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Analysis of Spherical Dome

Hello everybody, today I am delivering lecture 2 of the module 9. In the last class I have

introduced the main theory of surface of revolution. And the surface of revolution is formed by

rotating plane curve around an axis of rotation, and this plane curve may have any nature. It can

be an arc of a circle. Or it can be a part of a parabola or ellipse, and accordingly, the surface of

evolution is named.

So today, I will discuss a surface of revolution, which is formed by rotating an arc of a circle, and

it is commonly known as spherical dome. So, today our discussion will be membrane analysis of

spherical dome subjected to gravity loading along the surface of the shell and also the loading

which is spreading over the horizontal plane of the shell. So 2 types of loading we will consider

because, in the latter case, this snow loading is applicable. Snow loading is generally specified in

terms of loading over the horizontal surface.
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Now this spherical done is formed by rotating a part of a circular arc around an axis of rotation

that you are seeing here. And this arc is known as meridian by. As result of this circular arc

rotating about an axis of rotation, the curvature along 2 principal directions are same. And the

radius of curvature of the shell that is the principle radius of curvature , is now equal to the𝑅
1

𝑅
2

radius of the sphere. And you can see at any level we have a parallel of latitude that is also a

circular in plan.

And it has a radius which is different from the radius of the sphere, but this radius can be related

to the radius of the sphere by trigonometrical relation.
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Now in case of membrane analysis of shell, we are basically dealing with the 3 quantities one is

, and another is and another . In general, also exists for any type of loading, but𝑁
ϕ

𝑁
θ

𝑁
θϕ

𝑁
θϕ

 

when the axis symmetrical cases consider that means loading is symmetrical about an axis of

rotation, then we neglect . So, the only quantities that have to be found out are .𝑁
θϕ

𝑁
θ
,  𝑁

ϕ

is the membrane stress along the meridional direction, and is the membrane stress along𝑁
ϕ

𝑁
θ

the tangent to the parallel circle. So that is the circumferential stress so for axis symmetrical

cases, if we recall, we arrive at 2 equations of equilibrium. In general, there are 3 equations of



equilibrium. But because of second equation becomes meaningless, and we now have𝑁
θϕ

= 0

to deal with the first 2 equation.

So, first equation gives after integration this value of , and third equation that; is actually an𝑁
ϕ

algebraic equation. So once the is found for the given loading and given geometry of the shell𝑁
ϕ

can be calculated. You can see this equation here it is second equations which relates𝑁
θ

by our radius of curvature of the shell, and this is the third equilibrium equation𝑁
θ
 𝑡𝑜 𝑁

ϕ

equilibrium condition is taken here along the normal direction normal to the tangent plane at the

meridian any point in the meridian.

And is the component of the load along the normal direction along the radial direction, so we𝑤
𝑅

call as the radial load. That means component of this load that is acting over the surface of𝑤
𝑅

the shell along the radial direction. And there are other components that along the meridian𝑤
ϕ

direction, whereas is taken as 0. So, these𝑤
θ

are the cases we have to consider there, and you can

see this integral .

Then integration, we have to do is a𝑅
1
𝑅

2
(𝑤

𝑅
cos 𝑐𝑜𝑠 φ − 𝑤

φ
sin 𝑠𝑖𝑛 φ ) sin 𝑠𝑖𝑛 φ 𝑑φ + 𝑘

constant of integration. Generally, it is a definite integral, so put a; consent of integration and

when for a closed shell the limit of integration become 0 to any level of latitude that thenϕ

constant become 0. So, we take constant , so, therefore, we find the integration of this𝑘 = 0

expression with a limit 0 to 5 if this shell is closed, and we can obtain the value of .𝑁
ϕ

Now, remember that for spherical shell this and and now becomes the radius of𝑅
1

= 𝑅
2

𝑅
2

𝑅
1

the sphere.
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So, multiplying both sides of the equation 1 that is the equation 1 I multiply both sides of the

equation 1 by . So, multiplying both sides of the equation by then we can get this equation2π 2π 

as that is I have taken here equal to integration of this2π𝑅
2
ϕ 𝑁

ϕ
𝑅

2

is again the question previous2π𝑅
1
𝑅

2
(𝑤

𝑅
cos 𝑐𝑜𝑠 φ − 𝑤

φ
sin 𝑠𝑖𝑛 φ ) sin 𝑠𝑖𝑛 φ 𝑑φ + 2π𝑘

constant was k, and it was multiplied by .2π

So now the constant stands at however, the constant of integration here is taken as 0 for2π

closed shell.
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Now you can see here a spherical dome that has to be analyzed for the gravity load consist of𝑤
𝑔

a self-weight of the shell. And live load specially, if there is a live load on the shell that is for

maintenance purpose if the shell is used for roof, then for maintenance purpose some live load

will be there, but it will be very nominal. So, includes self-weight as well as live load here.𝑤
𝑔

And it is distributed over the surface of the shell.

Now, if you see that equilibrium equation have been obtained by resolving the forces into 2

directions. One is the direction that is the tangent to the meridian and second direction isϕ

tangent to the parallel circle and third direction is normal to the parallel circle. So, with the 3

directional components and when these are added and equated to 0, we get the equilibrium

equation.

Now is your load that is acting vertically downward, but we have to dissolve these forces𝑤
𝑔

along 2 directions that is because is not taken here. So, equilibrium along the tangent𝑤
𝑅

 𝑤
ϕ

𝑤
θ

to the parallel circle here for axis symmetrical condition is not applicable. So we take only the

component along the radial direction that is and along the meridional direction that is w phi.𝑤
𝑅

So this phi is the angle that you are seeing here, which is measured from the vertical axis of

rotation.



And accordingly, this angle will be and therefore, component theϕ 𝑤
𝑅

=− 𝑤
𝑔

cos 𝑐𝑜𝑠 ϕ 

negative sign is taken here. Because the normal direction outward to the surface of this shell is

taken positive, so therefore it is towards the inwards side. So therefore, the negative sign is taken,

so . And the component along the meridional direction is is equal to𝑤
𝑅

=− 𝑤
𝑔

cos 𝑐𝑜𝑠 ϕ 𝑤
ϕ

. So, we write equal to and that up to be used𝑤
𝑔

sin 𝑠𝑖𝑛 ϕ 𝑤
𝑅

𝑤
𝑔

cos 𝑐𝑜𝑠 ϕ 𝑤
ϕ

= 𝑤
𝑔

sin 𝑠𝑖𝑛 ϕ 

in our first equation that I have shown in the integral form and is 0.𝑤
θ
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Now coming to this equation that we have to now evaluate

. Of course, we will take𝑁
ϕ

= 1
𝑅

2
ϕ {∫ 𝑅

1
𝑅

2
𝑤

𝑅
cos 𝑐𝑜𝑠 ϕ − 𝑤

ϕ
sin 𝑠𝑖𝑛 ϕ ( ) sin 𝑠𝑖𝑛 ϕ 𝑑ϕ + 𝑘}

k = 0 because the shell is closed shell. And under axis symmetrical loading condition, there will

be no membrane shear force. There is a . So now, substitute the value of as we have𝑁
θϕ

𝑤
𝑅

,  𝑤
ϕ

obtained in the earlier cases by resolving into respective directions.𝑤
𝑔

What is the respective directions? one direction is along the normal direction, and radial

direction and another direction is along the meridional direction. So, taking

and , then we take here is substituted in terms of𝑤
𝑅

=− 𝑤
𝑔

cos 𝑐𝑜𝑠 ϕ 𝑤
ϕ

= 𝑤
𝑔

sin 𝑠𝑖𝑛 ϕ 𝑤
𝑅



and . And similarly, is substituted in terms of and , and one is𝑤
𝑔

cos 𝑐𝑜𝑠 ϕ 𝑤
ϕ

𝑤
𝑔

sin 𝑠𝑖𝑛 ϕ 

with minus sign, so, therefore, we take minus common it becomes , and thiscos 𝑐𝑜𝑠 ϕ + ϕ 

is already there.sin 𝑠𝑖𝑛 ϕ  

So, we write it as and other quantity that is , equal to so therefore itsin 𝑠𝑖𝑛 ϕ ×𝑑ϕ + 𝑘 𝑅
1

𝑅
2

𝑅
2

becomes we take it outside the integral sign. Because the radius of this sphere is a constant𝑅2

quantity and in numerator R is already there, and is there. So, cancelling this with R that isϕ 𝑅2

we get R, and then this term is 1, .𝑅2/𝑅 ϕ + ϕ = 1 

Then remains only the integration of , and with the limit to now for a closedsin 𝑠𝑖𝑛 ϕ 𝑑ϕ ϕ
0

ϕ

shell, the lower limit is taken as 0. So 0 to we have to integrate so now will beϕ ∫ sin 𝑠𝑖𝑛 ϕ  

and limiting 0 to so after substituting the limit in the integral then we get thiscos 𝑐𝑜𝑠 ϕ ϕ 𝑁
ϕ

equal to . This expression can be simplified this can be written𝑁 =
−𝑅𝑤

𝑔

𝑠𝑖𝑛2 (1 − cos 𝑐𝑜𝑠 ϕ) ϕ 

as , and this numerator is already there , then after factorizing this that1 − 𝑐𝑜𝑠2 (1 − cos 𝑐𝑜𝑠 ϕ) 

can be written as .1–ϕ (1 + cos 𝑐𝑜𝑠 ϕ )(1 − 𝑐𝑜𝑠ϕ)

Then and is cancelled, and then we only get . Now1 − 𝑐𝑜𝑠ϕ 1 − 𝑐𝑜𝑠ϕ   𝑁
∅

=−
𝑅𝑤

𝑔

1+cos𝑐𝑜𝑠  𝑁
ϕ

is coming as negative, so negative sign is compressive force, and positive sign will be denoted

for the tensile force. So we got as in terms of the radius of this sphere and the that is the𝑁
ϕ

𝑤
𝑔

intensity of the vertical load that is acting on the shell surface. And in terms of the meridional phi

so you can see the nature of the is compressive.𝑁
ϕ

So, for this type of shell even if we construct it with reinforce concrete it remains compression

for any loading that is vertical loading, and meridional angle for any meridional angle for theϕ

shell surface that we assign in the design it will remain compressive. So that will give advantage



to the design of concrete because concrete is very weakened structure, so if it remains in

compression that we have the advantage of designing this structure.
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So, once we obtain this then we substitute here, then we get now again note it that𝑁
ϕ

𝑁
θ

. Therefore, from this equation we get . , so therefore𝑅
1

=  𝑅
2

𝑁
θ

𝑤
𝑅

𝑅
2

−
𝑅

2

𝑅
1

𝑁
𝑅

2

𝑅
1

= 1

now substitute what is ? is the component of the load in the𝑁
θ

= 𝑤
𝑅

𝑅
2

−
𝑅

2

𝑅
2

𝑁 𝑁
ϕ

𝑤
𝑅

𝑤
𝑅

radial direction it is . So, this expression is needed here so substituting here–𝑤
𝑔

cos 𝑐𝑜𝑠 ϕ 𝑤
𝑅

and into this expression.  𝑁
∅

=−
𝑅𝑤

𝑔

1+cos𝑐𝑜𝑠  

And , then we get so this expression for the circumferential𝑅
1

=  𝑅
2

𝑁
θ

= 𝑤
𝑔
𝑅 1

1+𝑐𝑜𝑠 − 𝑐𝑜𝑠( )
stress may be compressive may be tensile depending on the value of that we have to find𝑁

θ
ϕ

out.
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Now let us see we take a hemispherical dome examine the variation of and along the𝑁
ϕ

𝑁
θ

meridional angle . Now we already noted that the meridional stress is always compressiveϕ 𝑁
ϕ

for any value of . However, the value of changes for certain value of nature of the mayϕ 𝑁
θ

ϕ 𝑁
θ

change with the value of . So, therefore, we have to see at what value of this angle thisϕ ϕ

magnitude of this nature of the changes.𝑁
θ

That means the nature is reverse previously, say it has compression, now it will be tension so this

angle we have to find out. Now plane at where now changes it is nature or sign is known as𝑁
θ

plane of rupture. We generally intend to avoid the tensile force in the concrete structure, so

therefore if we know the plane of rupture, we can limit our dimension in such a way that the ϕ

does not exceed a certain critical value so that tension is not developed in this shell surface.

So is 0 if this quantity =0 because and R is non-zero constant. So, equating𝑁
θ

1
1+𝑐𝑜𝑠 − 𝑐𝑜𝑠 𝑤

𝑔

these 2, 0, we can solve for .cos 𝑐𝑜𝑠 ϕ 
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So, these angle gives a quadratic equation in , and the value of nowcos 𝑐𝑜𝑠 ϕ cos 𝑐𝑜𝑠 ϕ 

becomes 1 value is 0.61803, and this only the value that can be accepted that value to be not

relevant to the problem in question. So, therefore, the is found as 0.61803, and iscos 𝑐𝑜𝑠 ϕ ϕ

. So now we get the limit of the angle phi up to which this shell remains under51. 82°

compressive force only. So up to this level, this showing here remains in compression.

So, but the , the meridional stress is compression throughout the surface of the shell from the𝑁
ϕ

springing to the ground. This is the springing level, and this is the ground level, so here you can

see the variation of if I draw from 0 to say here, it is , and here it is .𝑁
ϕ

ϕ ϕ ϕ
90°
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So that you can see in this expression, if you put means it will be will be .ϕ = 0 𝑁
ϕ

–𝑅𝑤
𝑔
/2 

Because is , so will be the value of and when that iscos 𝑐𝑜𝑠 0 1 𝑅𝑤
𝑔
/2 𝑁

ϕ
= 0 ϕ = 90°

is 0 then will be . In both the cases compressive that is coming with acos 𝑐𝑜𝑠 ϕ 𝑁
ϕ

–𝑅𝑤
𝑔

𝑁
ϕ

negative. So, therefore, variation of we can see now to because is measured𝑁
ϕ

𝑅𝑤
𝑔
/2  𝑅𝑤

𝑔
ϕ

from the vertical axis.

So here the is , and at this point it is , and because of symmetric, this same stress will beϕ  0 90°

generated here also. Now, if I see the variation of this is the expression for , so at𝑁
θ

𝑁
θ

ϕ = 0

here, you are getting this because is 1. So, -1 that is -1/2 so at we are1
2 cos 𝑐𝑜𝑠 0 1/2 ϕ = 0

getting this as . So that is the magnitude of at now, let us see at .− 𝑅𝑤
𝑔
/2 𝑁

θ
  ϕ = 0 ϕ = 90°

So, when is , , so therefore is , and it is coming as positiveϕ 90° cos 𝑐𝑜𝑠 90 = 0 𝑁
θ

𝑤
𝑔
/𝑅

quantity. So therefore, tensile, so here you are getting tensile forces are developed after this

plane, and this plane is nothing but the plane of rupture, and it is located at .ϕ = 51. 8°
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Now this expression this integral you are getting here

2π𝑅
2
ϕ 𝑁

ϕ
= ∫ 2π𝑅

1
𝑅

2
𝑤

𝑅
cos 𝑐𝑜𝑠 ϕ − 𝑤

ϕ
sin 𝑠𝑖𝑛 ϕ ( ) sin 𝑠𝑖𝑛 ϕ 𝑑ϕ + 2π𝑘

as some physical meaning. So if I apply the physical meaning in some problem we can readily

obtain the expression without going for lengthy integration in some cases. So now, here we will

try to give you the physical meaning of this expression.

Now, if you see the take a small step of the shell whose width is and is the small angle𝑅
1
 𝑑ϕ 𝑑ϕ

here meridional angle and is here so this small angle is . And this radius of this sphere𝑑ϕ ϕ 𝑑ϕ

is , and R is the radius of the parallel circle which can be related to . So, R can be𝑅
2

= 𝑅
1

𝑅
2

written as . Now, you can see here this the direction of is along the𝑅 = 𝑅
2

sin 𝑠𝑖𝑛 ϕ 𝑁
ϕ

meridian tangent to the meridian, so this is .𝑁
ϕ

And this angle is phi again because this is this angle will be , so vertical component of ifϕ ϕ 𝑁
ϕ

you see the and horizontal component is . Now from this expression𝑁
ϕ

sin 𝑠𝑖𝑛 ϕ  𝑁
ϕ

cos 𝑐𝑜𝑠 ϕ 

this you are seeing that term is included here. So means vertical𝑁
ϕ

sin 𝑠𝑖𝑛 ϕ 𝑁
ϕ

sin 𝑠𝑖𝑛 ϕ 



component of here per unit length then the circumference of this spheroid circle that is𝑁
ϕ

2π𝑅

whereas .𝑅 = 𝑅
2

sin 𝑠𝑖𝑛 ϕ 

So R 2 sin phi 2 pi R is the circumference of this parallel circle so that means if I multiple the

vertical component of the N phi that is meridional force N phi vertical component is N phi sin

phi with the circumference that is the total length over which it is acting now at this level. So you

will get total vertical force at this level. So total vertical force at this level is . Now,2π𝑅
2
ϕ 𝑁

ϕ

this total vertical force at any level must be balanced by the external load.

The is the reactive force that is in response to the external load that is gravity load. Now, if I𝑁
ϕ

see the right-hand quantity, which is under the integral sin will be able to find out the relation

between this total vertical meridional force around the circumference. And the total vertical load

acting about that level, so here you can note this quantity that if you take a small strip here for

the shell surface is the area of the strip.𝑅
1
 𝑑ϕ×2π𝑅

So, into the area of this strip, and since R can be written as , so total2π𝑅×𝑅
1
𝑑ϕ 𝑅

2
sin 𝑠𝑖𝑛 ϕ 

area of this strip is . So, under the integral sign you will get this terms are2π𝑅
1
𝑅

2
sin 𝑠𝑖𝑛 ϕ  

there . So that means total surface is there for the strip now inside the2π𝑅
1
𝑅

2
sin 𝑠𝑖𝑛 ϕ 

parenthesis, the load component let us examine. So load component is and load𝑤
𝑅

𝑤
𝑔

cos 𝑐𝑜𝑠 ϕ 

component is .𝑤
ϕ

𝑤
𝑔

sin 𝑠𝑖𝑛 ϕ 

Now here, you can see the is the component of component of the vertical𝑤
𝑅

cos 𝑐𝑜𝑠 ϕ 𝑤
𝑅

direction. And similarly, here, is the component of along the vertical direction.𝑤
ϕ

sin 𝑠𝑖𝑛 ϕ  𝑤
ϕ

So the quantity inside the parenthesis indicates that it is nothing but the vertical load. So

effective vertical load multiplied by the area of the strip because it is axis-symmetrical loading.

So, 0 to is taken at the limit of the integration, so that means this quantity the left hand isϕ

nothing but the vertical component of this meridional force total vertical component of the



meridional force at level . And it is equal to the total vertical load acting on the shell surfaceϕ

above that level. So using this physical meaning, we can solve many complicated problem

without going to integrate the expression.
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Now let us see whether we can get the same result we have obtained by integration earlier. Using

the integration, we obtain this , and is this, so let us see whether we get this by means of𝑁
ϕ

𝑁
θ

physical interpretation. So, for an elementary strip area of the surface is suppose this, for

example, this small angle is taken as is taken only for avoiding the confusion in the integral𝑑α

because the limit we are taking 0 to and integration is done with respect to .ϕ ϕ

So, we are taking another variable instead of but the expression will be same so if I take thisα ϕ

angle as and this strip which is then total area of this strip will be . So that𝑑α 𝑅
1
 𝑑α 𝑅

1
 𝑑α×2π𝑅

is we get this so is this can be taken because this and R2π𝑅 𝑠𝑖𝑛α 𝑅𝑑α 𝑅 sin 𝑠𝑖𝑛 α 𝑅
2

sin 𝑠𝑖𝑛 α 

is nothing but R. is equal for this spherical shell, so we get this quantity as the area of this𝑅
2
,  𝑅

1

surface.

So total surface of this spherical dome is now found after integration from 0 to phi, and after

integration, we get it as . Now total load at level is say is the vertical2π𝑅2(1– cos 𝑐𝑜𝑠 ϕ ) ϕ 𝑤
𝑔



load acting on that this multiplied by this surface area is the total load. So, we get 1 quantity𝑤
𝑔

that in the right-hand side; without integration, we get this quantity appearing in the right-hand

side by means of physical meaning.

Then the vertical component of that is is the component per unit length, and𝑁
ϕ

𝑁
ϕ

sin 𝑠𝑖𝑛 ϕ 

this is the circumference of the parallel circle . So now, equating this to we2π𝑅 sin 𝑠𝑖𝑛 ϕ 𝐹
𝑉

𝑊

get now , so again this same quantity is obtained by means of physical meaning𝑁
ϕ

=
𝑅𝑤

𝑔

(1+cos𝑐𝑜𝑠  )

and which the integration is avoided. This technic is useful for some shell where discontinuity

arises because of this cut some shell as some opening.

So, because of this discontinuity, we denote integrate this up to the limit therefore, it is not a

closed shell, and constant is not 0. So, in that case, this application of this physical interpretation

will be useful to obtain the stress resultant. So, once you obtain the then you can obtain the𝑁
ϕ

can be very easily obtained because we know the relation N phi by R 1 + N theta by R 2 = w𝑁
θ

R. Whereas this is obtained from the equation so can be obtained simply by substituting𝑁
ϕ

𝑁
θ

in the third equation of the equilibrium is this equation.𝑁
ϕ

So, you can arrive at the same quantity that you have obtained by means of integration; this

quantity is actually obtained by integration; other quantity is obtained by solving this algebraic

equation .
𝑁

ϕ

𝑅
1

+
𝑁

θ

𝑅
2

= 𝑤
𝑅
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Now let us see how this shell response the load which is acting over the horizontal surface. Now

previous, we have taken the load is acting along the surface of this shell is curved. But here, the

road is taken on the projected surface that is the only horizontal plane. So, is the load per unit𝑤
𝑝

area on the horizontal surface, and w if you see only w is load that is acting on the curved surface

of the shell.

So how to obtain this stress resultant due to this type of load now. Here, if you see take the small

length of the shell which is of length and the horizontal length is and we take the unit𝑑𝑥 𝑑𝑥

width of the shell. Then we can say that the total load that is is the load acting along the𝑤
𝑝

horizontal position. So, because total load is equal, so by equating this, we get𝑤
𝑝
𝑑𝑠 = 𝑤×𝑑𝑥

how it is ?𝑤 =  𝑤
𝑝

cos 𝑐𝑜𝑠 ϕ cos 𝑐𝑜𝑠 ϕ 

Because that w is and from this angle, you can get so the load𝑑𝑥/𝑑𝑠 𝑑𝑥/𝑑𝑠 𝑑𝑥/𝑑𝑠 cos 𝑐𝑜𝑠 ϕ 

here along this surface vertical load along the surface of the shell we take . And it𝑤
𝑝

cos 𝑐𝑜𝑠 ϕ 

is component along the radial direction is . So and along− 𝑤
𝑝

cos 𝑐𝑜𝑠 ϕ × cos 𝑐𝑜𝑠 ϕ − 𝑤
𝑝
ϕ 

the meridional direction it is . So, is written𝑤
𝑝

cos 𝑐𝑜𝑠 ϕ sin 𝑠𝑖𝑛 ϕ 𝑤
𝑝

cos 𝑐𝑜𝑠 ϕ sin 𝑠𝑖𝑛 ϕ 

here as the component of the load along the meridional direction.
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Now we use the same equation; let us do it by integration from the first principle so the

membrane stress along the meridional direction is given by this integral, and that integral is

found from the first differential equation. That differential equation was found by equating this

sum of the forces along the direction of along the tangent to the meridian that is we call itϕ ϕ

direction. So, this integral is obtained, and we now used this and that we obtain for the𝑤
𝑅

𝑤
ϕ

projected load.

So, by using this quantity and , we now write this𝑤
𝑅

=− 𝑤
𝑝
ϕ 𝑤

ϕ
= 𝑤

𝑝
cos 𝑐𝑜𝑠 ϕ sin 𝑠𝑖𝑛 ϕ 

equation.
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And then, we obtain this by systematic integration of the quantity I am showing you the full𝑁
ϕ

integration. So, and then integration 0 to and this quantity actually I have substituted here𝑅2

𝑅ϕ ϕ

for the radial component and the component along the direction and after substituting thisϕ

component is the expression is converted in this form. So, taking this common fromcos 𝑐𝑜𝑠 ϕ 

this parenthesis, we can now write say .
𝑤

𝑝
𝑅

φ 
0

φ

∫− (φ + φ ) cos 𝑐𝑜𝑠 φ sin 𝑠𝑖𝑛 φ 𝑑φ

So this quantity is 1 now, if I multiply it by 2 and then divided by 2 then wecos 𝑐𝑜𝑠 φ sin 𝑠𝑖𝑛 φ 

can write it and this divided by 2 that is factor 2 is coming in the denominator here.sin 𝑠𝑖𝑛 2φ 

So now integrate this expression it will be and then substituting the limitsin 𝑠𝑖𝑛 2φ − cos𝑐𝑜𝑠 2ϕ 
2

of the integration we now get this quantity as . And after carrying out this simplification
𝑤

𝑝
𝑅

4φ 

there, can be written as .cos 𝑐𝑜𝑠 2ϕ φ − φ 

And this is 1, but 1 I have substituted as , but it is under the minus sign. So,cos 𝑐𝑜𝑠 0 ϕ + ϕ 

therefore, so we can now write this we get cancelled here and then it will be soφ − φ ϕ ϕ ϕ 

2 is divided here with 4 and then the quantity this expression for becomes . So, this𝑁
ϕ

–𝑤
𝑝
𝑅/2

expression is for small snow load, and membrane force for snow load now becomes .𝑁
ϕ

–𝑤
𝑝
𝑅/2
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Now is obtained, we can now obtain the expression is this is this . And𝑁
ϕ

𝑁
θ

𝑁
ϕ

/𝑅
1

𝑁
θ

𝑅
2

= 𝑤
𝑅

as we have resolved earlier it is so after substituting all this values here the is𝑤
𝑅

− 𝑤
𝑝
φ 𝑁

θ

calculated as . And after simplification, we can write it –w p R by 2 Cos 2 phi.− 𝑤
𝑝
φ 𝑅 +

𝑤
𝑝
𝑅

2

Now we can see the variation of and with the change of angle .𝑁
ϕ

𝑁
θ

ϕ

Now you can see here the do not depend on the meridional angle for this type of loading𝑁
ϕ

ϕ

and it is a constant quantity and it is always compressive. So this is a typically a result that we

have obtained in case of the load that is acting on the shell surface; we are getting the variation

of with respect to ; of course, that time also we want this as compressive throughout the𝑁
ϕ

ϕ 𝑁
ϕ

variation of .ϕ

Here also, is compressive, but it is a uniform quantity , of course, varies with and let us𝑁
ϕ

𝑁
θ

ϕ

see how it various and where changes its sign. So it can be readily verified from this𝑁
θ

expression, so when then this the from compression changes to tensile.ϕ = 45° ϕ/4 𝑁
θ
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So, the variation of this quantity will be like that the diagram always compressive, and this𝑁
ϕ

will be compressive. That is, with negative sign up to angle of and then it will be𝑁
θ

45° ϕ

tensile and the variation is only here but here the variation is uniform.
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Let us one example which will clarify the theory that we have discussed. So how this membrane

theory of shell can be used to design a spherical dome that will be illustrated with a numerical

example. So, example is this a RC is spherical dome has to be designed, the thickness of the

done is 75 mm load, including live load is . Span of the dome is 12 meter rise is 23. 5 𝑘𝑁/𝑚2



meter, and the spherical dome is supported over the periphery by a ring beam that is the edge

beam.

And the edge beam concrete is M20 guide shell concrete also, you can take M20 guide, and steel

is Fe415, and also following input are given. Permissible compressive stress in concrete is phi

Newton per mm square, and permissible tensile stress is permissible tensile stress230 𝑁/𝑚𝑚2

in concrete as . Let us see this solution of this problem.2. 8 𝑁/𝑚𝑚2
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So, we have the thickness of the shell as 75 mm, and you can see that span of the shell is

mentioned as 12 meter in relation to span thickness is very small. So it is a thin shell so let us

find out this quantity we design quantity. We have this shell, it is a spherical shell of very small

thickness but covering a large area. And it is supported over an edge beam at the edge; it is

supported by a beam. The span of the shell is given as 12 meter, so this distance is 12 meter.

You can take it from center to center of the edge beam rise of the shell that is called rise, is given

as 2 meters. Radius is not specified now radius can be found out very easily and shell is

subjected to gravity load along it is surface, and this load is uniform load it is . So that3. 5𝑘𝑁/𝑚2

is the geometry of the shell, and this is your edge beam. Now, if I see the geometry of the shell,

let us draw a line diagram.



This is 12 meter, and this is 2 meter; the rise of the shell then radius of the shell is still unknown.

We have to find this radius say this is the radius R now, we can see here that if I consider this𝑅2

angle then equal to this side is this distance is 6 meter this is also 6 meter, . So𝑅2 𝑅 − 2( )2 + 62

by solving this, we get this , so radius of the shell is 10 meters which will be𝑅 = 10 𝑚𝑒𝑡𝑒𝑟𝑠

used for finding the membrane stresses.

The membrane stress expression, you need the description or the value of the radius of the shell.

Now let us examine whether the geometry of the shell permits any advantages for the RCC

construction; that advantage I am implying that whether shell will be throughout compression or

some tension will be developed. Now we have seen that if the is limited up to then thereϕ 51. 8°

will be no tension.

So let us find out what will be value of , so this is the value of here, and we can see here thatϕ ϕ

can be calculated as 6; this angle is constant table say this is . So is 6tan 𝑡𝑎𝑛 ϕ ϕ
0

tan 𝑡𝑎𝑛 ϕ
0
 

by total radius is 10 so 10 – 2 that is 8 hence we get equal to after calculation we get .ϕ
0

36°52' 

So, it is less than , so hence there is no chance of any tensile stress in the shell so therefore,51. 8°

at any level, the shell will remain in compression.

So that is our conclusion by seeing the angle, so now we can readily find it the expression for

is your . So integers with so the maximum value of is𝑁
ϕ

  –𝑤
𝑔
𝑅/(1 + cos 𝑐𝑜𝑠 ϕ) 𝑁

ϕ
ϕ ϕ

so substituting this you will get , radius of the shell is 10, and this is36°52' 𝑁
ϕ

𝑤
𝑔
 𝑖𝑠 3. 5

. By calculating this, we get this as -19.44 kilo Newton per meter. So1 + cos 𝑐𝑜𝑠 36°52'  𝑁
ϕ

shell remains in compression, and maximum value of compression that is is .𝑁
ϕ

19. 44 𝑘𝑁/𝑚
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Now calculate the expression for we already derived, and this found out as𝑁
θ

𝑁
θ

. So, this is the value of the expression for . Now𝑤
𝑔
𝑅 cos 𝑐𝑜𝑠 ϕ +  𝑤

𝑔
𝑅/(1 + cos 𝑐𝑜𝑠 ϕ ) 𝑁

θ

it is to be noted that decreases with . So maximum value of obtained when is 0, so𝑁
θ

ϕ 𝑁
θ

ϕ

now maximum value of is obtained as if I put as 0, .𝑁
θ

–𝑤
𝑔

ϕ − 𝑤
𝑔
𝑅 +

𝑤
𝑔
𝑅

2

So that means the maximum value of is now obtained as , so we have got the𝑁
θ

− 17. 5 𝑘𝑁/𝑚

maximum value of membrane stress is this . And also, the is 19.44 in𝑁
θ

− 17. 5 𝑘𝑁/𝑚 𝑁
ϕ

minus sign is for compression . So, with these 2 values now, we can go for design the𝑘𝑁/𝑚

shell. Now, if it is of reinforce concrete, then we can compare the stress developed in the section

with the permissible stress in concrete.

Now the maximum stress is this , so therefore that will be Newton and𝑁
ϕ

σ
ϕ

 𝑖𝑠 19. 44×1000

then if I divide it 1000 again, it will be converted a Newton per millimeter. So, 1000 and

thickness of the shell is 75, so now we get , and this is less than theσ
ϕ

=− 0. 26 𝑁/𝑚𝑚2

permissible stress of concrete of grade 20 that we used in this design calculation. So, therefore,

the shell is safe maximum compressive stress they developed is , and permissible stress is0. 26

phi.



Now since the more tension is developed in the shell in principle, there is no necessary for any

reinforce there is no need of any reinforce. But you have to provide nominal reinforcement, so

nominal reinforcement at the rate of 0.15% has to be provided. So at the rate of 0.15% of𝐴
𝑠𝑡

 

gross area is required, and you can see this gross area is found as thickness into at this1000𝑚𝑚2

rate the reinforcement 8mm at the rate of 200 center to center is adequate so it is provided.

So how this shell reinforcement is provided; suppose, if I show you a section of shell surface

reinforcement is provided at the middle surface. So, this is 8 mm, centerϕ 𝑎𝑡 𝑡ℎ𝑒 𝑟𝑎𝑡𝑒 𝑜𝑓 200

to center, and this is also same reinforcement distribution style if provided. And thickness of

shell is 75 mm how about the thickness may require to the increased at the edges. Because they

are the membrane stress of stress is not so much applicable so let us see the condition of edge

bean.
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So if we see the plane of the roof dome, there is a circular, and this is your edge beam. Now you

can see here that the edge beam near the edge beam thickness is increased, so the thickness here

was 100 how here thickness is increased see increase thickness may be 125 mm. So I am

proposing the thickness at this edge is 125 mm compared to thickness as 75 mm at the other

portion. So reinforcement is here there up to be brought inside this edge beam now; let us see

what will be the dimension of the edge bean and reinforcement of the edge beam?



Now you can see the membrane stress at this level of this shell have 2 component 1 is𝑁
ϕ

, and other component that is horizontal component is . So𝑁
ϕ

sin 𝑠𝑖𝑛 ϕ 𝑁
ϕ

cos 𝑐𝑜𝑠 ϕ 

component will give the tensile stress in the edge beam that has to be taken into𝑁
ϕ

cos 𝑐𝑜𝑠 ϕ 

consideration for design of edge beam for checking this safety of the edge beam. So this pressure

is p in the edge beam p is here this radius is here 6 meter because the span of the𝑁
ϕ

cos 𝑐𝑜𝑠 ϕ 

shell was 12 meter.

So now we can get the tensile force on the edge beam as just like your hook stress that you

consider it is tensile stress tensile force at edge beam will be into this radius is𝑁
ϕ

cos 𝑐𝑜𝑠 ϕ 

here your this R this will be your this . Now can be combined,𝑅 sin 𝑠𝑖𝑛 ϕ cos 𝑐𝑜𝑠 ϕ sin 𝑠𝑖𝑛 ϕ 

and this can be written as , so we can now get this total value of tension half0. 5 𝑁
ϕ

 𝑅 sin 𝑠𝑖𝑛 2ϕ 

at this level 19.44 and this radius of this shell is 10, and this .𝑁
ϕ

sin 𝑠𝑖𝑛 2ϕ 

So sin 2 into 36 degree 52 minutes this is equal to 93.3 kilo Newton so this, the ring beam has to

designed for this value we are taking this. So Ast for ring beam is now found out the total tensile

force is so this area becomes . So, therefore, we can say that the of93.3×1000
230 405 𝑚𝑚2 𝐴

𝑠𝑡

that means if I provide that will be adequate in addition to stirrup.405𝑚𝑚2 4 − 12ϕ

So bar as to be provided, and stirrup reinforcement will be there this size of the beam4 − 12

can also be found out from the tensile stress criteria.
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And we know that total tensile force divided by the area transformed area into 𝐴 + 𝑚–1( ) × 𝐴
𝑠𝑡

should not exceed the tensile stress permissible tensile stress in concrete given. Now m is taken

for Ast already we have found as = , 113 is the area of 1-12𝐹
𝑇

𝑁

𝑚𝑚2  𝑖𝑠 13 4×12𝑚𝑚 𝑑𝑖𝑎 𝑏𝑎𝑟𝑠

remember. So that is Ast hence we get from this equation that quantity A because is452𝑚𝑚2 𝐹
𝑇

found out earlier.

was found out as that means , so A is found out as ; from𝐹
𝑇

93. 3𝑘𝑁 93. 3×1000 𝑁 88152 𝑚𝑚2

this equation minimum A is required. So that means this size of edge beam, which is a ring-type

that is a circular beam, edge beam is now taken as root over this that is we take 300 mm by 300

mm site. So, design is completed, we found the size of the edge beam reinforcement of the edge

beam, the thickness of the shell that was adequate to resist the maximum compressive force, and

we got the reinforcement in shell. Thank you very much


