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Lecture - 17
Plate Subjected to Inplane Forces and Transverse Load

Hello everybody. Today, I am starting module 6. And in this module, we will study about the
buckling of plates.
(Refer Slide Time: 00:43)
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That is very important because many cases plates are compressed. And due to compression, the
member is liable to be buckled. So, today my topic will be about the buckling of the plate. And
before that, we must note that the thin plate equations that we have so far used and accustomed
to; we neglected the in plane forces. But when the buckling occurs there must be a force in the

axial directions that means in-plane forces must be present.

So, here first the emphasis will be given to derive the equations of equilibrium of the plate,
including the in-plane forces and then we will go for buckling. So, in this lecture we will discuss
the concept of buckling. Then we will derive an equilibrium equation of the thin plate under the
simultaneous action of in-plane forces and transverse load. The in-plane forces in the derivation I

will take as a tensile force which is considered positive.



But in case of buckling the tensile force have to be reversed that is, it will be compression. So,
just by reversing the sign, the algebraic sign of the inplane forces, we can get the equation of
buckling of the thin plate. So, then solution of some problem I will discuss. The problem I will
consider today is a simply supported plate that means plate, with all edges are simply supported
and subjected to UDL, Uniformly Distributed Load.

That is the UDL and also the plate which is subjected to a concentrated load. So, two problems I
will discuss in today's class.

(Refer Slide Time: 02:44)

Elastic Buckling of Thin Plate

Structural member subject to compressive load undergoes axial
shortening. However, once a certain critical value is reached, the
member suddenly bows out sideways. This bending gives rise to large
deformation which in turn cause the member to collapse.

The load at which buckling occurs is thus design criterion for

compression members. k

Now, let us discuss in brief what is buckling? Now, any structural member when subjected to
compressive load is liable to be buckled when certain critical value is reached. So, when the
critical value is reached and just it exits, the member suddenly bows out sideways. These
bending give rise to large deflection, which in turn caused the member to collapse. So, buckling

we can understand that is a condition when the instability arises.

So, that is a bifurcation problem. So, load at which buckling occurs is thus design criteria for
many compression members.
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The following paragraph is quoted from a book “Structure in Architecture”
authored by Salvadori and Heller (1963)

“A slender column shortens when compressed by a weight applied to its top,
and in so doing lowers the weight’s position. The tendency of all weights to
lower their positions is a basic law of nature. It is another basic law of
nature, that whenever, there is a choice between different paths, a physical
phenomenon will follow the easiest path. Confronted with the choice of
bending out or shortening, the column finds it's easier to shorten for
relatively small loads and to bend out for relatively large loads. In other
words, when the load reaches its buckling value the column finds it easier to
lower the load by bending than by shortening.”

The plate is also is not free from buckling when subject to in-plane forces

Now, the buckling phenomenon is understood by a paragraph that is written in a book by
Salvadori and Heller, the name of the book is Structure in Architecture. So, he has explained
very nicely what is buckling. So, buckling is seen in column as well as in the plate also. So, the
paragraph from his book is quoted and I am reading the paragraph, then you will understand the

inner meaning of these statements.

A slender column shortens when compressed by weight applied to its top and in so doing lowers
the weight’s position. The tendency of all weights to lower their position is a basic law of nature.
It is another basic law of nature that whenever there is a choice between different paths, a
physical phenomenon will follow the easiest path. Confronted with the choice of bending,
bending out or shortening, the column finds it is easier to shorten for relatively small loads and to

bend out for relatively large load.

In other words, when load reaches its buckling value, the column finds it easier to lower load by
bending then by shortening. So, this is a nice quote from this book. That means, it is a basic law
of nature, when there is a load put on the top of a column that, it resists the load by lowering its
position that means it is compressed. But if you go on increasing the load at certain point, the

member will no longer resist the load by just by compression.



So, it now requires the load to be resisted by slightly by bending in a slight manner. That is
bending will generate the large deflection in that case and the member will choose instead of the
shortening the bending is easiest for the member. So, therefore, the buckling phenomenon is
understood as the transition from straight configuration to the bent configuration, this transition

point we have to determine and this is nothing but the critical load.

So, plate is also not exception. So, there are also the chances of buckling in plate when subjected
to in-plane forces.
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Buckling load is a limiting load under which axial compression in straight
configuration is possible.

It is assumed here that the transition from the straight to bent configuration at the
buckling load occurs because straight configuration no longer remains stable.

The concept of stability by considering the equilibrium of a rigid ball in various
position is shown below

(@) Stable U Unstable (O Neufral

Now, there are certain difference between the plate buckling and column buckling. However, let
us examine the three equilibrium positions that are important to study the buckling phenomenon.
Buckling load is the limiting load under which the compression in state configuration is possible.
So, it is a limiting load up to which the members remain straight, and just in case of load above

that or beyond that will lead to an unstable configuration.

So, the column will now then bend and these bending will produce the large deflection. So, it is
assumed that transition from the straight to bent configuration at the buckling load occurs

because the state configuration no longer remains stable under the action of the load which



exceeds the limiting load. So, the concept of stability can be explained by considering the

equilibrium of a rigid ball in various positions.

Consider a hemispherical ball where a rigid ball is rested at and the equilibrium position you can
see the equilibrium position is here. Now, if you slightly disturb the ball, then it will oscillate and
then come to rest again at the equilibrium position. Consider this position here the hemispherical
ball is shown in such a way that convex side is upward. So, if the ball is at the equilibrium

position and slight disturbance of its position lead to the unstability.

So, this configuration is unstable equilibrium position then there is another position in neutral
equilibrium position, say consider a plane surface, where the ball is placed and if it is displaced
to a certain position, it will remain at the new position. So, this is what is neutral equilibrium
position. Now, the buckling is the change of configuration that is from stable equilibrium
position to the unstable equilibrium position, but in between a neutral equilibrium position has to

be there.

So, stable equilibrium to neutral and then unstable. So, in between stable and unstable a neutral
equilibrium is there and we have to find this neutral equilibrium position that gives you the
critical load of the compression member. And compression member is your maybe your plate or
maybe your this column also. Because you can see in steel structures whether it is a column
suppose a column may consist of a box section where the sides of the boxes are plates. So, in that
case the plates will buckle according to the manner in which plate buckles takes place. So,
suppose for example, the plate girder which has the flange and vertical web. So, in that case the
vertical web will buckle like a compression member. So, any steel structures if you see these are
composed of plates. So, therefore, the plate buckling is important for the design of steel
structures.
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The behavior of the compression member is very much similar to that of the ball. The
straight configuration of the column is stable at small loads, but it is unstable at large
load.

If it is assumed that a state of neutral equilibrium exists at the transition from stable
to unstable equilibrium in the compressed member that is seen in case of ball, then
the load at which the straight configuration ceases to be stable is the load at which
neutral equilibrium is possible.

This load is critical load of the column.

The plate is also subject to axial compression and liable to be buckled.

Now, we shall try to find out the buckling load of the plate. But before that I want to find out the
differential equations of equilibrium considering the inplane forces. Because buckling is only
possible when there is an application of axial forces and these axial forces must be compressive.
So, we shall today derive a general expression for the differential equation of plate considering

the in-plane forces in addition to the transverse load.

After that, I will show some applications and then buckling can be considered or analysed with
the help of this equation, that we will derive today just by changing this sign of the inplane load.
So, I am taking the lateral load to be zero, because buckling is always a homogeneous boundary
value problem. So, there will be no external load in case of buckling only the axial forces that is
applied in the buckling analysis and we have to find the value of this axial force as the critical
value.
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Difference between plate buckling and column buckling

Once a column has buckled, it cannot resist any additional axial load i.e. critical load of a
column is also its failure load.

On the other hand, the plates supported at the edges or are interconnected to other plate
elements continue to resist additional axial loads even after the loads reach their buckling
values.

This additional load is sometimes as high as 10-15 times the initial elastic buckling load.
Thus, for a plate element the post-buckling load is much higher than the initial buckling
load.

Now, let us see the difference between plate buckling and column buckling. Now, once column
has buckled, there is some difference that can be noted very easily or it can be observed after
detailed analysis. So, some of the statements that I have written here are from general
observations of the buckling equations of the plate and column and also there is a note from the
research paper. So, research papers, this observation that is the strength of the plate in the post

buckling cases that I have brought here just to illustrate.

This post buckling behaviour is not included in this syllabus. So, once a column has buckled, it
cannot resist additional load. So, that means, this axial load at which the column buckles can be
taken as a critical load of the column or failure load, but this is not the case in case of plate. So,
plates supported at the edges or are interconnected to other plate continue to resist additional

axial load even after the load reach their buckling values.

So, this phenomenon is observed in case of plate. For example, a plate has dimensions which are
important in both directions x and y direction. So, when the buckling takes place in case of line
elements a column that we have studied, we have seen that the bending that bent shape that is
formed is in the form of a single halfway. That gives the lowest value of the buckling load that is

the critical load.



So, number of half waves can increase when the buckling load also increases, but for the design
purpose we take only the lowest load. But in case of plate, it is seen that the buckling load is
determined not only by considering the same half waves in both the directions. So, in that case in
this case of plate buckling, the number of half waves that are necessary for buckling to take place

varies in both direction.

So, it may happen that for support some support conditions the number of half waves in x
direction is m, but number of half waves in y direction may not be m. So, this may be different.
So, that we have to find out by detailed analysis. The additional load that plate resist even after
the buckling takes place, may be 10 to 15 times higher than the initial elastic buckling load. So,

for a plate element post buckling load is much higher than the initial buckling load.

Now, the concept of plate buckling the critical stress that we find for the plate has been adopted
in the design code. I am mentioning the Indian Standard Code of steel design steel structure that
is IS 800 where the critical states of the plate that we will find by solving the differential
equation has been adopted in the code for checking the buckling resistance of the plate specially
for the plate girder web.
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Simultaneous Bending and Stretching of the plate

The governing differential equation of the plate

DViw =q

This equation was derived based on the assumption that no in plane forces
act on the middle plane.

Occasionally in plane forces are applied at the boundaries or may be
produced due to temperature variation.




Now, let us discuss the differential equation. That is the most important requirement for solving
the buckling problem in our case, because the solution of buckling or bending or even vibration,
whatever you consider can be solved either in a closed form deriving the closed form expression
or can be solved by taking approximate method. But, first let us learn the closed form solution

which will establish the benchmark results.

That in some cases we can verify. Even the complicated cases when we model the plate within
discrete method like finite difference or finite element. Then to check the model results of the
discrete methods, we can verify the results of this or we can compare the results of the closed
form expression. So, that is why closed form solutions are necessary in case of mechanics

problem. So, governing differential equation of the plate ignoring the inplane forces can be

written say DV'w = q.

D is the flexural rigidity of the plate which is given by EA’/12(1-v*), where E is the Young’s
modulus of elasticity, h is the thickness of the plate and v is the Poisson ratio. So, D is actually

depends on the material properties and the plate thickness. Boundary condition is not influencing

4. . . * ¢ ¢
the value of D. V' is the operator, which consists of three terms d -+ 2 g

+ .
0x axzayz 6y4

So, this operator when we operate with w, you will get the full differential equation of the plate
and ¢ is the distributed transverse load on the plate that is shown here. Now, in this figure you
are seeing that the plate is subjected to in-plane forces. So, what are the in-plane forces? One is
the force N, that is the axial force along the x direction that is acting on a side which is parallel to
y axis, that is N, the axial force and we take here the N, is uniformly varying or uniform along

this direction.

So, at x = 0 and x= a edge, the inplane forces are denoted by N, and y= 0 and y = b edge, the
in-plane forces are denoted by N,. And this is also constant that means, uniform along the edges.

So, here along the x axis the length of the plate is a, along the y axis the length of the plate is b,



transverse force is ¢ and we have shown here an element of the plate not the full plate, so, dx and
dy is the element of the plate.
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Equilibrium of plate element

But, when you consider the equilibrium of the forces that is acting on the plate specially, [ am
showing here in the free body diagram, the in-plane forces acting on the element dx and dy, what
you got it is the inplane forces on this face this N, x dy, dy is the length of this face or edge. So,
total forces N, x dy. On the opposite face, this force N, plus the increment. Though increment

ON
*dx
will be  Ox and the length of the side is also dy. So, it is multiplied by dy. So, in the other

edges, you can see N, x dx is the force, total force acting along the edge y = 0. Similarly, on the

ON
- dy]dx

oy

N +
)
edge y = b you are seeing the inplane force that is ( . This is the in-plane force

acting along the y=b. Now there are in-plane shear forces, that gives rise to compressive force in

along the one diagonal and the other diagonal there is a tensile force.

So, you can see here if you take the resultant of these two inplane shear forces that is acting
along the edges tangential to the edges. Then you will get the resultant is the tensile force along

the diagonal. Similarly, in this case here you will get the resulting force is tensile. So, along one



diagonal there is tensile force and other diagonal there will be compressive force. So, the plate is

under the action of inplane direct forces and inplane shear forces.

So, inplane forces are actually N,, N, and N,, and by virtue of the complementary nature of the

shear force, N,, = N,

x> 50, that will take in in case of derivation. Now, here in this figure I have

shown only the in-plane forces no other forces have shown because I want to find out the
interrelation between this N, and N,,. So, if I consider the equilibrium of the forces along the x

direction, I can establish an equation of equilibrium.

Then, if I write the equation of equilibrium that means, resolving the forces along the y direction,
then also I will get other equations of equilibrium.
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Equilibrium of the plate element under the action of in plane forces

oN,
N, +—dx |dy
ox )

(3,4 2 d
)

N\ N2
‘ N +—dv|de | &
oy )

Let us consider the the equilibrium of the plate element dxdy as shown in
Figure. Resolving the forces in X direction

N, oN ,
N, +—=dx|dy-Ndy+| N, +——dy |dx - N dr=0

-
ox oy

So, by doing so, here say along the x direction. What are the forces? One forces is this along the

X

ON, dxjdy

N, +
positive direction of the x axis this force is ( . So, that force is written here.

Then minus the acting in the opposite direction so, N.dy . So, these forces written here. Then



plus other force let us see in the x direction. Positive reaction is this force N,, or

ON
(N o F— dyjdx

On the opposite direction and N dx equals this is the force. So, total force I have summed up

and equated to 0. So, now, after cancelling some terms that we will get say N.dy . This is N.dy

from here it is positive and here you are getting N dy is negative quantity. So, this term will

- N,dx

get cancelled. Similarly, other terms you will get an N , and here you will get So,

this term will also get cancelled.

So, then after dividing both sides by the area of the elements that is dx dy that is not to be treated
as 0.
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After simplifification

ON
N, B _j o
ox oy

Similarly, summation of forces in Y direction gives

oN, ON,
—+—==0 (2)
o ox

Now, since o, = N,/h,a, = N, /b, 7,y = N, /h

The above two equations, (1) and (2) can be written as

0, % o w

dg, O g o

x oy o




So, we ultimately get an equation of equilibrium involving the membrane forces that is

ON. ON, ON, ON,
L4 — —+—=0

Ox ay . Similarly, summation of forces in y direction gives ay . So, these

two forces are the equations of equilibrium in the x and y direction and this is possible due to
membrane action of the plates. So, plate will resist these lateral, the axial forces and this will

establish the equilibrium of the forces.

Now, this form can be converted into this equilibrium equation of the two dimensional elasticity

problem. That involving the 0.0, and Ty that we are familiar this 3 stresses are important in
case of plate. Now, if we take a unit width of the plate, and N, is uniform then we can write

N N
o = ——. Similarly, we can write 6 = —=*andt = —=
x h y h xy h

So, substituting this N, = g, X h, N,, = 1,, X h, we convert these two equations say (1) and (2) in

do. Ot oo, Ot
- x4 = Y Y
ox Oy

the form of say and then another equation is o Ox . So, these two

equations are equation of equilibrium in plane stress condition in absence of body forces.
Generally, body forces in axial directions remain absent and body forces in the axial directions
generally, it is produced due to thermal loading. So, here we neglect this and therefore, the
equilibrium equations in x and y direction we have written and it is forming the conventional two
dimensional equilibrium equations for plate. Now, we want to bring the stress function concept
in this expression.
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Strain-displacement relations
ou ov ou oy
S wwld, el St
o Ty &

(5)

Compatibility condition

e O, O,
7"_‘_ L= A
o o Oxdy

6)

Stress-strain relation

8, =%(c7(—uc7\}. g, =%(a‘ —uo'l . =%:=2%(l+u) )

k

Now, let us discuss, let us introduce the stress strain relationship. Now, strain in the x direction is
ou @ a_u + @
Ox | strain in the y direction is % and shear strainis &’ 9 . Then compatibility condition

o', 0%, 9,

2

y -
for strain can be written as @~ X X0V o this is the compatibility condition in two

dimensional elasticity problems. And stress strain relationship is also known to us. Stress strain

S e, =0, -vo,)

relationship is E where U is the Poisson ratio and then =~ E v

>

T

Xy

Yy

i1s the Poisson ratio. Then this is the shear strain is G , G 1s the shear modulus of the

elasticity.
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Substituting stress-strain relation (7) in compatibility equation (6), we get

2 ) a2
0" 0° 0"
— (0, -vo )+— (0, -v0,)=2 (1+v)
7 S (7)) @)

(%
0

Now take the equilibrium equations (3) and (4) again.

do, , 07s _ YO, Uy, Ea. ()& 4
ox dy y o ox
Differentiating first equation (3) w.rt x and second equation (4) w.r.t y and then adding
both we get
or, o o',
- )

Now, substituting stress strain relationship in compatibility equation. So, compatibility equation

is this equation. So, stress strain relationship we substitute here €, % and "5 we substitute

2 2 2
TX
— (o, —Uay)+§(6_v —vo,) = Za—y(lﬂ))

here. Then we get this equation xey .1+ U s

coming here because of the expressing the shear modulus in terms of the Young’s modulus of

elasticity and Young’s modulus of elasticity appears in both the sides of this equation 8. So,
therefore, it gets cancelled. So, only we are living with this 1 + Y . Now, if | write again the

equilibrium equation 3 and 4 that we have derived earlier. Here you can see this equilibrium

equation in two dimensional elasticity.

oo ot N
X + ) :0
That is in-plane stress problem is again written here ox  Qy . This is one equation,
oo, L0y _ 0
another equation is o x . So, if I differentiate this first equation the first equation 3,

this is the equation number 3. In second equation that is this equation. So, if I differentiate first

equation with respect to x and second equation with respect to y, and then if I add both the



quantities and separate these 7,, terms in one side, then after adding when you differentiate this

2
oo, 07T, 0

. If you differentiate this expression with respect to y,

2 =
expression, that will be Ox Oyox
2 2
& + 0 Tyx —

2

then you will get Oy Ox0y
o',
’ 0T, i ‘ v
* this is the same thing. So, “*% . So, one

So, then if I add this and keeping this U or
mixed derivative term will be coming. So, if I isolate this that is with after addition it will be

o’ oo 820'y

Xy _ X

2 = 2 2
Ox0y Ox oy

. So, this is the relation that has been obtained. How it is obtained? This

expression is differentiated with respect to x, this expression is differentiated with respect to y

and then added. So, we ultimately arrive at this equation.
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Substitute eq.(9) in (8) and after simplifying, we get

a2 A2 2 32 a2 A2
(U‘+('”' i (n,'— —b(—+f—
" oy

(0,+0,)=0 (10)

Introducing Airy’s stress function {(x,y) such that

a%p
Oy = W
a%p (13)
O'y E ﬁ
__
Txy == m
Hence, we get compatibility condition in terms of Airy’s stress function as

V=0
4 4 4
7*@ = 0 where operator 7t = 6_ i i i 6_ (12)
dx* - dxtay? oyt

Vie,+0,)=0 g

Now, this equation that is I numbered it 9. This equation is now substituted in equation 8. So,

substitute equation 9 in equation 8. So, suppose the earlier slide say this equation 9 now, you



substitute here directly you substitute here this equation. Then you will get equation like that

2 2
o’ 5O'y+82<TX+a Gy:O

+
ot ot axt oy’

You can note here this is the derivative of ®* with respect to y and derivative of Ox that is the
second derivative with respect to x, both are appearing. Similarly, the derivative of %y with
respect to x and second derivative of %y with respect to y appearing again. So, both are
appearing derivative of this Ox is here with respect to y as well as with respect to x. Similarly,

derivative of ° is with respect to x as well as with respect to y.

2 2
% + a—ZJ(GX + Gy)

ay

So, these can be written in a convenient form say using this operator E , this

can be written in this form. So, now we are familiar with this operator. This operator is nothing

but your Laplacian operator that is Y . So, we can now write this equilibrium equation

. o.+0
, summation of ~* 7.

2
Vi, +0o))

compatibility equation as

Now, this is a very popular equation in plane stress problem and then we want to express the
stresses, the normal stresses and shear stresses in the form of Ariry’s stress function. Because
when we solve a equation of the plate simultaneously subjected to in plane forces and this

transverse loading. Then, if we introduce this stress function then it will be convenient because,

ON, N ON,,

earlier we have got the equilibrium equation where it is Ox oy one equation. And



ON, ON
oy ox

another equation . So, these equations we obtained earlier and we have to find

out simultaneously the inplane forces as well as the vertical deflection of the plate also. So,
because of these bringing the Airy’s stress function phi in the equation will be convenient. So,

the Airy’s stress function ¢ is introduced in such a way that second derivative of ¢ with respect

to y will give you the ©x . And second derivative of ¢ with respect to x will give you %y You
can note here the difference that when we required the %x we have to differentiate stress

function @ with respect to y second derivative. Then when we require to find O , we have to

differentiate this Airy’s stress function two times with respect to x. Then z,, will be given by this

mixed derivative and with a minus sign.

Now, introducing this stress function in the compatibility equation the Airy’s stress function now

Vi(o. +0o z
(o, }’) Z? . Then
X

2
can be written as this is . Now, introducing this if you add this % +

ay

2 2x72 4
again, we can write this is Vg So, this equation can be written as ViVig=0 So, this is again

an equation of biharmonic nature homogeneous equation very popular equation in plane stress

elasticity problem.

4 4 4

4. d 20 9 : o
And where operator V' is expressed as o + N + I So, this operator is similar to our

operator that appears in the plate deflection equation in absence of this in plain force says that we
derived earlier.
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Equilibrium in Z direction

Now, the equation that we have obtained is considering the equilibrium of forces in the axial
direction that is the x direction as well as y direction. Now, let us consider the equilibrium of
forces in the vertical direction, vertical direction is the z direction. Again, we take an element of
the plate of length dx along the x direction and length dy along the y direction. This direction is
understood as the direction along the x axis. And this direction is understood as the direction
along the y axis. So, here for simplicity we have taken these edges, two adjacent edges are fixed.
It is not necessary for derivation purpose that one should take these edges are fixed. We are
taking these edges fixed because we are taking the slope, the change of slope at opposite edges
that is measured from a datum which has 0 slope. But it does not matter if the slope is other than

0 here also.

That means, if this is not fixed also then also the change of slope can be calculated at the
opposite edges. But for simplicity of calculation, we have taken these two adjacent edges as the
fixed. Now, let us see the forces that are acting along the edges. On this edge it is N, dy on the
adjacent edges that is fixed that is N, dx membrane shear force is here N, dx. In this edge

membrane shear force is N, dy.

Now, let us see what is the condition at the opposite edges? In the opposite edges if you see here

first let us see along the x direction. You see due to deflection of the plate the slope will be



changing and as well as curvature will be also generated. So, here if this is the change of forces

ON, dxjdy

N +
that is the with the increment of N, that I have written ( Ox . So, that is the

incremented A, in the opposite faces. And due to deflection of the plate, this force is now making

an angle with the normal to the edge. Now, this angle is nothing but the change of slope. So,

oy/ox

change of slope if I take the slope here is and the rate of change of slope will be

0/ ox (ow/ox)

derivative and this change occurs in length of dx. So, it is multiplied by dx. So, this

is the angle. So, for small deflection this change of slope.

Because change of slope is net slope we are because here we have clamped this edge. So,
therefore, we take this as this slope that is the angle that the normal to the deflected surface
makes with the original x axis. That was before the deformation. So, therefore, if we take this as
the angle then if I want to calculate the vertical component of the forces, then this force say this

(N Lt N,
force is say P, Pis here \ X

dxjdy
and this angle is say 6.

So, naturally we calculate the vertical component of these forces, because we are considering the
equilibrium in the vertical direction that is z direction. So, vertical component of this force will
o’w
-dx
be say P x siné, P is this this term complete term and theta is this OX . Although I have not

written here, but say for convenience, it takes this angle as 6 this is understood as the angle and

for small deflection sind = 4.

2

2
ON, dxjdy ow dx
Ox ox '

N_+
So, generally you will get the vertical component of this force as (
Similarly, on the other edge because here the edges are clamped. So, there will be no slope here.

So, naturally the vertical components of these two forces are 0. Similarly, vertical component of



the shear force along these clamped edges will be 0. Now, consider the axial forces that is N, on

the other direction.

That is the along the edge opposite edge that we have considered first here N, dx along the edge

ON
~dy |dx
oy

(N , T
dx. Now, here we are considering this incremented force . So, in a similar

fashion now, we can calculate the change of angle that is the angle here that is the slope because

o*w

dy
2
here we clamped it. So, oy . So, the intention of clamping the edges here only to get the

change of slope as something minus 0, therefore, convenience of calculation no other purpose.

o*w
T dy

So, ay is the slope here is the angle. And vertical component of this equation incremented

(Ny + 5 - dyjdx
force Y will be this force multiplied by siné. @ is this angle so, this angle is

again for small theta this will represent as sinf = 6. So, for membrane shear forces also we are

getting the vertical component.

o’w
oxoy

dx
and because

So, this is the rate of change of angle of twist, that you are getting here

these edges are fixed. So, we are getting this angle is the slope angle. So, the vertical component

of N,, is also found out by resolving the forces in the vertical direction and this vertical

ON 2
(ny + 8—xydx]dy j (;V dx
component of this shear will be X ey



vi
' ddex

oy

N, +
Similarly, here vertical component of the shear force will be [ . So, these

vertical components are known. Now we can sum up the forces in the vertical direction.
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Equilibrium of the forces in z direction

Nydx

For simplicity, let us consider the far edges of the plate in x and y directions are fixed

N A2 A i AN 2
oN o'w oN aw 0N, ow

[N,‘ +T‘:l\‘]({1'7(i\‘+ Ny+—dy dv—dy +| N, +—=dy |dx—dby
ox ox dy oy dy Oy

N, . o
+{Nn + _—"d\‘](h‘%dx =Y, (13)

ox oxdy

So, summing up the forces in the vertical direction we can write now, this is one vertical
component of this that we have written here. Then vertical component of these forces we have
written here then vertical component of membrane force we have written here. Vertical
component of membrane shear force here we have written here and since these edges are fixed so

there will be no vertical component. So, the summation is some force F..

So, after cancelling some common term, you will get some common term and neglecting the

square of this small term because here you will get suppose if you multiply term by term then in

ON._ ., O'w
—*dx"dy—;
the first expression you will get dx* term. Here OX Ox" . So, when the square of the

small quantity comes then when should neglect because we are considering this small
deformation theory.
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Considering the equilibrium of the forces in z direction,
( ON‘ dx Jd
o o’

Ny —Ldx \dy Y x=YF
[ dx J Oxoy Z

Dividing both sides by dxdy and neglecting square of the small terms, we get

0N, ow N)
N, +—d d—dy+| N +—=dy dx—a’y
oy 5/ ’y oxdy

2 2 2
Nx6:v+2N.naw N 6_=p*(x,J’) )
= PR
k

where p* is the lateral load produced by the in plane forces

So, considering the equilibrium in the z direction and dividing both sides by dx dy and neglecting

the square of the small terms. We get this equation in this form

0*w 0w 0’w
+2N +N = p*(x,
o TN, TN g TP

NX
. p*is a lateral load produced by the in-plane forces.

So, that force we have taken as a fictitious load on the plate.
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Thus the effect of the membrane forces on the deflection of of the plate is equivalent
to afictitious lateral load. Thus adding p*, we get the differential equation of the plate
as

, (15)
Xy a w N a_n
6 oy oy’

pyiw = q(x,y)

If the plate has initial curvature %0, then the governing differential equation will
be

( (W(] + W)

a2
DV'w=g(x,y) + N, +N —

Thus, the effect of membrane forces on the deflection of the plate is equivalent to a fictitious

lateral load. Thus, adding p* p* is a fictitious adding load which is nothing but



0*w 0*w 0*w

N,—+2N,, +N,—=p*(x,y)
ox Ox0y oy . So, adding this p* to the plate equation now, we get
2 2 2
DViw=q(x.y)+ N2 poy Wy W
. . . q Y x b 2 xy o y 2
the plate equation in this form X X0y oy

If the plate has initial curvature sometimes plate may have even like column the initial
imperfection is also common in many cases. So, initial curvature is there say in the form of wy it

may be a continuous function or it may be some localized imperfection also. Then we can add

this to this w and we get this equation say
2 2 2
DV*w=q(x,5)+ N, (WOJW) +N, 0 (WOJW) +2nyw
Ox ay OxQy w, is the initial

imperfection or initial curvature or initial deflection of the plate.
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In terms of Airy’s stress function, the differential equation of the plate becomes

2 2 2 D) 2 2
Dy, 4) 59 5, 06 O 9 0w
h h oy ox Oxdy Oxdy  Ox~ oy

If in plane forces are not known, then an additional differential
equation connecting lateral displacement and Airy’s stress
function is used. In that case solution has to be obtained by
iterative technigue.

Now, introducing the Airy’s stress function that we have earlier obtained. What was the Airy’s

2
Z Q; 1s your 0. And similarly,
y

stress function? ¢ is the Airy’s stress function and ¢ is such that

2 2

g . g . . . . . . . .
2 50, and — oy 8 So, introducing this quantity now, we can write this equation.
X




The plate equation in presence of the transverse load, as well as the in-plane forces like that D/h,

. . 4 4. . . .
h is the thickness of the plate, V', V is the operator biharmonic operator that consists of three

" 20" "

terms. The terms are —+——+— = gq/h, g 1is the distributed load
dx dx dy dy

N o’ 0w s o’p O’w . o’ 0w
oy ox’ Ox0y Ox0y oOx° oy’

This is coming due to conversion of N, in terms of this stress function. Because N, is related to o,
and o, x is related by the second derivative of the Airy’s stress function. So, if in-plane forces are
not known sometimes in-plain forces are not known, then additional differential equation
connecting lateral displacement in Airy’s stress function is used. So, that is the additional

deflection that we have used.

So, in that case, solution has to be obtained by iterative technique, no close form solution may
not be possible in that case.
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Governing Differential equation for the buckling of the plate

The equation governing buckling of the plate is obtained by setting the
transverse load ¢q(x,y) =0and taking in-plane normal forces as
compressive and in-plane shear forces to produce compression along
diagonals, which means signs have to be reversed. Thus we get

« N o'w N, o'w 2N, o'w
\% W+——2+——2+ —=
Doa* Doy D oxdy

If we want to study the buckling phenomenon of the plate, that is our intention. So, first we have
derived the differential equation of the plate subjected to in-plane forces. So, this is the

differential equation of the plate subjected to the in-plane forces. Now, when we study the



buckling, buckling is a homogeneous problem. So, where ¢ should be absent. So, we shall put ¢
= 0, and then the sign of N,, N,, and N, will be reversed to produce the effect of compression on

the plane.

So, if it is reversed the sign of this N, N,, and N, are reversed and g is taken to be 0. Then the

N, 82w+£82w+2ny oO’w 0

Viw+ > > =
D ox D oy D oxoy

equation for buckling of the plate is given by this
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Example: A simply supported rectangular plate is
simultancously loaded with a uniform lateral load q and
subjected to uniform edge tension N, = Ny at x = 0,a
as shown below. Find the expression for the deflection

surface.
Let
o o R
mmnx nmw
w(x,y) = Z Z Appsin (—) sin (_y)
a b
m=1n=1
Differential equation of the plate is

d%w

DV4W=q+N0W )

Since, Ny = Ny, =0

Now, let us consider a problem, illustrate a problem. We have taken a simply supported plate all
edges are simply supported as seen in this figure. And it is subjected to transverse load g as well
as this axial compression here »,. So, IV, is the compressive force, but for the time being we will
take it as a tensile force because we have now just derive the equation of equilibrium with the

tensile.

When we consider the buckling of the plate, then we will consider this N, as compression. But

here we consider the edge force as the tensile force. So, if it is a tensile force, then the

azw

6x2 '

. . C 4 . .
differential equation is this DVw = q + N 0 Now, you can take here a Navier series



because the plate is simply supported along all edges. So, a double trigonometrical series will

satisfy the edge condition.

That is the deflection and bending moment at edges x = 0 and x = a and y = 0 and y = b will be

satisfied by taking the double trigonometrical series sin( m;Tx ) sin( nzy ) with coefficient Amn

So, this double sum can be expanded and the series can be computed for different number of
terms. Now, here we are taking this membrane shear force and the other in-plane forces in the y
direction to be 0. And this force in the x direction is taken as constant which is N,. So,
differential equation now becomes this.

(Refer Slide Time: 53:29)

Assume, Navier’s series and substitute in the differential equation,

oo (min? nin?\" Nom®n®| mmx, | (umy q(xy)
) Y[ B (2 (122

m=1n=1

Multiply both sides by sm( ) sin ( . ) and then integrate in the domain of the plate,

b
min?  nin?\’ ap 1 nmy
JAR 7%-? D T ijq(x y)sm sm( g )dxdy
00

So, assume in a Navier solution method, we substitute the series in the differential equation and
then we get this. If I substitute the series in this differential equation, then in the left-hand side

we will get this term and in the right-hand side, we will get this term. Now, multiply both sides

by sm( ) and sm(—L) and then integrate in the domain of the plate. So, integration is done

b

in the domain of the plate and due to orthogonal condition, the sin (%) dx integration will be

b
a/2 and another integration | sinz(%) will be b/2. So, this term is this.
0
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Hence,
4mn
A min?  nin?\’ | Nymim? v
D (—2+—2) +=2——|ab
a b Da
where
ab
(6)
q(x, y)sm sm( p )dxdy
00
For uniform loading ¢, we get
4ab A
=qg—— formpn=135,... )]
qmn qmnn_z

So, therefore, we arrive at the value of 4,,, is this and hence g,,, can be written as this expression

as q(x, y)sm( )sm( )dxdy For a uniform loading ¢ has been obtained in earlier cases
also. So, we get g,,, as quz, where m and n are odd integers. So, if I take ¢ as the uniform

mnm

load, then ¢ can be taken outside the integral, sin and these two terms can be integrated.

And after a substitution of limit, lower limit and upper limit you will find that the value of
integral exists only for odd integers that is all value of m andn 1,3, Sup to .
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16q

m2 N0m2 (8)
Dm mn[( bz) +Da nz]

Hence, deflection surface becomes,

Ann

) e 16gsin (mnx) sin (nrbry ) o
W) = Z Z m? Nom?
m=1n=1 Démn ( + bz) +D(2 77

b
At the centre, x = %and V=5

m=1n=1 Drémn ||~ + 75

w(x,}’)=ii [(mzlfj:z)z Ng_mz] (10)




So, this 4,,, is found and after finding the 4,,, we can now write down the deflected shape. So,
deflected shape we have taken this and 4,,, is known after finding this series solution and then
the complete deflection surface is written like that. So, maximum deflection occurs at the centre
and therefore, by substituting x = a/2 and y = b/2, and for odd value of integers we get this

maximum deflection as this value.

You can see in presence of axial tension; the maximum deflection reduces. So, the maximum
bending moment will also get reduced.
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Exercise

A rectangular plate axb carries a concentrated load at the centre. It
carries also axial tension N along x direction at the edges x=0 and
x=a. Calculate the following (Take m=1, n=1)

(a) Deflection at the centre

(b) Bending moments at the centre

(c) Shearing force and twisting moment at (a/4, b/4)

So, an exercise can be solved in a rectangular plate a % b carries a concentrated load at the
centre. It carries also axial tension N along x direction at the edges x =0 and x = a. Calculate the
following we take m = 1, n = 1, deflection at the centre, then bending moment at the centre and
shearing force and twisting moment at a/4 x b/4. So, let me give some steps of this exercise and
you can complete this and get the results.

(Refer Slide Time: 56:43)



4 W
To+ 2o - 44
bW D

)= 15(x-5)8( e,

b
G, = p? J §(x-9)5(y) 5’&% i I8 gy
)0 =7 S'kﬂ_{ &ul@
@ b

A
WAt
Y
1
i

So, I am discussing now a problem where I have taken a rectangular plate side a@ and b, a is along
the x axis and b is along y axis. It carries a concentrated load at the centre say centre coordinate
is a/2 and b/2, 1 have taken the origin at o and also it is subjected to in-plane forces uniformly

distributed along the edges. So, now the differential equation of the plate can be written as plus

No 62W

D 6x2.

Other terms will be absent because there is no other in plane forces = g(x,y)/D. Now, you can see
here the load is this concentrated load not the distributed load, but we know that concentrated
load can be expressed in the equivalent distributed load by making use of Dirac delta function.

So, here I can write g(x,y) because it is suppose the concentrated load is acting at any point along

any plate whose coordinate is say € and " measured with respect to origin.

Then we can write, so, g(x,y) we can express like that. So, therefore, the expression g,,, that is

required to find out is nothing but the double integral 0 to a 0 to b and instead of ¢g(x,y) we now

write this, P I can take outside and 5(x B 5)5(}/ B 77) and the function sin because we are taking



first term, so, let m = n =1, so, sm( )sm( )dxdy So, this integral can be easily evaluated

and it forms that Psm( it )sin(“—bn).

I have taken a general coordinate § and 1 but in the final result you can put § = a/2 and n = b/2.
Now, when g,,, is found then we can find the 4,,,. Now here of course, the 4,,, will be your; this
first term consisting of only the first term of the series. So, m=1 n = 1.
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So, now if I write the expression of this 4,,, 4,, will be because m =1 and n = 1, 4,, will be

2

2 2
4Psin(1:1 )sm( )lelded by the terms that contain the plate parameters say (— + b—) .
a

2

th abD. So, this is your 4,,. So, once you find the

Da

Then it will contain the effect of axial forces

coefficient of deflection that only one term is needed, so, there is no difficulty to find the centre

deflection. Now centre deflection term is written here w(x,y) is a function of this 4, sin(™)sin(2):

So, once you get this then at centre x = a/2, y = b/2 and also P acts at centre. So, E=a/2 and n =

4P

2 2\2 NP :
{(Lz%nz) +—"5-rabD
a b Da

b/2. So, maximum deflection that you get is at the centre and its value is




So, this is the value of the maximum deflection that you require to find. Then you can see in
presence of axial tension the maximum deflection decreases. Now, once you get this maximum
deflection then the deflection expression then you can proceed to find the bending moment and
shear force also. Now, let us find what will be the bending moment and shear force at some at
any point x, y.
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If you see the expression for bending moment the bending moment in x direction is nothing but
a°w

2 2 2
— p{~2 >+ v g —-1. And bending moment in y direction will be — D a_vzv + v—-¢. Now, since
0x dy dy 0x

the expression for w is known, w is A4, that we have found and sin(ﬂf:)sin(%). We can

calculate this quantity without any difficulty.

Because only in that case you have to substitute the second derivative of this expression. So, now

62w
dxdy

the twisting moment M,, is calculated as — D(1 — v) and shear force Q, at any point can

be calculated — D%Vzw and Q, is calculated D:—yVZW. So, once the w is found then other

quantity can be easily calculated. So, as an exercise you can complete this.



So, this type of problem you may get in the assignment so, their I will get the complete solution.
So, what we learnt today? Today we have learned the differential equations of bending of plate
subjected to in plane forces which we neglect earlier. Now, here we consider the in plane forces
and obtain the differential equations of the plate. And then we discuss the concept of buckling,
because this equation will be used in case of buckling also, reversing the sign of these in-plane
forces. Then we solved some problems to illustrate the use of this equation. Thank you very

much.



