Seismic Analysis of Structures
Prof. T.K. Datta
Department of Civil Engineering
Indian Institute of Technology, Delhi

Lecture — 17
Frequency Domain Spectral Analysis (Contd.)

In the previous lecture, we discussed about SISO that is single input single output
system, in which a one excitation is on the single degree freedom system and there is one

output, and for that we obtain the necessary relationships.

(Refer Slide Time: 00:41)

MDOF system
~Single point excitation, P(t) is given by
P(t) = -MIX, (4.70
x(w)=H(w)P(w) (4.71)

~Using Eqns.4.35 & 4.71, following equation
can be written
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And in that also we discussed several things like, what is the relationship that exist
between the power spectral density function of velocity with the power spectral density
function of displacement, then power spectral density of acceleration, with power

spectral density function of displacement and so on.

Now, before we start the multi degree of freedom system, in which we will have a
number of inputs to the system, and there will be a number of outputs to the from the
system. And the inputs would be represented in terms of a vector, and outputs will be
also a vector. And as we discuss last time, when we have a number of random processes
in a particular vector, then the process is described with the help of the power spectral

density function matrix, rather than a single power spectral density function.



Let us try to recapitulate some of those fundamental things that we discussed in
yesterday’s lecture so that we can effectively understand the MDOF system subjected to

a random excitation vector.
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First thing that we discussed yesterday was Y is equal to A into X; where Y is a vector, X
is a vector and it is connected through a matrix A. In that case S yy will be a power
spectral density function matrix, and S xx is a power spectral density function matrix, S
yy would be related to S xx with the help of this equation. S xy; that is the cross power
spectral density function between the output and input; that is S ty is will be equal to A

into S xx.

Now, if we consider a multi degree freedom system, then the we can write down the
equation of motion, and A p t is the excitation vector. Then one can obtain the
relationship between the frequency contents of the response vector to the frequency
content of the excitation with the help of a FRF; that is frequency response function
matrix H omega. And this H omega is equal to k minus M omega square plus i c omega
inverse of that, that is what we discussed yesterday. Therefore, X omega can be written
as, X omega equal to H omega multiplied by P omega. Where P is omega is the
frequency contents of the force vector p t. In case of single degree of freedom system,
this H omega matrix is it in a small h omega; that is a single quantity which is a called

also the FRF that is frequency response function of a single degree freedom system.



Now, S xx and S yy these matrices, say for example, if it is a vector of size 2, then this
will be the nature of the power spectral density function matrix, the diagonal terms are
the power spectral density functions of x 1 and x 2, and the off-diagonal terms would
represent the cross power spectral density function between x 2 and x 1 and this will be
between x 1 and x 2. If we have a known number of elements in the vector then;
obviously, will have x I x 1 x 2 x 1 x 3 x 1 so on. This will be the cross power spectral
density function between different responses. And this relationship also was shown, that
is x 1 x 2, cross power spectral density function between x 1 and x 2 is equal to the

complex conjugate of the cross power spectral density function between x 2 and x 1.

If the in case of the matrix; that means, if it is not a single power spectral density
function, if this is a matrix then the relationship is S x 1 x 2 will be equal to S x 2, x 1
complex conjugate and transpose of that. So, that is the difference between the single
quantity as the cross power spectral density function, and the S x 1 S x 2 or the cross
power spectral density function and between x 1 and x 2. In that case x 1 and x 2 will be

the 2 vectors.

Now, the diagonal terms of the power spectral density function matrix are real, and they
are frequency dependent, and generally we do not write omega in front of it, but it is
understood that for each frequency we have a matrix like this. Therefore, as we go on
varying the frequency, then we have for each frequency one matrix like this. Now with

the help of this we would we would now go in to the multi degree of freedom system.
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And in the previous lecture also we had shown that X omega is equal to h omega into p
omega; that they are all complex numbers p omega is obtained from fast Fourier
transform, and S XX the power spectral density function of the response is equal to

absolute value square of H omega into the power spectral density function of p.

Now this can also be written as H omega into S p p into H omega star. Because this
multiplied by this becomes equal to the absolute value square. And the cross power
spectral density between the response or between the force and the response is equal to H
omega S p p. Apart from that we also have proved in the previous lecture that the power
spectral density function of velocity is equal to omega times the power spectral density
function of displacement. And power spectral density function of acceleration is equal to

omega to the power 4 into the power spectral density function of displacement.

Now, in case when the this X dot and X they are vectors, then they are matrixes and the
power spectral density matrix of velocity is related to the power spectral density function
of displacement again through this relationship, only thing that this changes to matrices.
Also, we had proved that S XX dot plus S X dot X is equal to 0. That is the cross power
spectral density function between the velocity and displacement. That that if it comes
into the solution or analysis, then the we ignore that; that means, we set that V equal to 0

because of this reason.



Similarly, if the velocity and acceleration; for that if we have a cross power spectral
density function or cross power spectral density matrix. Then we ignore that because of
this reason that this plus this that becomes equal to 0. And also, we have seen that S XY
is equal to S Y X star T; that is the complex conjugate of this, and transpose of that. So,
with this few things that we describe in the previous lecture we come into the response of

a multi degree freedom system excited by a force vector p T.

Now, for single point excitation, we know that the force vector p T is equal to minus M
into I into X double dot g. Where I is a influence coefficient vector consisting of 1 1 1 or
101010, and so on that you have seen in the case of the deterministic analysis. X
omega we can write down to be equal to H omega matrix multiplied by p omega; that is
what we have just discussed. Where H omega is the frequency response function matrix
for the system, multi degree of freedom system. And p omega is the frequency content

vector of the excitation p t, and X omega is the frequency contents of the response.

Now, if this relationship holds good. Then from the just discussion that we had, from that
we can write down the power spectral density function of S XX that is a power spectral
density function matrix of X is equal to H omega matrix multiplied by the S p p matrix
that is the power spectral density function of the excitation into H omega star T. In the
case of the single degree freedom system, if you recall we had we could write it as small
H omega, multiplied by S p p multiplied by small H omega star and H omega star small
H omega star. And this H omega if you multiply that becomes the absolute value square

of H omega square.

If H omega is a matrix, then we have to make it a transpose of the complex conjugate of
the matrix H omega. So, then only it will become the absolute value square. So, this is a
standard relationship that we use for the case of a multi degree of freedom system. What
you have to simply do is that you have to find out the FRF; that is the frequency response
function matrix for the system which is equal to k minus M omega square plus i ¢
omega, and inverse of this matrix if you take at every frequency then you get H omega at
every frequency. And S p p at every frequency is known. So, you have to carry out this
matrix multiplication, and in the and from that you will get the value of the power

spectral density function matrix at each value of omega.
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~Using Eqns.4.35 & 4.72

S,, = MIITMTS,&S (4.74)
S =HMIVH" qg @7
ngx =-HN|5Eg (4.76)

Example 4.2 : For example 3.8, find PSDFs
giihe displacement # , & ¥, for the same
exditations at all supports.

Now, in case of the single point excitation system, S p p that turns out to be M I into I T
M T into X S X double dot g. And this follows from this relationship; that is p T is equal
to minus M I X double dot g. Therefore, if we wish write down the value of S p p then it
will be M I into S X double dot g multiplied by the I T M T; that is a S X A T that what
we have discussed just now. So, using that one can write down the S p p, that is it will be
MTIinto I TM T in in place of writing I T M T on this side. We have taken it on this side,

because S X double dot g is a single quantity in the case of the single point excitation.

So, therefore, whether we give I T M T on this side of S X double dot g or in this or in
this side, it does not matter. Now with the help of this relationship, that we obtain for S p
p the S XX that there is power spectral density function matrix of the response can be
written in this particular form; that is HM I, then [ T M T H star T into X double dot g or
X double dot g is the power spectral density function of the ground motion. So, it is a
single quantity at each frequency and the cross power spectral density function between
the ground acceleration. And the displacement that will be equal to minus H M I X
double dot g and that follows from the equation that again we just examine that is S X, S
X output input correlation is equal to A into S X. So, in place of S a we write down here

now H M 1. So, that is that becomes the pre-multiplier for the S X double dot g.

Now, using these relationships a problem is solved.
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Solution:
T @
M=
o o)
1 0 3 -3
C=0.816 m+ 0.0027 k
ke it
3 -3
K = k
55
H=[K-Mw?+iCw]"
k-100; =t 9
wi£12.25rad/s; w,=24.49rad/s

And these problem was the problem in which we had 2 responses at the or nonsupport

degrees of responses, the problem is a I think the problem is this was the problem.
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And that is we had u 1 and u 2 as the displacements, and we had 3 ground excitations.
And in this case, all the 3 ground excitations are assumed to be the same. And therefore,

we had a r matrix; that is in place of r matrix we had only a I matrix.

So, this is the I matrix you can see here.
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Solution:
M=F O}m
g 2
1 0 3 -3
C—0.816[0 2}m+0.0027[_3 Q}K

=

2 9
H=[K-Mw2+iCw]"
K <100: ={r 1}

Ws£12.25rad/s; w,=24.49rad/s

The I matrix is equal to I 1 1; that this is because of the fact that the ground excitations at
the 3 supports are assumed to be the same. There are not different therefore, the I
influence coefficient vector will be equal to 1 and 1. So, we know the mass matrix we
can construct the ¢ matrix from the relationship that is alpha M plus beta k and alpha and
beta can be obtained from the 2 frequencies that we have obtained. So, with the help of
that the alpha value have become 0.816 and the beta value is 0.0027. This is the K matrix
and from there we can obtain for each frequency the H matrix; that is by inverting this
matrix. And obtain the value of the power spectral density function matrix of the 2

displacements using the previous equation.
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~ Using S, Eqn.4.75.is obtained; PSDFs of
U,&u, are shown in Fig.4.11
g,,=0.0154m
g,,=0.0078m

(m? secfrad ) (10%)
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And the diagonal terms of the power spectral density function matrix, that is the PSDFs
of the 2 displacements. So, that is what is shown here in the plot. You can see that it is
the power spectral density function ordinates for displacement u 1. And this is a
frequency and that is how the PSDF of the displacement e 1 varies with frequency and
one can see that this is a peaking nearly at about 12.5. And the first frequency of the

system is 12.25.

So, therefore, we see that there is a the peak of the power spectral density function of
displacement u 1 is around that frequency. This is the power spectral density function of
the displacement u 2. These area under the curve of this power spectral density function
else of u 1 and u 2 they provide the variance, and the square root of variance gives the
standard deviation of the displacement. And in case of the 0 mean possess the standard
deviation is equal to the root mean square value. So, the root mean square value of u 1 is

0.0154, and the root mean square value of the displacement n 2 or u 2 is 0.0078.
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» For multipoint excitation:
Sz,_,x =HMrS, r'MH" (4.77)
Sy =-HMrS (4.79

S.isofsizesxs;risofsizenxs

~ If all displacements are not required, then a
reduced is H (w) used ofsizemxn & S,
is given by

% =H,..MS, 'MH] 4.79)

Now, when we consider the multi point excitation system, then the S this will the this is
S XX, this is not S X double dot g it is a wrongly written over here. It will be S XX that
is the power spectral density function of the matrix of the response is equal to now H M.
In place of r now we have in place of I we have got now r. So, H M r X double dot g is a
matrix now is not single quantity. Because the size of the matrix would depend on the
number of the point of excitations and it is multiplied on the right-hand side by r TM T
and H star T.

So, that is the general relationship between the displacement and the excitation.
Displacement is a vector the force is a vector and therefore, the this is a matrix of
displacement. And this is a matrix of the or power spectral density function matrix of
excitation. And r is the influence coefficient matrix that we had discussed when we are
solving the problem for the multi degree of freedom system subjected to the
deterministic ground motions which cause different excitations have different supports
because of the time lag. S X double dot g X that is the cross power spectral density
between the excitation and the displacement is given by this expression again. And here
S X double dot g again is a matrix. The size of this S X double dot g matrix is S into S if
S is the number of support, and r is a influence coefficient matrix that is obtained from a
static analysis of the system that we have seen before is of the size of n into S; that is if

there are n degrees of freedom. And if there are S number of support excitation, then the



displacements that will be caused at the n nonsupport degrees of freedom; that will be

represented by a matrix n into s.

Many a time we are not interested in all the response quantities say a only a limited

number of response quantities may be involved.

(Refer Slide Time: 26:10)

For example, in this problem we consider that this is a frame subjected to 2 ground
excitations, different ground excitations arising because of the time lag. And there are 5
degrees of freedom in the system that is nonsupport degrees of freedom. Then H omega
matrix will be equal to a 5 by 5 matrix. Now say we are interested in only the response X
1 and X 4. In that case the we can have a reduced frequency response function matrix
which would be called H bar omega equal to 2 by 5; that is, we can select the first row,
and the 4th row and make a modified H omega matrix called H bar omega matrix and it

is size will be equal to 2 into 5.

Now, S XX now will be a 2 by 2 matrix, because we are only interested in the responses
X 1 and X 4. So, the diagonal terms of this matrix would give you the power spectral
density function of 1 and 4. And the off-diagonal terms will give the cross power spectral
density function between 1 and 4 and 4 and 1. So, that is about the S XX matrix will
represent. And it has the same equation as that of 4.77 that you had just discussed; that is
H M r S X double dot g then r T M T H star T. Only in place of H star and H we write

now H bar and H bar star. Where H bar is this modified frequency response function



matrix. And if we put the sizes of different matrices, here we can see that these finally,

leads to this multiplication finally, leads to a 2 by 2 matrix which will be the size of the
matrix S XX.

So, in many problems what we do is that, we may not be interested in all the
displacements or all the response quantities. And for that we take a reduced frequency
response function matrix and use the same equation that we have stated over here with

the help of equation 4.77

(Refer Slide Time: 29:20)

» For multipoint excitation:
ngx = HMerngMTH'T (4.77)
Sigx = -HMrSig (4.78
Sf_' isofsizesxs;risofsizenxs

~ If all displacements are not required, then a
reduced is H (w) used ofsize mxn & S,,
is given by

(D) =M, M, (4.79)
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» Without the assumption of ergodicity, Eqns
4.75- 4.78 can be derived (1-3).

Example4.2: (a) For example 4.2, if a time
lag of 5s is introduced between supports,
find the PSDFs of u; & u, ; b) For example
3.9, find PSDFs of the degrees of freedom 4
& 5 for correlated and partially correlated
excitations (with time lag 5s).

!?4“.[\;)?:‘!:5[1.




Now the equations that I had shown before or in the previous slides, they have been
obtained or derived with the assumption of ergodicity and that we did purposeful because
it is easy to understand these relationship by assuming the stationary processed ergodic.
Because in that case will be dealing with only one-time history and with the help of the

Fourier transform of that we can construct all that relationship.

However all the relationship that we have derive in the previous slide, they can be also
derived without the assumption of ergodicity; that is by assuming the process to be a
stationary random process, and in that case what we will do is that we will start with the
autocorrelation and cross correlation functions of the process, or of the 2 processes. And
then take a Fourier transform of them. And using that we would come to all the equations
that you have derived before and we have seen before that there exist a relationship
between the autocorrelation function, and the power spectral density function through a

Fourier transform pair.

Now, let us solve a problem of multi degree or multi point excitation system; that is
example 4.2 of if a time lag of 5 second is introduced between the supports, find the
PSDF of u 1 and u 2; that is the problem, this problem, in this problem we can now

assume that the X double g 1 X double g 2 and X double g 3 are different.
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And there is a time lag of the 5 second between this excitations. So, the time lag between
X double dot g 1 and X double dot g 3 is 10 second. X double dot g 1 and X double dot g
2 is 5 second, and X double g 2 and X double dot g 3 is 5 second.

So, these are the time lags. Then first we have to construct S XX double dot g matrix that
will be a 3 by 3 matrix of the ground motion. And the diagonals of this would be the
power spectral density function of the excitations at this point at this point and at this
point. And the cross power spectral density functions would represent the cross power
spectral density function on between this excitation and this excitation and so on. So, this
is the S X dot S X double dot g matrix A 3 by 3 matrix. So, if we have construct that

matrix.

(Refer Slide Time: 33:11)

Then let us recapitulate what we discussed in the seismic input part of our study. In the
seismic input if you recall, we discussed about a coherence function, and one of the form
one of the empirical equation of the coherence function; which is a very simple one is
this that is exponential of minus absolute value of r i j into omega divided by V S where r
1] is a distance between the point 1 and j; that is at this 2 points we have excitations, and

the distance between thisisri j.

The V S is the seismic wave velocity. So, if the same earth quake train or ground motion
or time history of ground motion, that is travelling with a velocity of V S. In that case

one can replace r i j by V S by the phase or the time lag; that is r 1 j divided by V S is



equal to the specified time lag. That is the time that will be required to travel from i to j if
the velocity is V S. Now this has been specified that is between the supports the time lag
is 5 second. So, in this we can replace this quantity rij by V S by 5.

Now, once we have done that then coherence function between the first support and the
third support will be equal to exponential of minus this quantity will be 10 second into
omega. Similarly, between the support 1 and 2 that is this support between 1 and 2 you
will have 5 second; that means, r i j by V S will be replaced by 5 second. And X X
double dot g 2 X g T will be again by 5 second. So, one can construct a matrix easily,
because the cross power spectral density functions between the supports are now known.

The this cross power spectral density function is given by this equation.

If we recall the seismic input that we discussed, and this is the power spectral density
function at support i and this is at support j. And it will be multiplied by a coherence
function ¢ o h i comma j. And since this is known now one can obtain the different cross
power spectral density function very easily. In the case of a single earthquake ground
motion, train of a ground motion moving with a velocity, the power spectral density
function at different supports the remains the same; that is equal to S X double dot g that
which is specified. Only the change or the cross power spectral density function arises
because of the coherence function. So, we write down the cross power spectral density a

function between the 2 excitations i and j, as coherence I comma j into S X double dot g.

So, in this particular fashion, one can write down all the cross power spectral density
function terms. Note that S X double dot g and X double dot g i that is the cross power
spectral density function between j and 1 is equal to cross power spectral density function
between i and j. This happens in this case because S X double dot g is a real quantity,
there is no complex quantity involved over here. And since they are real quantity the star
that we had used in defining the relationship between the cross power spectral density
function between point 1 and 2, and point 2 and one that star is not required and

therefore, they become the same.
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Solution: For example 4.2

14T 1 1
r=_
Nt 71 X

| |riii“° |
coh (i,)=exp| -
21vg
1 pyp
SR = 11 < s - [_5w" = "_100.)1
g | P1 % e Y 2_11‘ P2 e"p‘_‘ )
Py Py 1

FSIFs & cross PSDFs are shown in Fig4.12
(A=)

Now, with the help of that we obtained the power spectral density function matrix of
excitation; that is given by this matrix. The r matrix we had computed before for this
problem the r matrix was 1 by 3 into 1 1 1. And this coherence function we have used
sorry, in the in the previous discussion [ have simply written is as V' S it will be 2 pi by V

S. And the values of row 1 and row 2 they are 5 omega by 2 pi and 10 omega by 2 pi.

So, with that values of row 1 and row 2, one can obtain the cross power spectral density
function matrix of excitation. So, this is the cross power spectral density function
between the support 1 and 2, and this is between support 1 and 3. And the we have taken
S X double dot g a single quantity common out of them, because a single power spectral
density function is defined for the ground motion. And the excitations at different points
vary because of the phase lag. So, these becomes a power spectral density function
matrix, and this is the r matrix. So, therefore, with the help of this and the H matrix one
can obtain the power spectral density function matrix between of u 1 and u 2 this 2

displacements.
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~ Rms values of u; & u, are 0.0089m(0.0092m)
& 0.0045m (0.0048m)

5:10'5

4 F

PSOF of displacement (m 2 sec/sec)
L8]

Frequency (rad/sec)

305k
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And the diagonal terms of that matrix gives you the PSDFs of u 1 and u 2. So, they are
plotted here. And the plot again shows that the maximum value occurs around the first
fundamental frequency of the structure, and the values of the or the Rms values of the
responses becomes equal to 0.0089 and 0.0045 for u 1 and u 2. So, this is the PSDF of u
2.

The time history analysis that we obtain for the elcentro earthquake; note that the power
spectral density function input that you have given here is the power spectral density
function of the elcentro earthquake, which is tabulated at the end of the book as an
appendix one can use those digitized values. So, we have used those digitize values for
obtaining this the power spectral density function ordinates at different frequencies. So,
when we obtained we took the same elcentro earthquake, as a time history and we did a
time history analysis for the monthly support excitation system. We take time lag of 5

second between supports; we obtain the result as 0.092.

So, that was the value of the Rms value of the response that we obtain from the time
history. And the special analysis gives the result at point 0.0089. So, you see that the

results are very close to each other. That verifies or validates the accuracy of the result.
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~ For the problem of example 3.9, required
matrices & values of other parameters are
given below:

2= 1
M=|:1.67 25 M @ =58rads @, =1891rad’s

«-E[1956 105]  [ET _,  g=0431
’[ 105 129 mL3

0479 0331
égn 131 0146] s

HPTEL

We solved another problem, which was a problem of the pitch reportal frame; that is, we

had a pitch reportal frame if you recall.
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And the there is a degree of freedom here, and a vertical degree of freedom 5. And this is
a having a multi support excitation. And these multi support excitation here they are 2
multi support excitations. The time lag between these 2 points is given as 5 second; that

ist1j by V S that becomes equal to 5 second.



So, one can have a correlation coherence function with row 1. Row 1 defined as
exponential of minus 5 omega by 2 pi. So, with the help of that we can construct the 2 by
2 power spectral density function of excitation. S X double dot g again is the power
spectral density function of the elcentro earthquake that you have taken. And with the
properties of the pitch reportal frame that is a mass matrix A defined as this. And the K
matrix defined as this. We obtain the 2 natural frequencies as 5.58 and 18.91. The alpha
and beta that was calculated with the help of the this 2 frequencies where 0.431 and
0.004. And this was the ¢ matrix that you constructed and the r that we determined

before; that is the influence coefficient matrix.
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~Using Eq 4.77, PSDFs are obtained & are
shown in Figs 4.13 & 4.14.

» Rms values for d.o.f4 & 5 are

0.0237( corr) & 0.0168 ( partially corr)
0.0005( corr) & 0.0008 ( partially corr)

So, with these matrices defined, we again used the same equation for finding out the
power spectral density function of displacement 4 and 5, and using that multiplication of
M r and the r M and H omega starts on, we obtained the power spectral density function
matrix of the displacement that was a 2 by 2. And the results are compared for the 2
cases; that is in one case we assume that it is perfectly correlated, and in other case we

assume that there is a phase lag of 5 second.

The results which are given over here is not correct the correct results are shown over
here in this paper; that is the Rms value that was worked out for these displacement and

these displacement was 0.0331 when it was fully correlated; that is there was no time lag



between these 2 points. And when they were partially correlated; that is there was a time

lag between the 2 the Rms value of the response was 0.023.

So, one can see that when there is a for fully correlated ground motion; that is for the
single support excitation. The response is more compared to when it is partially
correlated. For the displacement 5, the when it was perfectly correlated the value was 0
that is expected, because the these 2 supports would be moving as a single unit. That is, it
is a it becomes the single point excitation system. And in that case, we expect that the
there will be not be a vertical motion over here, the entire thing would be vibrating in
this particular fashion. And the for when it is partially correlated, so there is a little bit of

displacement that occurs at the crown.

So, this shown the importance of the correlation between the excitations at the 2
supports, if we assume it to be perfectly correlated that is we assume it to be a single

point excitation system.
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Then in some cases we can get some erroneous result for certain degrees of freedom. It is
better to consider the partial correlation between the excitation produced by the single
earthquake traveling at a certain speed; however, this kind of thing needs to be done only
for cases where the 2 supports are spatially separated by a large distance, for small
distances these particular partial correlation effect a partial correlation is almost

negligible. Though the power spectral density function matrices are or the they are the



power spectral density function matrices are shown over here, and one can see that the
frequencies at which it is speaking is nearly equal to frequency of the over the first

frequency of the system.
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X 107

PSDF of displacement (m? sec/rad)
N

Now, here these the power spectral density functions, they differ a little bit for the case of
with time lag and without time lag, and that is shown over here this is with time lag and
for without time lag there was only one peak. Whereas, with time lag there are 2 peaks in

the power spectral density function.
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PSDFs of absolute displacements

~Absolute displacement is obtained by
adding ground displacement to the relative
displacement

Xg =IX+Xg (4.80

~PSDF of X, is obtained using Eqn. 4.37

S, =S +S, M +IS, 1 +rS, 1" (4.81)
X(h =-HMrX, (w)=HMrw’x_ (w) (4.82)
8 AHMrw’S, and S, =S, (4.83)

MPTEL

Next let us come to the absolute displacement; that is how to obtain the power spectral
density function of absolute displacements of the responses, whenever we have a multi
support excitation system, we have seen that there are 2 displacements that one need to
consider; that is a relative displacement of the nonsupport degrees of freedom with

respect to the support, that is called the relative displacement.

The other one is the absolute displacement in which the total displacements at different
nonsupport degrees of freedom are considered. The it is necessary because if we wish to
find out the member enforces, then we require the relative displacement of one n with
respect to the other in terms of the total displacement for a multi support excitation
system. For single support excitation the since the same displacement takes place due to
the ground motion at all supports. Therefore, it is only the relative displacement that is

good enough to obtain the member enforces from the displacement.

Now, the absolute displacement can be written with the help of this equation; that is, I

into X plus r into X g. So, if we look at this expression over here.



(Refer Slide Time: 51:42)

The I is a matrix of identity matrix that is diagonal terms of 1 1 1 off diagonal terms are
0; that multiplied by the 3 displacements u. That gives the relative displacements of the
system. And the ground displacements are X X g 1 to X g 4 therefore, ground
displacements and therefore, we have a r matrix which would be 4 by 3 r matrix. And
when it will be multiplied by this X g vector, then we will get the influence of these

displacements coming on to this nonsupport degrees of freedom.

So, the influence of this at these 3 degrees of freedom plus the displacements that is
caused at these 3 points, because of the vibration of the structure with respect to the
support that is given by this. Addition of this 2 becomes the absolute displacement or the
total displacement. Now once we have these equations then using that equation one can
write down the power spectral density function matrix of absolute displacement with the
help of this equation. This becomes S XX itself because this is an identity matrix. And
therefore, the I and I T of that if I multiply with S XX it remains S XX itself. This
becomes r into S X double dot g into r T. Then S XX double dot g that becomes or X g
that becomes is equal to I S X g r T. And S X g X that becomes intorinto S X g X I T.

Now, what is not known to us? This is known to us. S XX is known to us from the
dynamic analysis of the system. S X g that is also known, because we know the power
spectral density function matrix of the ground acceleration and from that power spectral

density function of ground acceleration one can find out the power spectral density



function of the displacement. This relationship we had shown before; that is S X double
dot g is equal to omega to the power 4 into S X g. So, there exist a relationship between

the power spectral density function of ground acceleration and the ground displacement.

So, using that relationship one can find out S X g if S X double dot g is specified. Now
here this is the term cross power spectral density function between the response that is
the displacement, and the ground displacement that is to be obtained. And once this is
known these S X a matrix is completely known. Now one can write down the
relationship between the X g and X from all the relationship that exist between these that

is S X omega is equal to minus H M r X double dot g omega.

So, this is a basic equation that we write. If we recall for the single degree of freedom
system we had written X omega is equal to H omega multiplied by p omega. Now here
the p omega is equal to M into r and H is the H matrix. So, X omega vector is related to
X double dot g vector that is the ground acceleration vector, with the help of these
relationship. And once we have this relationship then X double dot g omega, further can
be written as omega square multiplied by X g omega. That follows from the relationship
basic relationship that exist between the ground displacement, and ground excitation if
they are assumed to be a harmonic excitation. And for harmonic excitation whether we
represent it in the complex form, or in the real form we know that the displacement and

the acceleration are related through omega square.

So, that is why this X double dot g omega is replaced by omega square into X g omega.
And once we have this relationship; that means, this is equal to this X omega then from
this I can easily get the cross power spectral density function between X g and X and X
and X g. So, by here it would be of course, there will be a since it is a matrix there will
be a complex conjugate of transpose. So, that star is missing over here. So, with the help
of this relationships that is once we know S X g X and S X g, then one can obtain the
value of the power spectral density function matrix of the absolute displacement. So, we

stop at this. We will solve a problem in the next class.



