical shear are combined to give a Kristov edge shear. So, ultimately the final condition
reduced from 3 to 2. So, it becomes easier after combining these two-expression twisting
moment and these vertical shear force.

(Refer Slide Time: 32:25)



4. Elastically supported edge

/

+ Sometimes plate is supported over beam
which itself undergoes deflection,

[o formulate the boundary condition for such
case, let us consider the edge x=a is supported
over a beam. Let & be the Nexural rigidity of
B-El the beam (£1).

C=G3)

One boundary condition 15 that deflection of
the supporting beam is produced due to load
(pressure) transmitted from the slab.

Now let us go to the other condition that is sometimes we get this type of situation a plate or slab
Say for example; a slab is supported by a beam where beam is also a elastic element. Because
when the slab load is transferred to the beam, beam has to react to this load; beam is not a rigid
element. So, when the load is applied to a elastic element or a flexible element it has to undergo

some displacement whatever small maybe.

So, similarly here due to load transfer from the slab to the beam there is some deflection in the
beam, nobody can deny. And you can also see that this edge where it is supported by the elastic
beam the moment when bending moment acts along the lengthwise direction here, will also try to

rotate the beam. So, this bending moment has to be resisted by the beam torsional capacity.

So, you are understanding here the two conditions are necessary, one is that the beam deflection
here will be same as the plate deflection. But beam deflection will only can be found when we
know the distributed load over the beam. Distributed load over the beam is nothing but the edge
shear along this edge, whatever edge shear you are finding along this edge this will be the load

acting on the beam.

Similarly, the bending moment whatever you get here for the plate this will be your distributed

twisting moment over the beam which has to be resisted by the torsional moment or torque in the



beam. So, let us find the mathematical expression for these conditions. So, two conditions I were
expressed and I have written here. We should know two parameters for the beam one is B, that is
the flexural rigidity of the beam, E is the modulus of elasticity of the beam and I is the moment
of inertia of the beam.

It is not necessary that plate and beam should have same modulus of elasticity, beam maybe of
different materials. Suppose if you construct a slab say of concrete of say 20 MPa then beam
maybe of concrete of 30 MPa. So, there will be difference of modulus of elasticity again two
different types of metal can also be used when the metallic plate is resting on another metallic

support.

So, therefore this modulus of elasticity of the beam not necessarily the same as the modulus of
elasticity of the plate, so that you should remember. Then the torsional rigidity of the beam,
torsional rigidity is defined as the product of shear modulus into torsional constant J. Torsional
constant J is slightly difficult to find out specially for rectangular section because we will find
that a rigorous solution is obtained for the torsional constant and a chart was given in the book of

theory of elasticity by Timoshenko.

For rectangular beam of different width depth ratio, so that you will find. So, coefficients are
given and you can find from that coefficient. For a circular section that torsional constant is very
easy, for circular section J is nothing but polar moment of inertia. But for rectangular section or
other thin wall section the torsional constant is not readily determined as the sum of the moment

of inertia, it is not equal to the polar moment of inertia.

Polar moment of inertia is nothing but I, + I, I, + I, gives a moment of inertia perpendicular to
the x and y axis. But it is not the case of other type of section, only it is true for circular section
where you can easily get the polar moment of inertia as is I, + I,. However, for rectangular beam
or rectangular support that rectangular sectional support that we are showing here the torsional
constant has to be found out by proper method. So, these are two parameters that should be

known for beam then only we can write the boundary condition.
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* At x=a edge loading 15 Kirchoff's shear per

unit length.
1"1 I =i - " I..I \.w " th.
W, =03+ O]
* Hence,
M1|J.-|| ﬂ‘“w ﬂ'ill' daw

=—=-pl— = ) — -

aﬂ}.d- 0(3,5 +(2 V}a,-a),!) 112}
=g

* This indicates that the deflection of plaie at
edge x=a will be equal to the deflection of
beam,

* Second boundary condition 1s obtained from
the twist of the beam produced due to the edge
moment W

So, for the beam if we see the deflection of the beam, deflection of the beam is to be written as a
d%w 34w
dy* dy*

El

fourth order equation , that is the differential equation or the very
well-known equation for beam deflection subjected to uniformly distributed load of constant
cross section ‘B’. Then you can see the right-hand side is nothing but the load transmitted on the

beam and load transmitted on the beam is nothing but the edge shear.

You can see this quantity is edge shear, there is the edge shear per unit length will be distributed
load on the beam. So, knowing this quantity at x = a, we can find out or we can impose the
boundary condition to evaluate the unknown constants of integration. So, this indicate that the
deflection of the plate at edge x = a will be equal to the deflection of the beam. Then second

boundary condition is obtained from the twist of the beam produced due to edge moment M,.

So, at the edge x there will be the bending moment M, along the x direction and you can see the
resistive moment is offered by the beam due to it is torsional rigidity. So, this moment has to be
found, bending moment expression we already know it.
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* From equilibrium condition, twisting moment in the beam should be balanced by
distributed moment at x=g.

M,
My 4 ay R =M=y or, 5, = Mx|

* Now, let C be the torsional rigidity of the beam i.e., C=GJ where G is the shear modulus
and J is the torsional constant,

W

o= |

* Thus,
8 L étw
= I

+ M is found from the rate of change of angle of rotation at any cross section multiplied by
the torsional nigidity.

ducly
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So, bending moment expression is known here and we have equated these two torsional moment
or torque of the beam and how it is evaluated. For example, at one end of the beam or at one

element of the beam the couple is empty, torsional couple is empty at a distance dy the torsional

M, + aMtdyM +aMfdy

couple will be at a distance dy. So, that means if I take
the equilibrium of the element for torsional moment because at the other side the sign will be

different.

So, this minus this will be your bending moment M, dy. So, you can see that this quantity, the

oM
_tle aMf Mlxa

A=0a a
first line equation is nothing but y . That means
here the torsional moment that is you have to find out. And torsional moment is nothing but,
Torsional moment of a beam if we know the twist, rate of twist multiplied by the torsional

rigidity is your torsional moment.

So, rate of twist is nothing but Oxy and it is multiplied by the torsional rigidity C which is

nothing but equal to G j, G is the shear modulus of elasticity and it is derivative is taken with



respect to y and it is equated to the bending moment at x = a. So, both the quantities are
evaluated at x = a. So, this gives the second boundary condition for this case, when the plate is
supported along the elastic beam, continuous support, there is no discontinuity of the support that

you should remember.

So, M, a is found from the rate of change of angle of rotation at any cross section multiplied by
the torsional rigidity. So, after simplifying you will get this, this is the equation i.e second
equation for the boundary condition of this case when the beam is plate is resting on the elastic
beam and the first boundary condition is this. So, 2 boundary conditions we have written.
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Edge supported by Linear or Torsional Spring

Edige x=3 is supported by linear soring Eclge x=a i5 supparted by torsional spang

Now there may be case when one of the edges is supported by the linear spring continuously
distributed, there is no break. Although in the figure you can see that a break is there, but it is
with a very close spacing. So, it is a distributed spring, it is acting on this plate edge if this is the
origin of the coordinate system then x = a, the spring is distributed or the spring is attached at x =

a, so this is linear spring.

Another case maybe there when they torsional spring or rotational spring is attached and this

edge x = a. So, these are the 2 non-classical boundary condition. Previous one also non-classical



boundary condition. Classical boundary conditions are clamped, pinned or simply supported and

your free clamp, simply supported, free, these three are classical boundary condition.

Non-classical boundary condition I have shown that the beam resting on the elastic support.
Then plate resting on the elastic beam then plate resting on the linear spring and plate resting on
the rotational spring. So, let us see what may be the equation for boundary conditions in these
two cases separately.
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Edge supported by linear spring
At x=a edge, we have

(i) B. M at edge x=a is zero \
{ii)Spring force=Edge shear

Hence two equations at boundary can be L i
written at x=a
d'w  *w
—4u—=10 1)
dx? oyt
And
a*w aiw
=Di=—+(2-1 st+kw=0 ¥
[ax-* 2-v) Eixﬂy'—'}

So, first let us see edge supported by linear spring, so linear spring is supported. So, 2 condition
we have to impose, bending moment at edge x = a is 0, here bending moment is 0 and spring
force, here due to deflection at the edges spring will offer resistance. So, spring resistance at
these edges k stiffness of the spring multiplied by the deflection this should be equal to your
edge shear. So, spring force should be equal to edge shear, so that is one condition. But first only

condition is bending moment equal to 0.



So, bending moment equal to 0 gives the implication

0%w + Uazw —0
dx?2 dyz

This is the bending moment expression at x = a, you have to substitute in the expression x = a,
then only you can write the equation. And the second condition spring force = edge shear. So,
this is the edge shear expression at x = a that we have derived earlier + kw that is the spring force

equal to 0.

That means you can write the D into this whatever quantity is there within this second bracket
equal to kw. So, it indicates that spring force has to be resistant or has to be balanced by the edge
shear. So, these are the condition when the one edge is supported by linear spring.
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Edge supported by rotational spring

Twao conditions at edge x=a must be satisfied

(i} B.M along the edge x=a is equal to
Resistance offered by the rotational spring —

(i) Edge shearis zero

Hence, we can write two equations at the edge

atw diw dw

-p (—Mz +ﬂ_d}-“)+ﬁﬂ=n {16)
P w i*w
E+[2—Iﬂw=ﬂ (17)

Then edge supported by the rotational spring, 2 condition at the edge x, a must be satisfied. So,
let us see what are the condition. Since, it is rotated by the rotational spring or torsional spring, it

will offer resistance to the bending moment along the edge. So that means along the edge, the



bending moment transferred from the plate should be balanced by the resisting moment offered

by the rotational speed.

So that is one thing, the bending moment along the edge x = a as equal to the resistance or
resisting torque offered by the rotational speed and second condition is edge shear is 0. So hence,
we can write two equations at the edges. One is this, this is your bending moment plus this is the
rotational or torsional resistance offered by the spring, ‘B’ is the torsional constant or rotational

spring constant that we take.

ow

Zow
Beta is the rotational spring constant multiplied by the angle of rotation dx ox . So, this
should be equated at x = a for such cases to get first condition of boundary. Second condition of
boundary is obtained by equating edge shear = 0. So, we have discussed boundary condition that
we generally encounter in practice, classical type and non-classical type. In classical types are

common but non-classical types also we have to impose in certain cases alright.
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Circular Plate with clamped boundary

One of the rare cases of plate problems for which closed farm solution can
be readily obtained is the Circular Plate with clamped boundary under
uniform loading.

We assume deflection function as
.?_x_lll

g 7 ’

wix,y) = r.“(’:— L- 1), (18)

= e A
1 :
This function satisfies the boundary condition at ""_\ "\\\ ,:"-
the edgesw = Oand dw/dn=0 (19) \} :3/_1
_—
Now if this is the solution it must satisfy the
differential equation
Pw=gq/D

Now I want to discuss that in certain cases of plate problem, we can obtain very interesting
solution without a very rigorous calculation. And that are some rare cases, one of the cases is

such that when a circular plate is clamped along the edges, so that is one case, a rare case.



Circular plate clamped along the edges and subjected to UDL throughout the plate, so Q, per

meter square Q, per unit square a square is the load intensity here.

And a is the radius of the circle. Now you can see how this problem can be solved. This is

proceeded like that. If I assume a deflection function, say this, C is a unknown constant and

X2 2 2
w(x,y) = C(§+ﬂ—2— 1)
2 2 2
e = (G451
X 2

x? y
c(G+m—1)

it readily satisfies the boundary condition. So, what are the boundary condition?

If I assume this as the deflection function, then it shows that

Boundary condition at the fixed these edges, fixed edges will be your slope, it is deflection is 0.

And the slope, because this is a curved edge, so I take slope with respect to normal direction, o7
. And this can be decomposed into a Cartesian coordinate slope also that we have seen if the
angle of inclination with the original x axis is known, that derivation I have done in my earlier

classes.

So, these two conditions have to be satisfied at the edges, and taking this function, you can see

2 2
that at the boundary * TV =4 g, this quantity becomes 1, so 1 - 1 is 0, so deflection is
satisfied. Again, if you take this derivative of that quantity with respect to x, or with respect to y,
this expression within the bracket will come first, and then we will take the derivative with

respect to X or y whatever maybe.



So, again it will be 0 because this term is again appearing in the expression of slope. So,
therefore the same condition is also satisfied. So, you have to take a quadratic term with this
2 2 2 2 2

X y 2 2 2 (X y
—+=5-—-1) (4 2 _N({==+=5—-1

‘ a2 a2 a2 a2 a2 a2

expression, .

So, the expression shows that boundary conditions are satisfied at once without any difficulty for

clamped edges, nobody can deny.

Now if this condition is satisfied and if I think that it is the solution of the differential equation,
that it must satisfy the differential equation. So, if I take certain function as a solution, I have to
substitute it in the differential equation to see whether both sides are equal. So, that means, this
function or w,,, now have to be substituted in this differential equation.
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In expanded form

a*w i I
—+—=2 (20)
dxt dridyt ox* n

Let us evaluate the derivatives of the w(x,y) to be substituted in above
equation (20)

w_ (202 (X
:’FJ:_4E(H¢+::2 1)(«“)

ﬁ:i{:('ﬁq.y_?-])(lz)q-ﬁ_cxz
a i

r-_h..: u'.! u'.! u'.' 4

#w  8Cx | 16Cx dtw  24C
—=—t— Now, —=-—
ix a a dx i}

Viw = q/D

Let us see, if 1 substitute this in the differential equation

Viw = q/D

which is expanded in this form



9w 0w 0w
== 42 +— =2
dx? dx20y? dx*

0w 0*w o*w  qq
422w oW
dx? dx20y? dx* D

Qo is the uniformly distributed load. Now you require here to evaluate or know the derivatives up

2

2 2

X Y

—+4 -1
a

2 )
a . So, you can

to fourth order because the expression is given for w, as (

successively obtain the derivative.

2
ow 0”w 92w o'w

2 2 3
So, if you obtained the derivative 0x g obtain, dx* ox is obtain then OX" is obtain.

24C 4

v TR [14: at . .
So, lastly, we go to the 4th derivative, so 4th derivative is , 1t can be easily

verified.
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Similarly, we have
tw _ 24 2w e
ayt  at! dy? ‘axt’ gt

Hence, substituting the derivatives in plate equation, we get
240 BC 240\ _ @
c(Graxgei)=4
Hence
]
= 02"
C= 2T (21)
Hence deflection surface is given by
3 9 F
Ao ol )
w(x,y) = = (nz + " 1 (22)
It can be seen maximum deflection is found at the centre and is equal to

f
_ gt
Wmax = 15 (23)



And similarly, we can obtain the derivative with respect to y and the cross derivative that is

4
9 d*w 340

0x20y2 % ox2ay2

required for the second term, that is , so that quantities also

evaluated. Now substituting all these derivatives in the differential equation, in the equation
4
4

902 goa
64D 64D

number 20, we will get this constant C, C is easily evaluated as

So, hence the deflection surface is defined by this, C is known, so exactly deflection surface is
obtained. So, from the deflection surface now you can go for other quantities like bending
moment, shear force, twisting moment etc. whatever you may be but for x is symmetrical case is
there will be no twisting moment, so bending moment you can obtain. And it can be seen that

maximum deflection will occur at the center.

So, substituting x = 0, y = 0 in this expression, expression 22 you get the maximum deflection of

the plate as . So, that is very rare cases where the solution is obtained just

by assuming as suitable function which is satisfying first the boundary condition and after
imposing this into the differential equation, we get the unknown constant.
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PURE BENDING OF ELASTIC PLATE
Let us suppose a rectangular plate subjected to bending moments M, =M, >0 and
M =M,>0 as shown in Figure below

The moment curvature relationship is expressed by

diw M My

dy? dyt D (24)
i'w Fw My

=i oL ek

dayt ixt D (25)
dlw

o 126)

Now let us see the pure bending case of a plate, that is very interesting, a interesting surface is
obtained when we find out this deflection of the plate. Now, the plate is subjected to pure
bending along the edges M,, and it is a symmetrical case. This is symmetrical case it is shown
here, but there may be at anti symmetrical case also. The moment curvature relationship is

expressed you know that moment curvature relationship is this.

oO’w
%0
And since there is no twisting moment, so X0V
Now, equation number 24 and 25, you can see here this is the curvature in the x direction and
this is the curvature in y direction. Here this is curvature in y direction, this is curvature in x

direction and these are the moments that is applied moment M, and M, on the plate.
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Solving for the curvatures from first two of the above equations, one get
a*w _ My=iM;

axt  D(1-6%) (27)

Aiw  My=iM,

dy2 ~ D(1-87) (28)

w

By | (29)

Integration of first eq.

dw _ My -UM,

% = poon* THhO) (30)

So, solving 24 and 25 simultaneously, one can obtain this expression of curvature in x direction,

and expression of curvature in y direction. And twisting moment as usual, we have written

o’w B

OxQy Now let us integrate these, because we are targeting these w, w has to be found out. So,
a_w ow
dXx 9x

integrating the first equation, with respect to x, we get and it is x and constant of
integration. Now constant of integration here I take as a function of y because I am doing the
integration with respect to x.
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1L}

Again integrating the above equation,

Mi=-UM; x
wix,y) = mz Hix + ) (31)

Similarly, integration of the second curvature equation

[}w H, LM,

o = poy) T 4% (32)

Again integrating above

W,y) = BB g, (1) + g,(0) (33)

2
X x?
Then again integrating the first expression, this expression I get this expression will be 2 2
2
X
Z x?
2 2

. So, is coming, and then f| y) x and then another constant of integration which also I

will take as a function of y because I am integrating with respect to x. Similarly, integration of
the second curvature equation, second curvature equation is this equation number 28. So,
integrating equation number 28, first we get this, so here the function of x will appear. And after
second integration we will get another function of x.
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Mow twisting curvature can be exprassed as
a fdw d fiw
ay (fl.t} - 4!;:{4!-9) =0 ES'IL]

Integration of these equations gives

% = G(x) and j— = F(y) (35)
which means
fily) =4 and g (x) = B (36)
Equating both the expressions for wx,y) .
Uy 0L e gt = Y g

pi-vd)2 “pa-uvd) 2

Now integrating the twist curvature equation, twist curvature now I am writing in this way, an

integration of this equation simply results. Say if I integrate this equation first equation, this

a_waw

equation equal to 0. Then I will get 0x ox and function of G(x) function of x, because I am
integrating with respect to y. And in the second case, I am integrating with respect to x. So, [ am
getting a function of y as a constant, which means that earlier cases, if you compare this you will

get the f (y) = constant in g ;(x) = constant.

So, these constants I termed as A and B. Equating both the expressions for w,,, we have got after
twice integration of curvature in x direction and after twice integration of curvature in x
direction. So, equating these we get this. So, there are some interesting conclusion will arise, you
can see here in the left-hand side, the expressions are function of x. In the right-hand side, the
expressions are function of y, this clearly indicates because M,, M,, poisson ratio and capital D
all are constant, B is a constant, A is a constant.
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Now twisting curvature can be expressed as

;_y(JT) . Tj(i—:} =0 (34)

Integration of these equations gives

aw dw

E=G{1}andd—r=F(yJ (35)

which means

fily) = A and g, (x) = B (36)

Equating both the expressions for wixy)
.M,—UHZI?-‘-A ( )_H:—UML}'E Byef
D-u)z 4 “pa-uhz ' y=hU)

But how a function of x can be equal to a function of y. This is not possible unless both are
constant. So, that is very important conclusion.
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The left hand side of the equation is function of x where as right hand side is a
function of y. This holds good only when both the sides are constant say =C

Hence we can write the deflection surface as,

M|‘U”z J.'z Hz'UMi}rz

wlx,y) = D(1-V%) 2 Dp(1-ud) 2

+Ax+By+(C (37)

The three arbitrary constants represent rigid body motion. To obtain these constants,
let us fix the origin at the centre such that deflection w and slope fw/0x , Ow)/dy are
zero at x=y=0. In that we can A=B=C=0, 5o all deformations will be measured relative
to this reference.

And based on that we take these holds good only when both the sides are constant and that
constant I am taking at -C. So, that means in the first equation, see this is the first equation of
deflection obtained from integration of curvature in x direction, and this is the second equation of
deflection obtained from curvature of y direction, so both are constant. So, if I add this to a

constant a constant in as added to a first equation and we get this.



Now these three arbitrary constant A, B, C, now have to be evaluated based on the prescribed
condition at the boundary. Because here boundary conditions are not specified, it is just a plate
on which the moments are applied. That is in the boundary condition we know the moments. But
these constants can be eliminated if we take the center of the plate as the reference point from

which the deflections are measured, deflection or slopes are measured.

So, if I take the origin as the reference point, then I get that at x = 0, y = 0, the slope and
deflection will be vanished because it is a symmetrical bending. So, therefore in that case we will
getA=0,B=0,C=0.
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Hence,

w(x,y) = =

20{1=10%)

[1(M, /Mz) = v}e® 4 {1 = oMy /Ma))y?] (38)

Once, the deflection wixy), other quantities in the plate can be
determined. In the special case of equal bending moments, with
M,=M,=M,, one has

A — My 2 2
w(x.y) ©20(140) (x*+5) (39)
One can find in this case, radius of curvature is

i ~D{1+u)
= I}. =T Mm

So, in that case the deflection surface is simply written just like as a function of x* and y*>. And
the coefficient of x* you know and coefficient of y* you know here. That can be arranged after
arranging the multiplier in a suitable way. So once the deflection w,, is known, other quantities

in the plate can be determined, that you know the usual practice.

But if I take M, = M, is equal to some constant value. That means plate is bended by equal

couple on all sides, then you will get interesting thing like that. The w,, is becoming this, so this



indicates the surface deflects in the form of a part of a sphere, so one can find in this case the

. _ .. _ b@a+9) D(1+9)
?x—?y——?;::?" = —
My Y M,

radius of curvature as
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The equation for the deflection shows that the deflected surface is a
part of sphere. We represent graphically deflection surface for various
values of M,/M,

Deflected surface of the plate under pure bending with equal moments
M,/M,=1 [Poisson ratio=0.3)

So, the surface will look like that when M, by M, = 1 and poisson ratio is 0.3, for that I have
plotted.
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MM, =15 M./ M

Pure bending of plate by symmetrical moment [synclastic surface)




And for different values of M, by M, ratio, 1.53, but all are symmetrical cases, so symmetrical

bending you are finding that curvature in one direction, so it is a simplistic surface.
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Bending of plate by antisymmetrical moment (Anticlastic surface)

Now when there is a anti symmetric moment, then you will find the reverse curvature. So,
reverse curvature is seen when the moments are not equal, or not symmetrical. I should not tell it
equal magnitude is maybe whatever maybe but this is not symmetrical. So, in that case the M, by
M, is -1.5 that the senses are different and here M, by M, is -3. So, here you will get a reverse
curvature and therefore this type of surface is known as anticlastic surface.
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Pure Torsion of an Elastic plate

When the plate is subject to only twisting moment,
one has

# ii? a ii* i atw M
[ N\\'-— ) $+1JJ=U;J+lri=U;—“=——.
Al dxt dyt dy? dx? dxdy D{i-u)

Al .} / From first two equations, we get
Il n o = L = () and integrating third equation
/ | ) ax? 4 r]}l!
(' ( ( o and using same arguments as before
i M
F axdy  D(1-U) (41)
Integrating the above equation and using same
arguments as before, we get

w(x,y) = = Mxy/D(1 - v) (42)




If I see the pure torsion of the plate, so in that case bending moments are 0, only the torsional
moment is applied. And torsional moment equation we know, this is the torsional moment
equation this and we can write this torsional moment equation as this. So, integrating above

equation and using same argument as before, we can arrive
w(x,y) = —Mxy/D(1 —9)

w(x,y) = —Mxy/D(1 —9)

So, this is another equation for deflection of a flake subjected to pure torque, so pure moment is

there.
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Deflected Surface far a negathe taisting mamint

So, in that case the deflection surface will look like that.
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Summary

In this lecture, we discussed about the analytical sclution techniques
available for the plate equation. Then we introduced different boundary
conditions in the plate and stated the equations with reference to straight
edge. There are some rare cases where for specific loading and boundary
conditions, exact solution of certain plate can be obtained, imposing an exact
function (satisfying boundary condition) on the known differential equation.
One of such cases is a circular plate with clamped boundary carrying
uniformly distributed load. This case has been illustrated. Then we discussed
pure bending and twisting of a plate, deriving the deflection surface from
curvature relationships,

So, let us see whatever we have covered in this lecture, let me summarize this. So, in this lecture
we discussed about the analytical solution technique available for the plate equation. Then we
have introduced different boundary condition in the plate, classical boundary condition,
non-classical boundary condition, plate edges, simply supported, clamp, free. These are 3
classical boundary condition, non-classical boundary condition as resting on the elastic beam.

Then your edge resting on the elastic beam, then edge resting on the elastic spring, then edge
resting on the rotational spring. In the first case the edge resting on the linear elastic spring and
in the second case the edge resting on the rotational spring. So, this type of boundary condition
we have seen. Then I have focused that there are some cases where the closed form solution can

be readily obtained.

So, these are the rare cases, it happens for some particular boundary condition and particular type
of loading, not for all cases, very limited cases it can be obtained. So, one of such cases is the
circular plate clamped along the edges and subjected to uniformly distributed load. So, that case I
have demonstrated, how to find the deflection, taking a suitable deflected surface to find the

unknown constant associated with the deflection function.

And from that we have seen that the maximum deflection occurs, as we expected at the center

and magnitude is given in terms of the radius square and this load intensity and your radius to the



power 4, load intensity and this flexural stiffness of the plate. As usual in case of beam also we
have seen that deflection decreases if we increase the depth of the beam. Here also in the plate

equation, we have seen that deflection decreases when the thickness of the plate is increased.

Because in the flexural rigidity of the plate the h cube term is appearing. So, there is similarity
with the beam and plate also. So, then we have seen that pure bending of a plate subjected to a
moment at the edge moment same sense but of different magnitude. And then when the
magnitude of the moment and sense of the moments are equal, a purely symmetrical case of

equal magnitude.

Then we have seen that deflected surface is a part of a sphere, and radius of the sphere can be
easily computed from this deflected surface by taking the second derivative, the curvature and
reciprocal of this will be radius of curvature. Then we have seen that for a anti symmetric
moment, there will be reversal of curvature. So, the two terms I have introduced one is simplistic

surface but the curvature is in the same direction.

And anticlastic curvature the bending takes in a reverse way, so reversible curvature occurs due
to inter symmetrical loading. Then we have seen the pure torsion of a plate, and how it is solved
from the twist equation in a very simple way. And we have demonstrated the form of the surface
that is formed due to pure twisting. So, thank you, again we will meet in the next class to proceed

further, thank you.



