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Module-04
Lecture-11
Transformation of Plate Equation from Rectangular Coordinates to Polar Coordinates

Hello everybody, today I will start the module 4. So, first lecture I am starting with a topic that
covers the plate equation in polar coordinate system. So far we have introduced and solved some
problems of rectangular plates and other plates also some special cases like circular plate or
elliptical plate and triangular plate also. Now, it will be advantageous when we use the plate

equation for some specific problem where the axial symmetry is there.

For example, circular plate loaded symmetrically and boundary condition is also symmetric with
respect to an axis of rotation passing through the centre of the plate. Then it is possible to find
the solution of the system equation in the polar coordinate system.
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MODULE-4 LECTURE-1

Plate equation in polar co-ordinate system and
introduction to axi-symmetrical bending of
circular plate




So, today our discussion will be governing differential equation of the plate in polar coordinate
system and introduction to axi-symmetrical bending of the circular plate. So, specifically we will
use the polar coordinate system to circular plate problem.
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OUTLINES OF THE LECTURE

+ Transformation of equation of bending of plate from Cartesian co-
ordinate system to polar co-ordinate

* Axi-symmetrical bending of circular plate in polar co-ordinate system

+ Derivation of displacement-strain relations, stresses and bending
maments

* Equilibrium equations of axi-symmaetrical bending of circular plate

So, today I want to cover the following topics, transformation of equation of bending of plate
from Cartesian coordinate system to polar coordinate system. Then axi-symmetrical bending of
circular plate in polar coordinate system, then derivation of displacement-strain relations,
stresses and bending moments, so this expression how it changes? Because we are familiar with
the rectangular coordinate system, the bending moment expression for plate or shear force

expression for plate and stresses also we could find.

But now let us see how this relationship will change when we carry out the transformation of the
coordinate system. Then we will derive, specifically for axi-symmetrical bending of circular
plate, the equations of equilibrium for an infinitesimal element and from that we get the
differential equation for the bending of circular plate with axi-symmetrical condition. Now, after
getting this equilibrium equation, we can proceed to solve several problems encountered in
practice because most of the problem in circular plate comes with the axi-symmetrical loading or
axi-symmetrical conditions of boundary and loading. Then we can find the deflection equation

and bending moment, shear force, for that type of boundary condition and the loading condition



for a circular plate. And make use of these results for designing of the plate element or slab
which is modeled as a plate. So, these are the topics that I want to cover in today's lecture.
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PALTE EQUATION IN POLAR CO-ORDINATE SYSTEM

Cartesian coordinates of poini p is (x, ¥).

The polar coordinates will be

X = reost

¥ = rsindt i
We know the governing differential equation of the

plate in rectangular coordinate system as

q(x.y)
Ptwlx, y) =- D @

So, let us see first how this system equation or the plate equation can be transformed from
rectangular coordinate system to polar coordinate system. So, you know very well that polar
coordinate system is expressed in terms of 2 variables. The radial distance of the point from the
origin » and the angle that the radial line makes with the reference axis, here we take the x axis.
So, the point p(x,y) in Cartesian coordinate system will be transform to a point p with coordinates
r and @, where r easily you can see that x coordinate equal to rcosf and y coordinate is equal to
rsinf. And you can also see that fanf will be y/x. So, with that relationship x = rcos@, y = rsin6,

will be able to transform the equations of bending of plate derived in the rectangular coordinate
4 _
system like Viw(x,y) =q(x,y)/D , where D is the flexural rigidity of the plate it is nothing but

3 2
equal to ER’/ 12(1 -V ) , where v is the Poisson’s ratio of the plate.
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Plate Equation in Cartesian system of co-ordinates

qlx.y
0

F“F'zw[;u',y] -
3 :
MNow Laplacian operator in Cartesian system is
gt g
= —
dx? ﬂy‘l
In polar system we write the equation as

FE72w(r,8) = q(r,8)/D

Thus we need ta find now 7_* to obtain the differential equation of plate
bending in polar co-ordinate system

So, plate equation now can be written like this also, say V? s the Laplacian operator is very
2 A2 2 2 2
well known to the students of mechanics or physics. So, Vi=0 / Ox”+0 / ay , this is the
. .. . Viw(x,y) .
Laplacian operator in differential calculus. And »Y) | again we operate on w, so plate

22 _
equation can be written in this form ViViw(x, y) = q(x 24 )/ D Now, our intention is to change
the Laplacian operator in the polar coordinate system.
v? Viw

So, the equation of the plate in transform form can be written as "~ operated on “ " , where w

is a function of r, 8 and ¢ is also a function of , 8, D remains same whether you change the
system of coordinate it will not differ. Now here you can see that w and g which was previously

the functions of x and y, now it becomes functions of » and 6. So, you can see that, now our

intention is to or aim will be to transform the Laplacian operator which is V" into the polar form

V2



2 ' 2 /A2 2 /A2 o
So, you can see that ¥ contains the operator 0 / X" and © / ay , that means second derivative

. . : . 2 : .
of this quantity. So, first let us transfer this or transform this vV~ Laplacian operator in

rectangular system to polar coordinate system, then we will be able to write the equation in polar
coordinate system.
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In polar coordinate system, w(r, @) and g(r, @) are functions giving deflected

surface and loading respectively, which are dependent on 1 and &, We can write

dw dwdr dwadd

T oror Wi 3

From (1),

~ wyyiapt
— = gosf tan =I; # = tan 1’1_
dx dr p

. —(tan~"u) = -
i y 1 P e P
—=—— =—=gnfl -~
ix x? 4+ y? :

dw dw 1 dw
— = sl — F.\'mH— {4)

dx dr dad

In polar coordinate system w(r,f) and g(r,f) are functions of » and 6, and giving the deflected
surface and loading respectively. So, it depends on both quantity » and 6, but for axi-symmetrical
cases where it has the plate posses rotational symmetry then w and ¢ will be only functions of ,

so they will not depend on the 6. So, to transform the Laplacian operator in rectangular

Ow/ ox

coordinate to polar coordinate system, let us write the derivative using the chain rule

introducing the variable r.

So, Ow/ox Ow/r x or/éx + 0w/ 60

can be written as x00/0x . Now, if we look back to equation

1, equation 1 is this x = rcosf and y = rsinf. So, you can find relation between » with x and y, so
r* = x> + 3% So, that relation will be using here, so x* + y* = 7%, that is found because x is

expressed as rcosf and y is expressed as rsinf. So, when x is squared and y is squared and both



are added, you will get *. Now, in order to find out this Or/0x , let us differentiate this quantity

with respect to x. So, if you differentiate this with respect to x, for this you will get 2x and here
because this is not containing any x, so differentiation of y* with respect to x will be 0. So, 2x =

2r into this dr/dx.

Because first we are differentiating with respect to r, then we are introducing this variable dr/dx.
Now dr/dx is now x/r, and x/r is you know that it is cos6, so you got this quantity. Similarly,
when we want to find these d6/dx, now let us see what is 6? tanf = y/x, so 6 will be tan'(y/x). So,
differentiation of an inverse function is given by say u, tan"'(x) is an inverse trigonometrical

function. So differentiation with respect to variable u will be 1/(1 + u*). Now, here u is y/x, so

_ 2 2
substituting this you will get that 00/ox =~y / (x ty ) .

And you know that x> + y* = 7 and y you know that y = rsinf. So, naturally it will be
00/ox = (=1/r)

sin ¢ . So, these 2 quantities we got in this equation, now we substitute this

Ow/ox = COSQ(&W/ or )_ (1/ r )sin@(aw/ 80) . So, first derivative is obtained, so this task is

completed, now let us go to the second derivative. Because to find out the Laplacian operator
must get the second derivative, then we can isolate the operator.
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Further differentiating and after simplification,

3 a 1, .8
Hence —=cos8— —-sinf —
dx dar r i)

b

.  Mw A fiw 8 1., 0. .dw w1, . dw
Therefore, — = { }' cos sind = co58 — = =s(nf
erefore , 5 = 2 \ax ) (C0s 0 = 2slnd (R o ror gl

w1 w1 dw

w w1 w1
- = $IN28 —— + — $in20
e T T R T

4 " 14 L
- = 058 + =5in" 08—+ =5in"f
dx? ) i r dr

(3)

In the second derivative of this w, we got this already, so this operator

d/ox = cos0(8/or)—(1/r)sin6(5/00)

. So, you can see this, this operator I have written, I have

isolated this operator, differential operator and other variables, so w is isolated, separated. Now

dw/ox d*wfox® _ 0fox(ow/ox)

to take the second derivative of that , We write , that is

f aW/ Ox

differentiation o again with respect to x to find out the second derivative.

0/ ox

Now here you can see that that is the operator we have already found out, so we write here

cos0(6/or)—(1/r)sin0(6/06)

this operator . Then Ow/ox , we already found it here, so we write

Ow/ ox cos 0(ow/or)—(1/r)sin 6(6w/8)

here again that quantity will be . So, this quantity is

Ow/Ox , so this quantity is this.

So, after operating with this operator this function, then you will get

0*w/ax* = cos® 0(0°w/or )+ (1/r )sin® (0 w/062 )+ (1/r)sin> 6(ow/or)— (1/r)sin 26(6°w/0r06 )+ (1/+* )sin 26(ow/00)

.Now you can note here I have used different colours for different terms, so I will explain what is



the significance of that. So, you can see the second derivative of w is now expressed in terms of
variable » and 6.
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Similarly,
tw * dw dr 4 dw i
dy  drdy dddy

dr
— = 5inf
dy

g8 1
— = —rosf

dy r

So, similarly one can obtain these Ow/dy that using the chain rule of differentiation Ow/dy can

ow/or)(or/dy)+(ow/26)(26/dy)

be written ( , So this is the expression of ow/ay using the chain

rule. Now, already we know that Or/dy =sin0

, that we can prove it. Because if we go to the
first expression, this expression then differentiating again with respect to y you will get this 2y

here and here you will get 2r Or/y .

So, you can find Orfdy =y/[r , and y/r we know that in polar coordinate system y is r sind, r will

get cancel. So, then 06/oy you will get again in this similar fashion (1/r) cosf. So, now this

ow/dy = (ow/dr)sin6 + (ow/00)(1/r)cos6

expression can be written as
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Hence,

w dw 1 iw

n:;J} = sind dr_+ cosh — = {6)

On further differentiating equation({6}, we get

a*w *Fw 1 w1 dw w1 aw

—_— = gint coctfl cf ja

iy sin Hﬂr* +_.- = +rcrr.~ £ — '.!:L!Hd e 1"‘“ n2f T

Allso, ()

w1 ZHJ:w 1 L dw 1 L Fw 1 2 dw +I Lkl #w

dxdy S TR g T i i A e
()

So, this expression is written like that, now on further differentiation as we have done earlier,

that means we can now separate the operator ow/dy . And we can write this operator o/dy this

is the differential operator = (0/0r)sin® +(2/00)(1/r)coso . So, then differentiation of ow/ay

again with respect to y will yield the equation like that. So, here you can see I have also used the

different colours for different terms.

Previously also in the equation 5, I have used different colours for different terms. Now, here you

2 2 2
can see if I see the red colour term, ©°% 9(8 W/ or ) Say let us take the first term of this

2 2 2 2
Laplacian equation that is 0"w/ox 0’ w/ ox

, very popular equation. So, square in the polar

form there are say 1, 2, 3, 4, 5 terms, so let us take the first term which is marked with the red

2 2 2
colour. So, ©©S 9(6 W/ or ) in the equation 5, now we go to the equation 7, equation 7 we have

<2 2 2
got S 9(8 W/ or ), so this is also red colour term. So, if I add this because our intention is to

find the Laplacian operator in polar coordinate that is transforming the Laplacian operator from

rectangular coordinate to polar coordinate, to find out the equation of the plate. So, if I add



equation 5 and 7, you see the addition of the red term here and red term here will yield you this

2 2 2 < 2
0 w/@r (cos 0 +sin 9),so, this is one.
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Add (5) and (T) to get Laplacian operator in polar coordinates,

dtw :Fw_ : _ﬂzw 1d*w 1adw

wi-"Vwtawtre

n :}?+I #F 14
rT o r':ﬁﬂzﬁr'dr )

General expression of moments and shear:

i w 1 d*w 1w
dr? il & 36t L i dr g

ldw 1d*'w 2w
rar riagt ! arap

M,=-D

Mﬂ=_

2 2
So, after adding you will get first term as 0 W/ or , that is sure. Now, let us come to the second

2 )32 2 2 2 2
term, this second term of the equation 5 which is (1/ r )sm 9(6 w/00 ) , you can see 0*w/ 00

2),:..2
and with that coefficient is (1/ r )sm 0 . So, this is written with the green colour in this equation

5, similar term we will find in the equation number 7 with the green colour. Now, if I add again

2 2 2
you are finding that common term is there in both the equation (8 W/ 0o )(1/ r ) . So, naturally if
2 2 2
I take common (1/ r )(6 W/ 00 ) . And then these other terms in the parentheses will be

. 2 2 2
cos’ 6 +sin* 6 So, naturally the another term in the polar system will be (1/ r )(6 W/ 00 ) .

So, originally you have seen there are 5 terms, but here you can see that only 3 terms are there,

.2
that means other terms will get cancelled. So, if I now see this term (1/ r )sm 9(6w/ or ) here it is

blue coloured, equation number 5, equation number 7 let us see, equation number 7 also it is blue



colour and the coefficients is with €05°6 So, naturally when it is added then it will be

(I/)@/er) . o, the other terms the (1/7)sin 20(6°w/ero0) - (1/7? )sin26(6w/26) 14

alternate sign, equal but opposite sign, so they will get cancelled. So, after transformation, we

will get the Laplacian operator in polar coordinate system to be consisting of 3 terms

o*w/or’ + (l/rz)(82w/802)+ (1/r)(ow/or) ‘

So, our one of the important task is over now, because to find the plate equation 4™ order plate
. . : o . 2
equation we need the Laplacian operator, then we will operate again with the equation ¥V W . So,

this term, this operator or this differentiation or the addition of these 2 curvature have been

already carried out and we have converted to the polar system. Now, we can conveniently write

Vir=a*/ar? + (1) )0%/26% )+ (r)(/or)

So, this is the Laplacian operator in the polar coordinate system. Now, we know the general

expression of moments and shear, that can be written now in this form

M, = —D[@zw/arz +v(1/r2 0*w/00” + l/réw/ﬁr)] , so this is equation 10. Then the M, the

bending moment in the circumferential direction, M, is the bending moment in the radial

direction.

So, M, is the bending moment in the circumferential direction is

_ 212 2 2 2
M, = D[l/r&w/8r+l/r 0 w/@@ +vo w/&r ] This can also be found because the bending

moment expression contains the second derivative of the quantities. So, second derivative will
convert now, we have converted into polar coordinate system and using this we can find this

expression, that is equivalent expression in the polar coordinate system.



So, the stress resultant that is we consider in the circular plate or in the polar coordinate system
or M, the radial moment, M, is the circumferential moment and M,, is the twisting moment, Q, is
the shearing force and Q is in the direction along . And Q, is the shearing force along the or in
another perpendicular direction. So, that means O, and Q, these are the shear forces that is
present in case of plates of circular shape, when the polar coordinate system is used. Interestingly

you will find that for axi-symmetrical problem the quantity will be only dependent on r.

So, anything which is involving 6 that is dependent on € should be dropped, that is w in case of
axi-symmetrical problem will be only a function of 7. So, this term does not come into picture
when we consider the axi-symmetrical condition, so that will come later. But now you have
understood that transformation of Laplacian operator from rectangular coordinate system to the
polar coordinate system.

(Refer Slide Time: 23:02)

Twisting moment
Myp = M -l (12 2l
Mo = My = ) ar\r a8
Shearing force &
d
= P2
Qr ==0=Frw o P 1E 10
ri' . Rl ™ R 7 A=
Qs = D_ﬁ Fiw it I
Kirchoff's edge shear
Ier,;
=0+
: r] 9. +1—1‘? af1d*w 1w 3
= - W ————— — —— — —
ar " r 99\rdrdd r2a@

So, the twisting moment M,, or M, is also written as (1 _V)D , D is the flexural rigidity of the

plate which is the same quantity as we have found in the rectangular plate, (D has no relation
with the change of coordinate system) into the partial derivative with respect to » of the function

Q:—DaVW

(1/ r )(8w/ 69) . Then sharing force or and this is the Laplacian operator in polar



coordinate system consisting of 3 terms, Laplacian operator in rectangular coordinate system

consists of only 2 terms.

But Laplacian operator in polar coordinate system for general condition when these quantities
10
0,=-Drlviw
are dependent on  and 6 contains 3 terms. So, r o6 , . is introduced to you, I

2
have given the detailed derivation of V. . Kirchoff’s edge shear, that is at the free edge or at the

other edge where the twisting moment, shear force as well as bending moment 3 quantities are
there. But it is seen that the 3 forces are not necessary actually, 3 quantities are not necessary for
expressing the boundary condition, because the twisting moment has contribution to the shearing
force. So, that have been pointed out by these previous authors and Kirchoff modified the
equation of edge shear, that is the shear force along the edge, he has expressed as

1 oM,
=9t 50

7

. So, this is the quantity where the M,, or M,, has to be substituted from this

quantity and Q, has to be substituted from here.

So, ultimately you will get the edge shear force or radial edge shear force =—D and this

2 2
(0/2r)Viw , \& is the  Laplacian  operator in  polar  system  +

[(1_‘/) r]@/&Q(l/r@zw/Eir@G ~1/r? 8W/80). You can note here that this term 9700 is due to

contribution of M,, in the edge shear, so that you have noted and this V, is written like that.
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Kirchoff's edge shear
Myq

Ve =Qﬂ+?

- d o
After substituting Qg = =D EE P*w and

1 dw

M= My, ==(1- ﬂ]D% (;d—ﬂ) in the above expression, we get

(14)

13 - a1 dtw 1 dw
iy | e |
Vg = ﬂlrgmvrw+{] ﬂjar(:-anw rzﬂ{ﬂ)

&

+0M,,/or

Similarly, the other edge shear that is V, can be written as < . After substituting Q,

—Dlivz,w M,y =M, = _(I_V)Dg(la_w
r 00

as ro0 " and or j in the above expression, we get this

quantity after simplification. So, this is a very large equation and sometimes if the boundary

condition is such that we have to impose V. Then we have to use this equation

2
—D{livfww(l—v)a [1 Ow 10w

r o6 or\roro9 r" 00 . So, the expression for the radial moment,

circumferential moment, then shear forces Q,, O, and the Kirchoff’s edge shear V,, V, are given

to you.
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GOVERNING DIFFERENTIAL EQUATION IN POLAR CO-ORDINATES

The governing differential plate equation in polar co-ordinate system
becomes

rerty < 100

In which Laplacian operator in polar co-ordinate system becomes,

n2 3 . 1 9* +1 d
T ort  r2o@? ror
# 18 1, 8w 18w 1dw, _qird)

drt " oprapt o op rJr'}[eh""' r did rlirJ T {15]

Now, let us see what will be the change in differential equation? So, differential equation

2 2 2
originally was v operated on Viw_ q/D, where v was the Laplacian operator in rectangular

coordinate system. But we have now known this transformation of Laplacian operator in

rectangular system to polar coordinate system. So, we can now write this plate equation in polar

VZ

2 2
v, (er) r 1is the operator which is consisting of these term

coordinate system as that is

&*/or* +(1/r*)(0* /26 )+ (ifr)(0/or)

. s % .
So, when it is operated with this function " then we get the full plate equation. So, you can

write this thing in this form after getting, and then after operating you will get the 4™ order
differential equation of the plate.
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AXISYMMETRIC CONDITION

For a circular plate under the action of lateral loads, which are rotationally
symmetric, the deflected plate surface is also rotationally symmetric
provided that the support has the same type of symmetry. In this case,
w(r, @) = w(r)
q(r.8) = q(r)
Hence the governing differential equation for the bending of circular plate
in axisymmetric condition becomes

d*w  ldw q(r)

c— IE}{_ o) (16)

where [ is the flexural rigidity of the plate,

Now, let us derive the condition for axi-symmetrical loading and boundary conditions. Because
the plate equation that originally contains w as a functions of » and 6 and q is also a function of
and 6, involves the 4" order partial differential equation. Now, for axial symmetry for a circular
plate under the action of lateral load, which are rotationally symmetric, rotationally symmetric
means the stress, deflection or loading anything you take all will be dependent on » at any
direction or at any orientation 6 there will be no change. So that condition is known as
axi-symmetrical condition. For example, a circular plate which may be simply supported at the
edges or maybe clamped or maybe similar kind of in the same edge condition and it is

continuous along the boundary.

So, in that case we can call that the plate is having the axisymmetric condition and then there is
deflection and this ¢ that is load that is applied on the plate will only be a function of r. That is
for example, you take a circular plate and it is uniformly loaded. So, at any radial distance you
will get the load is ¢ that is the uniformly distributed load, intensity. Now, if you take say another
condition say a circular plate and it is loaded with a linearly varying load, gradually increasing
from 0 to maximum at the edges linearly. In that case also at any radial distance you will get this
same load intensity. So, that means, it also falls under the category of axi-symmetrical condition.

So, in the axi-symmetrical condition w will be w(#,6) which is actually the function dependent



variable of the functions, then it will be converted to only w(r) and ¢(1,0), r and 6 are the
dependent variables of the function, so it will be converted to g(7).

So, with this simplification, now we can very easily see that this operator has no meaning,

2 2
Because © / 00" will go to 0 because this derivative does not exist because it will be a function

of r only. So, this will remain, and here this quantity will remain, this will have no significance

2 2
because © W/ 00 again will be 0 because w will be only a function of 7, so this quantity will

remain, and ¢ will be only a function of r.

So, instead of partial derivative, now we can write it as an ordinary derivative differential
equation. So, partial differential equation is not necessary here, we will get the ordinary

differential equation. So, therefore the Laplacian operator reduces to only 2 terms here

2 2
0 / or +(1/ r)(@/ or ) and then this is the quantity that we get and = ¢(r)/D. So, this is very

simplified situation and most of the cases this situation exists in practical field. So, we take this
differential equation of the plate to find out the deflection and other stress resultant.
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AXISYMMETRIC BENDING OF CIRCULAR PLATE

In this case, o, o, exist and shearing stress 1, is zero

Expression for strains and stresses =Consider a small sectorial element of the
plate of size dr X rdf, Here 0y = M,5 = 0

Now let us see, what are the quantity that we have to take into account? We have to take into

account this bending moment in the radial direction and bending moment in the circumferential



direction. And due to axi-symmetrical condition the O, and M,, will be 0, only O, will be
existing. Now say this is a portion of a plate, of very small length the dr at a radial distance » and

which subtends an angle df and ¢ is the transverse load acting on the plate.

So, you can see at any element of the plate the stresses in the radial direction is o,, so force on the
element will be o, d4, where d4 is area of the plate. And the shear stress that is acting along the
edges will be 0, because in axi-symmetrical condition there will be no shear stress. But vertical
shear stress will exist and vertical shear stress is on this 7,,, and it will have a parabolic

distribution and it is neglected in our thin plate theory.

So, in axi-symmetrical condition z,, is not to be considered only the stress that is o, and o, are of
importance, 4 is the thickness of the plate. So, this is demonstrated here, this stress distribution
will be linear but we will prove it later on with the expression. Now, let us see an element of the
plate of width dr that is shown in the bent configuration. So you can see that this slope of the

plate is dw/dr.

So, due to deflection of the plate, it will undergo the displacement along the radial direction and
that displacement is u, it is shown here. Now since it is the negative direction of the » because
here the axis is the important direction is 7, here in the radial direction and w is the vertical

displacement, and u is the radial displacement.

So, you can see that u that is the this or radial displacement we can call, can be expressed in
terms of if this point is located at a height z and the slope is same as this slope dw/dr, then it can
be expressed as z dw/dr. So, this height into tanf and because of small deflection, we take the
tand, that is dw/dr = 6. The negative sign is taken because the u is measured in the negative
direction of this axis . So, the strain « is now - z dw/dr.
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The slope along radial direction at any point
defined by distance r from the centre,

@ = dw/dr

The displacement u along radial direction at a
paint on the cross seqtion drxh, ata depth z
from middle surface is then expressed as

daw
u=—r

Henee strain in radial direction can be written
a5

du dtw

Eme—==g—
dr dr?

(17)

Now, let us take this slope ? = dwldr you can call it 8 also, any angular symbol you can give

here. So, u is - z dw/dr that is the displacement in the radial direction. So, naturally the strain in

(S

the radial direction will be = = the derivative of u with respect to . So, if this is known, u is

known then it will have this strain in the radial direction is - z d*w/dr?. So, staying in the radial
direction is known.
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Strain in circumferential direction

Referring to adjacent figure,

Circumferential strain
i _ 2a{udr)=2mr _u

i Egm LT Bl

inr L

Expression for stresses
l According to Hooke's law

E
0 = Tz (& +0eg)

ag = (EB +UE,.)

1= vt

(19)




Staying in the circumferential direction, now can be obtained like that, because of displacement u
in the radial direction the radius changes from originally it was 7, now it will be u + . So, the
change of the circumferential length will be {2z(u + r) - 2zr}/2zr, change in length divided by
the original length will give you the strain in the circumferential direction. So, you can see from

this quantity, the strain in the circumferential direction is nothing but u/r.

So, after obtaining this strain in the radial and circumferential direction, we can now express the

stresses using the Hooke’s law. So, because we are dealing with the linear elasticity, so we will

. ’ o c,,:l 2(e,_+v~59) c
use the Hooke’s law. So, using the Hooke’s law this is -V , —r, 9 are the

strains in the radial and circumferential direction.

Similarly, o, that is the strain in the circumferential direction 1is written as

2 (EO v Er)

o, =
l-v , € 1s used to denote the strains, which are actually small quantity. So,

knowing the strains and we already know the quantity € , now we can express a,, 6, in terms of

the distance from the middle surface. Because middle surface is our reference plate from the
distance measured from the neutral surface, positive upward and negative downward.
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Hence, stresses in radial and circumferential direction becomes,

-Fz (daw udw)

R 19
e (1w
"-79'1_1,1 rdr udrz

Then, we can express o, = -Ez, E is the modulus of elasticity of the material of the plate divided

2 2 2
by (l—v ) X (d W/ dr®+v/[rdw/dr ) Because here only the total derivative is of importance,

because the partial derivative has no meaning here, because this w is a function of only one

variable. So, similarly o,, there is the stress in the circumferential direction can be written as

— Ez/(1=v*)(1/rdw/ dr +v d*w! dr*) .

You can note here that in this stress expression of in the radial direction or circumferential
direction whatever you call it both quantities say slope as well as curvature, both are involved.
So, slope has contribution in the stress and also the curvature has also contribution towards the
stress. So, these are the expression for the stresses in the radial and circumferential direction.

From this expression 19, one can note that ¢, and g, varies linearly with z.

So, the variation here is shown above the neutral axis, this is the middle surface it will be
compressive and below the middle surface it will be tensile. Similarly, this g, variation on the
other edges it is shown like linear variation and 7,4 is 0 but 7,, will exist, it will have a parabolic

variation, but it is value is negligible and we will not consider in deriving the plate equation.



So, we have already obtained the differential equation of the bending of plates, circular plate
under axi-symmetrical condition. So, this equation is valid, you can directly now use this
equation to solve the axi-symmetrical problem of circular plate. But here I will demonstrate also
the derivation of the differential equation by using the force balance that is using the concept of

mechanics.

Previously, I just used the calculus to transform the differential equation in this rectangular
system to polar coordinate system. Now, I intend to do with the help of the principle of
mechanics.
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Expression for the moment

Taking a element of depth dz and width 1, at a distance
z from middle plane

hf2
M,_J . % (dz % 1)z i

hj2
hj2
]‘ ¢ dz
=hyf2
d*w  Udw

mtre| @

d*w  udw

bl e i
drt rdr

-
rTo1-gt

ER’
il =

EW’ it
m-[ﬁl (flexural rigidity); M, =

_ﬂlﬂprﬂ

dr? 1 dr

Denoting

(21)

So, before that let us find the expression for radial moment and circumferential moment. So,
radial stresses we have obtained o, and on the small element d4 the force is o, d4. What is dA?
The element is taken of width 1 and the depth is dz, so dz x 1 is the area of the element. So, force
into distance above the neutral axis will give the moment, and it is moment on the element force

acting on the element.

After integrating along the depth of the plate -4/2 to + A/2, we get the moment in radial direction
which varies. This complete radial moment is obtained by taking the contribution of all the

differential  element. So, M, after integration is converted to like that



2 2 2
Ef (1 -V )(d wldr® +v[rdwldr ) These are only the ordinary differential coefficient is taken,

so there is no necessity to use partial derivative sign.

Then z* dz it is integrated in the limit -4/2 to + A/2. After integration and after cancelling some

—Eh3/(1—v2)

term or arranging some term it will be converted in this form and inside the

d*w!dr* +v/rdw/dr

bracket the curvature . So, this quantity you can see the constant

3 2
Eh / (l—v ) is same as the parameter that we have found in case of rectangular plate, this is

called the flexural rigidity of the plate.

So, there is no difference in the flexural rigidity of the plate because it depends on this thickness

of the plate as well as the material properties. Similarly, that you can write it after denoting this
3 2
Eh /(l—v ) with the symbol D.
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Similarly, moment in the circumferential direction

2
MuEI rr”x{dle)z
-hf2

- E [ldw d*w J‘"*r?' 2 g
L] P ] |
w z

or My = -n[%f?u vl @

Similarly, the circumferential moment M, can be found, in the circumferential direction if I take

an element then with the procedure I can calculate this or find an expression for M, after



2 2
substituting the value of the expression for g,. So, then M, becomes D (1/ rdw/dr+vd wldr )

. So, these are the expressions for bending moment in the radial direction as well as
circumferential direction.
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EQUATIONS OF EQUILIBRIUM FOR AXISYMMETRIC CIRCULAR PLATE

Consider the sectorial element of the plate. The
o thickness of the plate is h.

Considering the equilibrium of forces in the
vertical direction

I I
{_?I_rtﬂ-| {_J"I r ﬁj ;ﬁr]w:r +alr el - rfm"ﬂr- 0
A dar

) ) (&
unrw-‘g, +%u‘r|x[n#]-| 0 ..d{'?':ﬁl-]'hﬁ-qr#i'r'u
L i ] \ {

0.1~ 0.~ g - 0 2 - gt <0

Now equations of equilibrium of the plate under axi-symmetrical condition, so let us consider a
portion of the circular plate and the forces acting on the elements or the moments acting on the
elements are shown. This is Q,, on the opposite edges it is O, + dQ,, dQ, has to be understood as
this differential incremental term dQ,/dr x dr. Then M,, an incremental term is dM, which has to

be understood as the dM,/dr % dr. So, this I am using short form, I have written here.

So, in the circumferential direction M,, and along the other direction for keeping the equilibrium
it is M,. So, M, will remain same, there will be no increment along the circumferential direction.
So, consider this sectorial element of the plate, the thickness of the plate is 4, the equilibrium
condition is considered, first let us consider the force equilibrium. So, force equilibrium in this z

direction that is the vertical direction if I call it.

Then the length of this element is, if this length is 7 then rd@ is the length of the element. So, »d@

or d¢ whatever you call this is the differential angle. So Q. rd@ is the force along this edge,



vertical force. On the other edge, this is (O, + dQ,/dr x dr) x (r + dr) d¢g. So, this as length is
increased, because this radius, this radial distance » + dr, so the length is (» + dr) d¢, so this you

can note it.

So, these 2 forces we have written and then the transverse load, the vertical load that is acting on
the surface of the plate is ¢ per unit area. So, total area of this element that is coloured here is g x
dr x rd¢, so g x dr x rdg, so this is the total force on the element. So, equating to 0, and then

getting simplifying this, that is first I carried out term by term multiplication.

And then you can get these many terms are common, that can be in many terms, some terms are
having a product of square of small quantity dr. So, taking this advantage, that is canceling

common terms and ignoring the term with the square of small quantity.

Divide both side by drdg and neglecting square of small tarm, we get

&
() drdp = —grdrdg
Carrying out integration over the domain of the plate

[ J ) drdg I j grifrdg
; Myl
2m() = —L‘:J:;J'e.ﬂ'
:
|
0 =- —jflf.i'ff!' &)

i

Then we can write the equation in this form. After dividing both sides by dr d¢, so both sides are
divided by dr d¢ and then we get this equation in this form. So, O, dr d¢ = - gr dr d¢, neglecting
the square of this small term. Now, carrying out integration over the domain of the plate, now let
us integrate it. So, domain of the plate is for radius at any radial distance r, the radial distance
varies from 0 to 7, so 0 to 7 is the limit for radius. And angle after full rotation because it is

axi-symmetrical condition, so full rotation has to be there, so 0 to 2z. So, we carry out



r

-2 I qrdr

integration of the both sides, we get here 2zr Q, = 0 . And then from that quantity we
—1%
0, =— [ grdr
. r .. .
can write 0 , so this is one equation.
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Now we conslder, moment equilibrium in radial direction,

[24)

3
Mr.-r.l'ﬂ—[.'rl'l + d'—:fdr |(r+.dr|d9+ M il ) reitbir =10
i

Here, we take l’},r'dilrir is the equivalent couple
after neglecting the small difference between
shearing force on two opposite edges of the
element,

Further, M drd@is the sum of the components of
the mement vector M, aleng the radial direction, I
centre line of the sector

Moment due to external load will be neglected
since (dr)* will appear in the moment expression

(qedrrdé) f%r]ahaut the edge due to q.

Then second equation is considered after taking the moment equilibrium, we consider moment
equilibrium in radial direction. So, if I take the moment equilibrium in radial direction in this
side this is M, and total moment along the side is M, rd¢, because all the quantities are expressed
in terms of quantity per unit length. So, M,, M, etcetera O, or Q, whatever maybe these will be in

terms of the parameter or quantity per unit length.

So, therefore to get the total force on moment, we have to multiply it by corresponding length.
So, M, x rdf is total moment along this edge, and along this edge, you will get M, + dM,/dr x dr
and this length, the arc length (» + dr)df. So, the moment of all the forces are taken, this is first
we take the moment. And then you can note here in this side the force is upward Q, on the other

side O, +dQ,.



So, we take Q, rdfdr, because this term is small, so we can take these 2 forces, that O, and Q.
which are equal and opposite in nature, so it produces a couple. So, we take the advantage of this
small distance or small value of dQ,. Therefore, we have stated that Q, d@dr, this quantity is the
equivalent couple, after neglecting this small difference between the shearing force on 2 opposite

edges of the element.

Further, you can see that this term is coming, how this term is coming? If you see M, and if you
use the right hand rule, then it will be a vector, which is pointing towards the center. Then in this
side if you consider M, and use the right hand rule, then you will see that is a vector which is
away from the center. And if you resolve it in the radial direction at the center, then d6/2, d6/2

will be there and it will be this M, cos d6/2 and here also M, cos d6/2.

Since df is small quantity, so you can see we can take it that cos d¢ = 1. Now, since both the
vectors though it is pointing if you use the vector notation for the moment, and it is pointing
towards the center, and another is pointing away from the center. But the effect is same, both the
moments are symmetrical and it is causing a sag in the plate. So, therefore this is added, the
components are added and we have written M, dr d, as the another term in the equilibrium

equation.

Further M, dr d@ is a sum of the component of the moment vector M, along the radial direction,
so that quantity we have taken. And another thing is that when we take the moment of the
external load about any edge, so this length is dr. So, dr/2, because the total load again dr is
coming when you compute the area, and distance also dr/2 will come. So, this dr x dr, dr* will
appear in the moment expression, that we neglect it. Because it will be small quantity and it is
not necessary to increase with the terms which has no significance.
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Simplifying eq.(24)

\
- M drdf - L rdrd @+ M jdrdf - ) rd e =0

dr
Dividing both sides by drd
Ldw — dPw
i Hu —f}l;d +I|'d_r7|
” ) nl:l'. ! .”“ '{’." ad = d'w  uidw
e ar v dr

Mow, substitute M, and M, in the above

equation
of L o) dfdhe vav), fFy Nak), )
\dr rdr drl e rddr ) dr rdr

So, simplifying this we write this -M, dr d0 - dM,/dr % r dr d8 + M, dr d6 - O, rd6dr = 0.
Dividing both sides by dr df, we ultimately get this quantity M, + dM,/dr x r - M, + Q, r, so O
subscript 7 indicates this radial shear along the edges equal to 0. Now, the expression for M, is

this, and expression for M, is this.

So this is the expression for M,, and this is the expression for M,. So after substituting this

_ 2 2
expression and then we can write this M, =-D (d wldr +V/ rdw/dr ) Again this M, is

differentiated, so this differential coefficient is written, d/dr. And D is there, D is there, flexural
rigidity, 7 is there, M, we have expressed, this is the expression for M, and then + Q, r, so this is

written.
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Let us take 'S dw/dr

—_—f—-— _|__ V-

f{ dw vdw :i' d'w u:ht. [ dw ]JL|| or
¥ rdr ) cf.l dr L.I’.l | Fr )

(d ] {
_“| W U d{dy v

— = —.l')i— —_ |;,;| J’ J—-—w "'U-‘
Ve ) drl dr ) Ldeor

I, %
_f{f_ﬁ,.-’ [ | D 1“.-':" vdy ”w]”*e,ﬂw“Iy;|+{}lr':ﬂ
)L deor

dr drrodr

Dividing throughout by Dr and rewriting, after cancelling common terms we get

dy ldy v_ 0, d_[li(r ;,] 0
dt rdr FD dr o

And now to simplify the equation, let us take this symbol, the slope as y, angle w. So,
substituting the slope here dw/dr as w. We can now express the quantity dy/dr + v/r X y, here D r
d/dr. And then the curvature is derivative of the slope like that we have written + v/r x y + D

(vxdy/dr+ 1/r w )+ Q. r=0. So, here what we do actually?

We now differentiate this, and after term by term differentiation we get this quantity inside the
bracket. Because this is a product of 2 functions 1/7 w, which are both are functions of 7, so it is
differentiated and we get one more term here, after differentiation. Previously, it was 2 terms,

now we get 3 terms, because after differentiation with respect to 7, it will be d*y /dr”.

And then after differentiation with respect to r this variable v, then it will be dy/dr, then 1/ has
to be differentiated again, so this is differentiated and it is written, this quantity is written + Q, r
= 0. Dividing throughout by dr and rewriting after canceling some common terms, you will get a

very simple equation. The d*y /di’*+ 1/r dw/dr - w/ ¥*=- Q,/D.

This can be in compact form, it can be arranged in this way d/dr{1/r d/dr (r x y)} =- Q,/D. So,
this is the compact form of this equation that we have obtained, where you can note that y is
nothing but dw/dr.
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The equations involving w instead of slope w, we can write

dw 14w 1dv_ 0 _.d_li[ﬂ]A
de' e drt P il dr |rdrl dr 3]

(24]
Let us take first of the eq.(23)

2m{) =-2 ;:'j‘qm'r Our= I‘J‘”f" (25)

[}

Multiplying both sides of the eq.(24) by r, and making use of eq.[25)

iilltf_ rﬂ|l =.]—J:;|rr:fr
dr In.l'rk u’r,-‘ D

The equation involving w instead of slope y can also be written. So, you can see that equation
was 2™ order equation with slope, now it will be 3™ order equation. So, shear is involved 3™
order derivative so it is coming, so physically we are getting that, we are approaching in the right

direction. So, d*w/dr* + 1/r &*w/d#* - 1/ ¥* dw/dr = - Q,/D.

So, this can be written in this form that, again involving the deflection it can be written in the
compact form with this only consist of this 3 terms, that is dw/dr and d/dr and d/dr. So, you can
see here, the w is here inside this bracket, that it is jacketed by so many variables. So, this is a
very convenient form when the 0, is known in terms of 7, then you can integrate successively

and find out extract the value of w.

Now let us take the first of the equation 23, so equation let us see, 23. So, this equation let us
take, first of the equation this equation we take. So, if we take the first of the equation of 23, then
we know this equation is the first equation and Q x r actually it will be a total force, total shear
force that is acting after integration with respect to 0 to . So, Q X r, that means you can see that
0, is the radial shear per unit length. So, multiplied by the circumference of this circular ring 27zr

will get this shear force along this circumference, total shear force. So, this is equal to



—2r .[ qrdr

0 , So multiplying both sides of the equation 24, 24 is this equation by ». And making
use of equation 25, you can write this now in this form. Now actually my intention is to remove
the term Q and write it in terms of load, small g.
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Now, take the following equation

:." ||e.f :u"l |
y
e |rd| o ) n[“””

Differentiate both sides w.rt r

d| -.|" :.l'. dw I|
u’a .a'.' i‘t.l'! :.’J

I -
——= i (e1fiy
mfri rd)=5 | dan

After integration, dividing throughout by r, we finally arrive at the differential equation
of the circular plate under axi-symmetrical bending as

l|d| d |1d[ dw q
A= r—{=—|r—|t [} == (26)
Fldrl dr |rdel dr ]

So, we have written like that now, so differentiate both sides with respect to . So, I have

differentiated both sides with respect to r that means d/dr additional term is here. And here again
d/dr this term is there. Now interchanging the integration and differentiation, we now write in
this form, 1/D, d(gr). So, after integration and dividing throughout by », we finally arrive at the

differential equation of the circular plate under axi-symmetrical bending as this.

Now you can note the difference between these 2 equations, 24 and 25, 24 also involves w but it
is a 3" order differential equation. And the order of differential equation is less that means
constant of integration will be also less. So, this Q, is the shear force and here you are getting
that this is a 4™ order differential equation, and g is the loading that is distributed loading on the
plate. So, both the equation can be used depending on the situation.
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Hence, two equations are now available for the solution of the deflected surface of
a circular plate under axi-symmetric bending.

"_{1 i{, di]}=_ﬂ (27)
dr [rdrl dr N
k

1] d 1irrr_fw]] 4
rldr| dr ru’rt dr D

So, it will be demonstrated through different examples in subsequent classes.
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SUMMARY

We discussed the transformation of the governing differential
equation of the bending of the plate from Cartesian co-ordinate
system to Polar co-ordinate system

The expression for stress resultants in polar co-ordinate system is
discussed. »

Equations of equilibrium for Axi-symmetrical bending of circular plate
has been derived.

So, today whatever I discussed the transformation of governing differential equation of the
bending of plate from Cartesian coordinate system to polar coordinate system. The expression
for stress resultants in polar coordinate system is discussed here. So, that is first using the
calculus, only I transform the Cartesian plate equation in Cartesian system to a plate equation in

polar coordinate system.



So, it is transformed actually from Cartesian system to polar coordinate system. Now, the use of
polar coordinate system is shown in case of circular plate using an axi-symmetrical condition.
That is having a rotational symmetry in the plate in respect of loading, in respect of edge
condition. So, with that condition we have seen that the plate equation is now decomposed into

an ordinary differential equation.

And we have found 2 types of differential equation to be used for solving the plate problem, one
is the 4™ order equation in which the equation the 4" order derivative is related to the distributed
loading. In another case, we have seen that it is a 3" order equation. And 3" order differential
equation is ultimately related to the shearing force on the plate. So, 2 equations are there, now

there we derive the equation in the 2 forms.

And each form has it is own advantage and disadvantage. So, depending on the situation and the
problem that will be encountered we can use any of these 2 equations. So, today I finish up to
this the different applications of the circular plate under axi-symmetrical bending will be

considered in the subsequent classes. Thank you very much.



