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Module-07
Lecture-20
Rayleigh-Ritz and Gallerkin Method in Buckling of Plate

Hello everybody, today I am starting module 7 and this is the lecture number 1 of this module. I
want to discuss today the plate buckling using approximate method.
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Approximate Method for the Buckling of thin plate

1.Rayleigh-Ritz method
2.Gallerkin's Method
3.Finite Difference Method
4., Finite Element Method

There are different approximate methods available for the solution of the plate problem. In fact,
any physical problem or mechanics problem can be handled by this approximate method. These
are based on numerical techniques and the efficiency of the method can be improved by suitably

selecting the method of integration or by taking sufficient number of terms in the assumed

deflection.

So, among the different methods I am listing here the name of the 4 methods but there may be
other methods also. So, first method is Rayleigh-Ritz method, second method is Gallerkin’s

method, third method is finite difference method and the fourth is finite element method. The last



one finite element method is not within the course prescribed here. So, therefore I will discuss

the first 3 methods in studying the buckling of thin plate.

Now you have some exposure in my earlier classes on the approximate method for plate bending.
That is I discussed the Rayleigh-Ritz method, Gallerkin method and finite difference method for
finding the deflection of the plate due to transverse loading and also the stress resultants. So, this
method will be extended to study the buckling of the thin plate. So, you have seen the
Rayleigh-Ritz method and Gallerkin method these 2 methods that [ am writing, 3 methods I have

marked red that means 3 methods I will cover in this course.

So, first method you see Rayleigh-Ritz method and Gallerkin method. These 2 methods have
their origins from energy principles. So, in Rayleigh-Ritz method we have taken the strain
energy expressions and the work done by the external load on non conservative forces. And then
we use the variational method of this calculus and then we found the unknown coefficients of the

deflected series.

In the Gallerkin method, although the energy equation is not needed but it has it is origin from
the virtual work principle. So, virtual works are done by all the forces is 0 if the body or the
system is in equilibrium, so that is the principle. Or in other words that we can also say that if the
system is in equilibrium, the virtual work is 0. So, if the virtual work is 0 then we say that system

is in equilibrium.

But it can also be said in another way that for system is in equilibrium the virtual work is 0. So,
from that condition that we have found that equilibrium equation can be used in the virtual work
principle. And then we derived a Gallerkin’s equation that can be used with the assumed
deflection function. In both the methods the Rayleigh-Ritz method or Gallerkin method we

required to use the deflected surface of the plate.



And deflected surface of the plate cannot be known or is not easily known by solving the
equation or for complicated boundary condition that we encounter. So, therefore we have to
select an approximately deflected function that may consist of a polynomial or it may be a
combination of polynomial and trigonometric series or it may be a combination of polynomial or

a hyperbolic function or it may be a combination of hyperbolic and polynomial function.

The choice of this assumed deflection function can be made in such a way that these function
satisfy the geometrical and force boundary conditions at the edges of the plate. But sometimes it
is difficult to satisfy both the condition geometric as well as force boundary condition. So, in that
case we take a series which can at least satisfy the geometrical boundary condition that will yield
the result with reasonable accuracy. That has been observed in many cases and that can be used

for practical application also.

The third method is finite difference method that is another way of solving the plate problem
using instead of this differential equation we take the finite difference form of the deflection
equation. And then we develop a number of simultaneous linear equations that can be solved to
find the unknown deflection in the plate. So, let us discuss one by one, first I will take up the
Rayleigh-Ritz method, then I will take up the Gallerkin’s method and then finite difference
method.
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VARIATIONAL PRINCIPLE

Total Potential of the system

m=k-w

According to Variational principle
4l =0

Let w(x,y) be a displacement function of the plate which satisfies the boundary
conditions

w[x,y} - alj"l [1'_.|'}|+::r:_,f: {:,_r]+ a,f, {.r,.p:|+... +.::r‘_,|l"{r..q']

fulxy), falxy)e., flxy) are chosen to satisfy at least geometrical boundary
condition such that acceptable results are obtained.

So, Rayleigh-Ritz method has it is origin on the variational principle, that you are seeing this
equation that is H=U-W whichis a very important equation and that IT s total potential.

And what is this total potential U - W? U is the potential strain energy of the plate in bending and
W is the work done by the forces. Now, here in the buckling problem the work done due to
transverse loading will be 0, that is in buckling problem is a homogeneous problem, so we

neglect the transverse loading.

Now in the work done will be evaluated based on the work that is done by the in plane forces.
What are in plane forces in the plate? This N,, N, and N,, that is applied at the edges. So, here is
the difference that work done due to in plane forces have to be first found out and then it is
algebraically added with the strain energy of the bending of the plate and then we can find the

total potential.

Now work done due to this membrane forces that is N,, N,, N,, that we can also term these forces
as a membrane force, arises because of this in plane action. And when we calculate the work
done due to membrane forces, we assume that this force does not change during the deformation
of the plate. Now here work done due to membrane forces, there is involved in the expression w

has to be calculated due to vertical displacement.



The in plane strain that is the direct strain arising due to in plane forces is neglected in the small
deflection theory of the plate, that is the Kirchhoff’s hypotheses. So, therefore we consider the

work done due to membrane forces produced due to vertical displacements, so that is the
difference here. Now according to variational principle, the variation of capital I that is total

potential equals to 0, so this is the equation.

That means we have to take the variation of L1 , IT contains the term strain energy expression

and also work done by the membrane forces. Now, you can see that this IT contains the

arbitrary constant that is assumed to form a deflection function approximately. Also this W
contains this arbitrary constant used to form the deflected surface. So, therefore the strain energy

term or work done, strain energy is a positive quantity.

So, this strain energy term contains the square of this coefficient and therefore when we take the
variation, the square term reduced to linear term. So, that is advantage of this variational

principle that we have to solve finally the linear equations to find the unknown coefficients. So,

we assume that w(x,y) = a, fi(x,y)+a, [5(x,y) + a; f3(x, ) , in general a,f,(x,y) . So, these are

the terms that is taken to form the deflected series.

Now this coefficient is arbitrary, we do not know the magnitude, sometimes when the accuracy is
compromised that is just a rough approximation is required, we can only take the first term. In
some cases, for example in simply supported cases if we take the series as a double Fourier series
that is the Navier series double trigonometrical series, then the first term will give very accurate

result for the deflected surface. And higher number of terms are required to find out or to

improve the accuracy in the bending moment and shearing force expression. Now here fi(x.y)

and /2(%:) etcetera, are the arbitrary function. So, what is this function? This function maybe



a trigonometrical function; maybe this algebraic or polynomial function or maybe a combination
of this or maybe a combination of sine hyperbolic and this cos hyperbolic function with

trignometrical function.

So, the combinations are possible for different type of function, this is taken to satisfy the
boundary condition. It has also to be bear in mind, that if you choose a very complicated function
even it satisfies the boundary condition completely the calculative effort that means integration
that is required in the variational principle finally will be very lengthy. So, even some authors say
Bishop has mentioned the Eigen functions of the beam to form the approximate deflected surface

of the plate for different boundary condition.

But in some cases the Eigen functions of the beam are very complicated in nature. For simply
supported beam it is only a sine function say sin(nzx/[), [ is the length of the beam. Now in case
of plate we take sin(nzx/a), that is one term. Then in the y direction also if it is simply supported
y =0, y = b then we take sin(nmx/b). So, all these 2 functions actually satisfy completely the

simply supported boundary conditions.

So, Eigen function for simply supported beam is a very simple in nature but it is not so if I take a
cantilever beam. So, for cantilever beam Eigen functions are complicated consisting of cos
hyperbolic and sine hyperbolic function as well as trignometrical function. How the Eigen
functions are found out? That is another question, Eigen functions are found out from the

solution of the free vibration equation.

So, free vibration of the equation can be solved for different boundary condition to find out the
Eigen function and that can be chosen as a trial function in the plate, that has been suggested by
Blshop. But this method of taking Eigen function in the plate problem requires a lengthy
calculation but it will yield the accurate result compared to some trial function that does not
completely satisfy the boundary condition.
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Rayleigh-Ritz Method

When wix,y) is assumed with arbitrary constant al, a2, ... such that variation
of Ga,, 6ay, .. etc are arbitrary and non zerg, we can write using chain rule of
parial differentiation as

=g+ Mg ... Mg
oa, o, ia,

Since oa;, oay, .. €1 are non zero, and
81 =0

i
TherEIare,‘ —n =0 n=l.2,.

]

So, let us discuss what is Rayleigh-Ritz method? Suppose w(x,y) is assumed with arbitrary

constant a;, a, etcetera such that variation of this a,, a, etcetera upto a, are arbitrary and

non-zero. Then we can write this equation variation of IT that is the total potential equal to

differential coefficient of 11 with respect to a, into oa, , O is the variation symbol oa,
Mg, o,
oa, Oa

+ and up to n™ term if we take ““»

Actually in the practical computation we have to take a finite number of terms although the
Navier and Levy’s method you have seen that summation contains the infinite number of terms
that is a infinite series but practically the number of terms have to be truncated. So, therefore you

can take 3 terms, you can take 4 terms, 5 terms up to n that is the finite number of terms you

have to take. So, if I write this oll using the partial differential coefficient then we can take

oIl oIl oll
Oa,  Oa, , 4 Oa

oa, oda

each of the derivative that n = (). Because , 2 etcetera cannot be 0 and

we have taken these are the arbitrary variation and non zero quantity. So, therefore 611 that is



oll

Ooa

the variation of total potential 0 indicates that n = (0, where n varies from 1, 2 up to n, n

number of terms that you have taken. So, with this method now we can find the linear

simultaneous equation containing %, % etcetera and we can solve it to know the complete

deflected surface.
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Strain energy due to bending of the plate

a b
D i*w i*wiw
_E!!l(aﬂ) (ﬂjl'z) +2va 73y z‘I':!{‘l. Ir] ]irdy
\
D” 63w &w dwd'w  dw
u=3{ll( 5 | A0 -G
N & ad
The plate whese all edges are clamped, then the term inside second bracket
in above Eq. becomes zero. The same simplification holds good for other

boundary conditions for rectangular plate provided that either w=0 or 1—: =
0 where n represents outward normal to the boundary.

So, in applying the Rayleigh-Ritz method, we must know the strain energy expression that is U
for the plate during bending. And if this is the flexural rigidity of the plate, what is the flexural
rigidity of the plate? Flexural rigidity is related to the Young’s modulus of elasticity, Poisson

ratio and thickness of the plate. So, we can write that D = Eh*/12(1 —+?), that is also possible.

So, D is the flexural rigidity of the plate and the expression for strain energy of the plate is

derived earlier and it is written here

azw 2 62w 2 62w Bzw 62W 2
(axz) + (a_yz) + 2V7a—yz+ 2(1 - V)(ax(’)y) dxdy

R IEAY ow ’w d° 'w \°
U==[[1["%] + =] + 2v=2"% + 2(1 — v)|{——=| rdxdy and integration within the
2 00 0x ay axay




domain of the plate, domain of the rectangular plate of size a and b is in the length direction from

0 to a, in the width direction 0 to b.

So, we have substituted the limit of the integral as 0 to a for x and 0 to b for integration with
2

respect to y. Now adding a quantity 22—“;2—“2/. And subtracting the same quantity from this
x" 0Oy

expression we can arrange this expression in this form. So,

o*w 0w o*wotw 0w
5+ ) —20-v)8 -
Ox oy ox~ Oy Ox0y

o’w

Now this quantity " has the physical meaning, that it is represents the curvature of the plate

during bending in the x direction. Similarly, curvature of the plate in bending due to y direction is

o*w o*w

2
%" . And what is this quantity? OXOY that is the twist curvature. So, twist curvature is related

to the twisting moment in the plate.

Now it is seen that the plate whose all edges are supported, support maybe it is a clamp support
that is a fixed support or it may be a simple support. So, when it is supported along all edges,
then the term inside the parentheses vanishes, that can be also observed. Now you are familiar
with this plate problem with this say Navier’s method for rectangular plate. So, if you take a

Navier series, so for example you take on the first term w is equal to say a sin(zx/a) x sin(zy/b).

Then substituting their secondary derivative here and multiplying them and subtracting this twist
derivative square of the twist curvature from this quantity you will get 0. So, this is also proved if
the boundary conditions for rectangular plate whose all edges are supported either clamped or

simply supported and has w = 0 and the slope along the normal direction to the boundary is 0.



So, that quantity indicates that this strain energy expression where it is applied to circular plate

because circular plate boundary is curved. So, when we compute the slope for a curved edge, we

have to take the normal direction and then Z—Vr‘: will represent the slope in the direction of normal

to the boundary. And if these 2 quantities are 0, w is 0 and ?3_‘:: = 0 then strain energy expression

will consist of only this term.
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The plate whose all edges are clamped, then the term inside second
bracket in above Eq. becomes zero. The same simplification holds good
for uther boundary conditions for rectangular plate provided that either

w=0 r:rr — = [ where n represents outward normal to the boundary.

_gjf( w e )dxd}'

So, strain energy expression in that case is simplified just like U = 2

O%G‘

fies

Now you can use either of these expression even say you do not know say these shape function is

) dxdy.
oy’

not very clearly defined. Because in simply supported case it is clearly defined by Navier and it

satisfies the boundary condition exactly.

Now in some cases when the shape function is not defined properly or not tested properly. Then
we can use the original expression also, there is no harm in using the original expression.

2

2
= ) , that means if you

Original expression is the general expression and here you can see that ( g
X

assume a deflected surface then these curvatures square you have to integrate.



You see the integration of each term that means if you integrate this term say this is integration

2 2
part 1, I,. Then integration of this part will be I, the integration of ZV%% will be third
x" dy

2

2
integral I;. And then fourth integral 2(1 — v)( aax;;) .

So, you can integrate it in different components I,, I,, I;, I, then you can add it. Sometimes it
becomes convenient instead of squaring this quantity because squaring of this quantity may lead
you some complicated expression to integrate it or it can be integrated you will arrive at the same
results but the complicacy arises because of the expansion of this quantity. So, the original
expression can be taken in solving the problem or you can take this expression after taking this

term to be 0 for plate which has all edges simply supported or clamped, supported edges.

So, either of these expressions you can use. So, that is the strain energy due to bending and that
must be accounted for in calculating the total potential of the plate. Now question arises what
will be the work done by the membrane forces? Now since there is no external load applied for
buckling. So, due to vertical displacement of the plate, the work done by the membrane forces
should be calculated.

(Refer Slide Time: 24:01)

Work done by the membrane forces due to Vertical displacement of the plate

potential of the force N X

Let us consider the plate be made up of a series of a longitudinal strip of width dy
in ¥ airection
Then the inplane force acting on a strip of width dy is N,dy

Consider a deflected line of for small

portion of the plate of length dx R
So, work done by the membrane force |
dug to vertical displacement w of the :

I

plate

[fH"I =N rulfI.'[ iy — elr)

s = 1+ (0w ix)’ de




So, next task is to calculate the work done by membrane forces due to vertical displacement of
the plate. So, we shall calculate the work done by each of the membrane forces N,, N, and N,,
and then we will add to find the total work done by the membrane forces due to vertical
displacement of the plate. Now, let us consider the plate to be made up of a series of longitudinal

strip.

So, consider a plate rectangular plate in x direction we take a strip of weight dy. So, in this strip
if the N, is the force along the x direction, then N, dy is the force on the strip in the x direction.
Now consider the deflected surface in the x direction, so this shows the deflected surface in the x
direction and the length of the element in the x direction is dx. So, in that case you can see that if

w is the deflection here and at the end of the element the deflection will be w plus increment.

What is the increment? If the slope is Ow/OX if this angle is Ow/ X then for small angle, this

angle multiplied by this distance that is you can call it this say dx tand but tanf is here 6, so we

w+ (Ow/ ox)

can write dx . So, this is the deflection at this end. So, now we have to find the work

done due to membrane forces N, dy on the strip. So, this work done dW, I have denoted this here
with dW, = N, dy this is the force and displacement that is the change in position of the N, will be
ds — dx.

Because ds is the curve length and dx is a straight length, so ds - dx will indicate the deformation
that is taken into account to calculate the work done by N, dy. Now, if I take ds as a small
quantity, then we can form a right angled triangle, ds is the hypotenuse and dx is the base and dy

is the altitude. From the right angled triangle, we can write ds* = dx* + dy*. So, naturally ds is

2
1+(0w/ ox)"dx , dx 1s the outside the square root, so you can take this quantity.
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dx

. , W,
(ds)" =(a)" +(—=dv)” 1 TLI7 0
SN

s = \{ 14 {En'."ﬂx]: dx *

S [E—
ds = {1+ (ow/dx)"} “dx = {1+ ;{I'H'." gx)” +...}dx
dW¥, = N dvids = d) a

W, =

NT ow/ )’ ddy

D S, T

, Ndv . ...
dlf, = :'L (w/ x) v

So, ds® is nothing but this the base of the right angled triangle we take ds consisting of this side
ds, dy and dx. So, ds’ that is the hypotenuse of the small right angular triangle ds* = dx* + d)* that
ow

—dx
is the base plus the height. So, height is OX | this distance, so this square. So, this is giving

you the ds?, so ds is this that I have shown in my earlier slide also.

Now this expression can be expanded using the binomial series. So, this expression can be

{1+ 0w/ x)*}"

written as ax Now expand this using the binomial series or binomial theorem,

{1 +l(6‘w/6x)2 +...}dx
so provided the Ow/0x is less than 1. So, we can write it 2 that is, plus

other terms higher order terms will come. So, we will retain only these 2 terms because the

deflection is small.

dw,

So, therefore , that is the work done by the elementary force N dy s now N.dy and

(0w Ox)* dx

instead of ds - dx we can now write 2 , that we can write. That is the force and half of



this is the net displacement because after subtracting these dx from ds will get the net

(Ow/ ox)* dx
N dy

deformation, that must be considered for calculating the work done by ~ ™ is 2

Nx—dy(é‘w/ﬁx)zdx

So, we write the work done by the N.dy force on the strip of width dy as 2
Then total work done is nothing but the integration of this quantity within the domain of the

b

j j Ny (ow! x) dxdy
00

plates. So, if it is a rectangular plate of side a x b then we can write the 2

So, you have understood how the work done due to membrane force in x direction is calculated.
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Work done by membrane forces N, can be found similarly as

N
W, = ‘{ I ?{L'}t-',’tgf}'drdtf

{1}

So, similarly the membrane force N, in the y direction can be calculated and the expression for
work done due to membrane force N, acting along the direction y on the edges say y =0 and y =

N
— (ow/ dy)* dxdy
b can be calculated in this fashion. So, , this is calculated in the same way as

we have done. So, instead of slope in the x direction, now we will consider for calculating the

work done due to N,, we will consider this slope here this ow/ 0y



So, that quantity has to be considered and then proceeding in the same way we can arrive the

work done due to membrane forces N, is nothing but 0 to a, 0 to b N,, this is the membrane force

2
acting in the y direction per unit length divided by 2 into (Ow/0y) dxdy So, this represents the

work done by the membrane forces N,. So, so far we have obtained the work done due to

W W,

membrane forces and work done due to membrane forces . Now we want to calculate the

work done due to membrane shear force N,,. Then we can add these 3 quantities of work done
and then can find the total potential completely.
(Refer Slide Time: 31:35)

Work done by the Membrane Shearing force due to vertical
displacement w

Let us take two elfments Oa, OB of

infinitesimal length dx and dy of the ¥ e

; — A
plate along x and y direction 1) i
respectively. E) [ - J._

%]
fo, A~~~ T

Due to displacement w, these elements B © ,v;| ~—__ln d
now takes the position 0,4, and O,B,. | 7 f A

Difference of angle A,0,8 and 7/2 is

R E
JELA b

unit shear due to vertical displacement. ¥ fj.f”?.,}] «E';Jﬂ
e 1)

e

So, work done; by membrane shearing force due to vertical displacement w. So, let us see how
the shearing deformation takes place in a deflected plate and how this deformation can be taken
to consider the work done by the membrane forces. So, let us take 2 elements OA and OB, here
you were seeing they are OA and OB these are the straight elements of the plate of small length

infinitesimal length dx, dy.

dx is the length of the element in the x direction, dy is the length of the element in y direction.
And then let the plate undergoes the deformation just at the buckling point w, that is not the

deformation due to external load or the transverse load. So, this is a small deflection of course



and let the line OA on OB takes the new position O,A; and O,B,. So, these 2 positions I have
marked here, O,B,, here O,B, and O,A,.

These 2 positions are the new position after undergoing the vertical displacement w. Now the
slope here along the x direction is ow/x S, naturally for small angle we can write this

Ow/ Ox )dx

increment of deflection and this end is ( . Increment of deflection along the y direction

if O/ is the slope along the y direction. Then we can write this the increment of deflection

that B,B, = (OW/Oy)dy .

We want to find the shear deformation, so that this can be accounted for in calculating the work
done. So, difference of angle A,0,B, and the right angle that is #/2 is unit shear due to vertical
displacement that we know from our elementary strength of material. So, let us now proceed to
calculate this; what will be this angle?
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Let us rotate B,0,A, wrt 0.4,
by small angle cw/cy so that
two planes B,0,A, and B,0,A, o £

coincides and point B, s o Z_"‘
displaced to C E I |

The displacement B,C=(ow/ o A~ Taay
W Ly, !.Jﬁ.i’ L T L4
éy)dy f J/M 7
The side B,C is inclined to the A

|
. |
vertical . The angle is (ew/ dx) A

Let us rotate B,0,A, this angle, let us rotate this plane this plane is formed after the deformation

with respect to O,A,. That means taking this as the reference line, we rotate this plane. So, this



plane is rotated by small angle ow/ 0y , so that 2 planes B,A, and B,0O,A, now coincides. And

the point B, is displaced to C, so this shearing deformation will be now B,C. So, we are now

interested to find what will be the displacement B,C.

Now if you see the displacement B,C this B,C for this angle that B,C is inclined with the vertical
line BB is nothing but the slope angle Ow/0x  Now for small deflection, the length of the

vertical side is approximately equal to the length of the inclined side B,C. So, the B,C can be

easily calculated knowing the vertical side B;, B, and the angle between the vertical side and
inclined side. So, then the side B,C is inclined to the vertical, so that angle is ow/0x s the slope

in the x direction.
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E

Therefore, shear deformation due to vertical

displacement w is "

B, C=(w/ dy)dy (Pw/ b= (chwef ) (D dx)dy

0 [
Hence work done by the membrane shear N, acting /’1_ I-’,'
along d is &/ lay 4'
oy A=~ Tl
] vl o
W, = [ [V, (6wl ay)ow! axydsdy A
. 4;;:{3:: 1*; '

Therefore, shear deformation due to vertical displacement w is now B,C, so what is B,C?

Because B,C is now (ow/ &y )dy

, so this vertical side is approximately equal to B,C. So, B,C is
nothing but your say this B,C x sinf, 6 is the small angle here, 6 there is a small angle that is

ow/dx S, actually this B;C now becomes this is the length of the side B,C and the angle sind

= 6, so this is the angle ow/ox



So, ultimately the shear deformation now becomes (dw/ dy) (6w/ dx)dy. So, hence the work done

by the membrane shear force N,, N, acting along dx is nothing but N, (ow/ oy)(Ow/ ox)dxedy

and after integration over the domain we get the total work done by the membrane shear force.
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Since M_=N_, we can write total work done by in-plane forces due

Wy |y

to vertical displacement

a b ] ' : J.\.I. .
w=[[ :% (w! B+ (3w /y)’ + N, (Bw/ ) v ey

LRI}

So, since N,, = N,,, so there will be no difference when we write N,, or N, total work done by

the in plane forces or membrane forces now can be expressed in this form.

N N
L (0w/ 0x)® +—==(dw/dy)* + N, (Ow/ dx)(Ow/ dy)
2 2 and integration. You can note here this

component is the work done due to membrane force or in plane force in the x direction due to
vertical displacement. And this component is the work done due to membrane force in y
direction due to vertical displacement of the plate. And this is the work done by the shearing

force membrane shearing force N,, or N, due to vertical deformations. So, the vertical
deformation introduces additional shear that is (OW/0¥)(OW/0¥) So this has been taken into

account to find the work done. And it is also to be noted that during deformation this N,, N,, N,,,
does not change.
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Hence, tatal potential of the plate due to bending and under the action of
constant in-plane forces can be written as

I
ot 1] 7 . 2 i
= ,—[ J [(@*w/ax®) +(*w/dy*) +2u(0*w/0x ) (2w /dy")
<
F2(1 - 8)(8%w/dxdy)* |dxdy

i o oJr
'i[ J (N, (w/0x)"+N,(dw/dy)" +2Nxy(dw/dx) (dw/dy)}dxdy
i

So, now with the help of this we can now write the total potential capital 1. So, total potential
capital II for the buckling problem is now given as D/2 integration 0 to a, O to b that is the
curvature in the x direction square + curvature in the y direction square + 2 x v, v is the Poisson

o’w

Ox0y

2
2 =)
ratio (%. So, 2 curvature product and then + 2 x 1 - v this twist curvature

a
0x)( ay?;

and

integration is done over the domain of the plate.

So, red colour term is the strain energy during bending of the plate and blue colour term is the
work done due to membrane forces due to vertical displacement. So, work done; of membrane
forces when the plate is undergoing the vertical displacement, then this quantity is written as the
word done and we take this total potential I as U - W. So, total potential has to be computed
first in case of Rayleigh-Ritz method then we can apply the method taking a suitable shape
function.
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Example: Find the critical load for the rectangular plate whose all edges are
clamped and subject to uniaxial compression along x-direction

Let us assume the deflected surface as f——a- )
1& ?_:I'IJ .' T“'f#a'-’i{l’n'l’-‘n-.'f?ﬁ' _}t
w=All-on—K1-em=5) - J
: ;E. ”"rm.—.d:.-nl-,-l;:.
Strain energy of the plate y
a8 Aty Ay at oAl ) .
e ij () 45 " 3 +:L1r1—1_.LE + 21 - v w ! xdlyY Jebvy

PqLlEst i o

Work done by the membrane force

W= lj 'VT'l:r\i I 0y’ ey

Let us illustrate this method with an example. So, I have taken an example of this plate which
has this fixed edges, so all the edges are fixed. So, this type of problem cannot be solved by
using the Navier’s method or the Levy’s method. So, therefore we take the help of approximate
method. Now here you can see the assumed deflection function, I have taken only the first term

other terms can also be written taking origin at O.

2mx
(1-cos—)
I have taken this function, the function of x that is @  and this function as a function
2
(1-cos _ny)
of y b Tt is easily verified these 2 functions satisfy the condition of clamped edges.

What are the conditions of clamped edges? 2 conditions at the clamped edges should be present.
One condition is deflection is 0 at the clamped edge; another condition is slope along the normal

direction is O at the clamped edge.

So, if I calculate the deflection at x = 0 edge, x = 0 edge is this edge, you can see that w is 0.

27mx
COS——

Because when you substitute x = 0, this factor becomes a Dbecomesland1-1is0,so

naturally w is 0. If I calculate the slope at x = 0 then Ow/0x will be this sine function will come,



. 2mx
sin—
so a will be there and here you will get @ and another factor will be there because of

27

differentiation ¢ will be there, so this will be constant.

So, the slope that is the first derivative again at x = 0 because sin0 is 0, so therefore the slope and

deflection both are satisfied. This is also verified at x = a edge, if you substitute here x = a then

CoS27 g again 1, so deflection is 0. And when again you differentiate it for finding the slope

. 2mx
sin— .
then @  term is appearing and when x = a again SIN27 that is sine of any integral value of

T is 0. So, therefore slope 0 condition is satisfied at x = a edge.

Similarly, y = 0 and y = b, this 2 condition w = 0 and owldy — satisfy. So, this function

adequately represents the deflected surface of the plate which has clamped edges along all the
edges. So, strain energy of the plate can be written now U = D/2, D is the flexural rigidity of the

plate 0 to a 0 to b integration, then the curvature along the x direction square + curvature along

2
ow .,

2

the y direction square + 2 x v (——%—+2 x | - yand then X%  dxdy.

2., d'w
ox )
)( PN

The plate is subjected to uniaxial compression. So, to calculate the work done by the membrane
forces only this component is pertinent, other component of work done N, and N,, will be absent
here because these forces are not acting in the plate. So, plate is acted upon by only the uniaxial
compression and that compression is along the x direction. So, compression along the edge x =0

and x = a.



ab
W= ” ]\; (Ow/ Ox)’ dxdy
So, work done due to this compressive force is now written like that 00

. This expression has been derived earlier from the basic principle, so you can use it.
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Therefore, total potential

MN=U-W

&

According to Rayleigh-Ritz method

o1

=0

. |

So, total potential is [T=U~-W and that has to be now applied or that has to be differentiated

with respect to the constant that is used to find the deflected series. Now, since 64 are the non

zero parameters. So, we differentiate this to find this, actually we want to find the arbitrary

o1 =2,

variation of PI. So, we can write 04 Now since the deflection is a function of only

one variable, we can write it as an ordinary differential coefficient also instead of partial
differential coefficient.
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Following derivatives and integrals will be useful

w2 1 i Ow 4r Im m
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So, now we can see that the strain energy expression that has to be computed first and it contains
the second derivative of the w, w is this, the assumed deflection function. As well as the cross

derivative of this function, that is the mixed derivative. So, this derivative is calculated and this
0 2 2 2
ow il Acos T (1-cos 22
you can see OX . You can easily see it @ will be there and a b .

o’w ow

Then your this function o will be this type. Again this differentiating this, similarly Y will

ow
2
be like that and %~ will also be written like that. And these integral are also useful, these

1 2mx a
sin® =—dx=—
a

integral are useful °© due to orthogonality condition of the function. And also the

t 2
jcosz =2
0 4 due to orthogonality condition of the shape function. And when this function

X
cos—
@ is integrated between the limit 0 to a, gives you 0 value.
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Results for a sguare plate
Take a=b, then strain energy due to bending of the plate |s

DR Fw, P ol
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Work done by N, due to vertical displacement w of the square plate,

4 A .
¥ ” L (0w &x) elvly

So, results for a square plate. Now, let us use this result for a square plate, taking a = b. So, strain
energy expression now can be found out by putting the integral, individually you can see here the
integral if I see this is the first part of integral, this is the second part of integral, this is the third
part of integral and this is the fourth part of integral. So, all these derivatives are calculated and
after calculating this then we integrate it.

Because this will be a function of sine and cosine and sometimes the orthogonality condition is
used very easily. So, you will find that integration in 3, 4 parts are calculated, 4 components are

o*w.,

. : 2 .. .
calculated, this integral represents this first component 0X" . And this is also same because it

is a square plate, so curvatures in both the directions are equal.

So, therefore you will get this again for the square plate, this integral. And then product of these

0*w O*w

2 2
Ox” Oy , when this is integrated product of the curvature is integrated. And here the square of

the curvature is integrated, note the difference. Here you are integrating the square of the
curvature, this is also the square of the curvature integrated yields you this result but here

product of the curvature is integrated.



a2
20—
So, it is result will be different and this result is 4 Then the mixed derivative that is the

twist curvature is squared up and integrated. This is the fourth component of the strain energy

and this gives you this quantity. So, after simplifying you are getting that strain energy

B 16Dn* 4*
a’ , A 1s the unknown coefficient of the deflected series that we have to find out,

U
divided by @

a is the size of the plate, because we have taken a square plate whose side is a x a instead of a x
b for a rectangular plate. Now let us calculate the work done due to the membrane force, in plane
force or direct force you can call it, direct compression that is N,, so N, is applied along the x
direction. And we know that expression for the work done due to membrane force, this N, is

N, (ow/ ox)* dxdy
double integration 0 to a, 0 to a because this is a square plate, 2 because this

represents the work done by membrane forces due to vertical displacement of the plate. So,
calculating these derivative and then integrating, we can now see that integration becomes this.
3N n’4°

And after simplification, we get this W is 2 . So, 2 component of potential total potential

we have calculated, now we can form the total potential.
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N d[16Dr'A N x'A ]|
dd dd a 2

i

0

Hence,

32D 7

5

(13 3“_

So, total potential is formed [=v-w. So, you can write IT is the total potential = U - W,

oIl
when you form the total potential, then apply the Rayleigh-Ritz method 04 . Now since the

functions or the strain energy and the work done due to membrane force is found to contain only
one variable, unknown variable that we want to deal with the variational method, is 4. So,

therefore we can write it simply an ordinary differential coefficient d/dA.

And inside this we write here this strain energy expression that we have found minus this work
done. So, after differentiating and then treating A should not be 0 for non trivial solution. Then

32D n’

we get the critical value of the load as 3a* So, this is one method that by which you can

calculate the strain energy of this buckling load of the plate. And here we have taken only one
term in the series, but if you want to increase the accuracy of the result then you can take more
number of terms.
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GALLERKIN METHOD

Mow, plate equation is given by

Vit Nx @'w N a'w . Ney &'w
i - —4]——-=
D& Dy D éxey

With the operator L we re-write the equation as

Ne i w Ny 0w . Nay &w

Liwl=V'w+ — —t —
Dot Dy 0 ey

=

In Gallerkin's approach, we ”f.tlﬂf.i.l'. Wiy =0 w=Ea"L[I'}.}
write - o n

Let us see what is Gallerkin method in plate problem? Plate problem we have already used the
Gallerkin method which is again approximate method. But difference of Gallerkin method with
Rayleigh-Ritz method is that. Gallerkin method requires the differential equation of the plate.
Whether it is under bending or it is in buckling or even in vibration problem you require the

governing differential equation instead of the strain energy expression.

Although both the methods are derived from the work energy principle but one method is
directed in such a way that the first method that I discussed Rayleigh-Ritz method has to be
started only after knowing the strain energy of the system and work done of the system. But if
we see the Gallerkin method, then instead of strain energy we start the calculation by knowing

the differential equation of the system.

So, here the system is the plate and it is under buckling. So, therefore the equation for buckling
of the thin plate is taken in presence of all the membrane forces which are treated as constant.

But if these are not constant then this N,, N,, N,, will be a function of x, y. Now define operator

V4+&a_2+&82 +2ny 82

2 2
L, such that L is D o™ Doy D 0xdy




So, introducing this operator, we can now represent the differential equation in this form. So,

L(w) 0, so L is a operator I have introduced, you can isolate w from this equation and then

you will be able to get the operator. Now in the Gallerkin approach, again we require to choose
the shape function. So, shape function is chosen in the same way that we have carried out in case

of Rayleigh-Ritz method.

So, shape function is chosen such that is satisfies the geometrical and force boundary condition,
that is the most important part and the choice of function in a judicious way will reduce the
calculative effort and also improve the accuracy of the result. So, therefore this is the very
important step in carrying out or solving the problem by Rayleigh-Ritz method or Gallerkin

method to choose a suitable shape function.

Now here again we write the same function in the form of a series, series means ACHY) maybe

a function say Si(xy) maybe some trigonometric function. And then (%) maybe another

trigonometrical function. So, adding all these things we get this the total deflected shape. Now

here you can see that individually /i , /> , /5 etcetera should satisfy the boundary condition of

the plate.

Now boundary condition here I mean that geometrical boundary condition or the force boundary
condition. Sometimes geometrical boundary condition is very easily satisfied and force boundary
condition is difficult to satisfy at all, sometimes partly satisfied. But in any way when the
geometrical boundary condition is satisfied, we take this deflection function to be used in the

Gallerkin approach or Rayleigh-Ritz method.

The criteria for selection of shape function in Gallerkin method and Rayleigh-Ritz method, both

are same. So, after choosing the shape function, then you form the Gallerkin equation like that.



This is the differential equation into S, (x, y)dxdy =0 which is integrated in the domain of the

rectangular plate. Now here you can see the shape function is approximate that we take

sometimes we get it exactly choose it exact function sometimes.

Say for example in simply supported plate along all edges we will take the Navier’s series then it
represents the exact deflected shape, so therefore the function is exact. So, but in general the
shape function is not an exact and it is approximation of the deflected surface. So, when you
substitute the approximate deflected surface in the differential equation, the right hand side you
will not get 0. So, therefore it represents an error and non zero quantity which represents error,

this may be small or this may be large depending on the choice of the shape function.

Now when this error, you can see after substituting w in the differential equation, this L(w)

L(w)

represents the operator L into w, represents the error introduced due to assumed deflection

function. So, the error multiplied by each of the function, taken to form the deflected surface is
integrated with respect to x and y, between the limits 0 to a, 0 to b and equated to 0. So, this is
the Gallerkin equation that has been derived from the first principle, virtual work principle.
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Simply supported plate in pure shear




Now here we take a problem of plate under pure shear. So, this pure shear case is commonly seen
in case of this plate girder say, web of plate girder. For example, this is the web of plate girder, a
portion of a panel of a plate girder, web panel of a plate girder. Now you can see that due to the
shear acting on the element panel, you can see diagonally it is compressed but in the other
diagonal there is a tension. And this tension sometimes reduces or minimizes the chance of
buckling failure. But due to compression here, there is a chance that shear buckling may takes
place in the panel.

(Refer Slide Time: 58:51)

A photograph of shear buckling of plate

So, the shear buckling phenomenon is observed in many practical cases, this is one photograph
of a plate used in the ship construction. And you can see due to diagonal compression that the
buckling takes place due to compression. So, that is particularly observed, therefore the study of
buckling of plate due to in plane shear is also important, significant. And here you can see that in
plane forces N,, is applied and we take a = b, that is a square plate to simplify the calculation.
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Example of buckling of plate by Gallerkin's method

Example: Let a square plate be subjected to in-plane shear loading at the edge.
The edges are simply supported. Calculate the critical load.
Let
F ¥ ¥ i
w=A sin ﬂsm i+ A, sin = sin ﬂ
i a a [}

In Gallerkin's method we require differential equation for the buckling of thin plate

A . Al Al i =i ai - =¥
Ow o 0w O Ny dw et 0" Lty

i gt t4 'E_-';".n.lllr'n'lII s e gy o e o —
I3 o'dyt iy I didy i eyt Oy D ey

Now we take the function, the shape function as consisting of 2 terms of the Navier series.
Because we have taken the support as a simply supported, so we take the support as simply

supported and therefore we take this shape function as consisting of the 2 terms of the Navier

. . . 2mx 2
A4 sin = sin 2 + A, sin = sin 72

series. So, a a a @ . Now in Gallerkin method, we take the

differential equation that I have introduced earlier. And this differential equation now has to be

satisfied by this approximate function. So, therefore naturally an error will be introduced.
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Two equations need to be formed
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So, this error what is there will remain here and then this error multiplied by each of the

4 sin 2 sin 2
functions. So, what are the functions? Functions are taken a a | so this is one
. 2mx . 2
A, sin < sin 72 I I
function f;, and £, is + a  a  So,thisis L) x fiey)=0and LW x fep) =0,

because 2 constants are involved in forming the deflected shape, so therefore 2 Gallerkin
equations are written. We take the square plate, so in all places we substitute b with a.
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Following integrals will be useful
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Applying Gallerkin's method, two equations are obtained

g 32N

gt LA
a un
2N T

v g ||IZ|. |

A A,=0
a 0

So, these integrals are important to be used here and after carrying out this integration, you will

Al AZ Al

finally arrive 2 homogeneous equations in . This is as homogeneous equation in 1,

A A _o A

2, is a linear equation. So, one possibility is that 2 =0, then these 2 equations are

satisfied but this condition will not give you the result that we required for this buckling load. So,

4 _ A4, A

this will form a trivial solution with 1 and 42 being 0, so this solution we discard.

For non trivial solution, we take the determinant formed by the coefficient of this equation to be
0.
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For nen trivial solution

' 3Ny

a’ ab -0
Phy 162
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After expanding,

e s10° Dr
= 1103

- Y, ———

~
]L a 1 d

4 will be in

So, determinant form by the coefficient of this equation, say this coefficient with
77,'4

2
the first row first column of the determinant pi to the power 4 a square, so thisis ¢ . Then

32 Nxy

second coefficient in the 1st row that is the 2nd column of first row 9D | so this is. Then this

from the second equation, we picked up this coefficient in the 1st column 2nd row and this term

we pick up for a 2nd row 2nd column.

So, expanding the determinant and equating to 0 we get now the value of N,,, so N,, is this

lon* 81D
4 2
a 327 So, that is under root and after calculating we get the critical membrane shear
Dr?

11.103==
a

which cause the shear buckling in the square plate is
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SUMMARY

In this lecture, the buckling of thin plate by two approximate
method-Rayleigh-Ritz and Gallerkin's method have been
discussed. Both the methods have its origin from the work-
energy principle. The work done by the membrane forces has
been derived from first principle. Examples have been solved for
a rectangular plate using these two methods.

So, let me summarize the topics that I have covered in today's lecture. So, in this lecture the
buckling of thin plate by 2 approximate methods Rayleigh-Ritz and Gallerkin’s method have
been discussed. So, formulations were carried out using the work done due to membrane forces
or you can tell the potential of the membrane forces. Then Gallerkin method is also shown how it

is evolved with the help of differential equations.

And both the methods have it is origin from the work-energy principle, that we have to bear in
mind. The work done by the membrane forces has been derived from the first principle and work
done and strain energy expressions are specifically required for Rayleigh-Ritz method. In
Gallerkin method, you only need the differential equation and then of course you assume shape
function, that are same in case of Rayleigh-Ritz and Gallerkin method. So, 2 examples have been

solved for a rectangular plate using these 2 methods, so thank you very much.



