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Hello everyone. In today’s class, we are going to continue our discussion from the
previous classes in which we basically learned how to find out the response of a multi
degree of freedom system subject to external force. And we used method what is called

Modal Superposition Analysis.

So, we are going to continue discussion of on modal superposition analysis and we are
also going to discuss how we can apply modal superposition analysis to seismic analysis
of a structures. And also, learned about the response a spectrum method, which gives us

directly the peak response of multi degree of freedom system. So, let us get started.

(Refer Slide Time: 01:14)

We have talked a lot about modal decomposition of modal basically diagonalization of
mass matrix, diagonalization of stiffness matrix. Now, let us look at the forces. So, what

I mean to say when | apply any force vector to a structure alright, the force would also



distribute itself among different modes and we said that if we have force p(t) which is

defined as like p, (t) and then p,(t) and so on.

[p(t)]=[ p.(t), Py (£) o |

(Refer Slide Time: 02:15)

n

P (t) is the excitation force in the n™ mode. So, effective force in the n" mode; how do

we get that? We simply get that by multiplying transpose of the mode shape with the

p(t) vector here, which would give me P, (t).

P, (t) - [¢n]T [p(t)]

I know that my force would also be distributed in different modes. So, | will have

effective forces at different degrees of freedom in different modes.
And that is where the concept of expansion of this force comes into picture that what
would be the expansion of my vector p(t) to different modes and let us see how we do

that. So, basically what | am saying let us say | have a force p(t) at different degrees of

freedom and all of these have same time variation.



Then, | can write down my force vector as [p(t)]={s} p(t).{s}is a vector that

represents the spatial distribution of that force. I am writing it like that, because it will
help me later in the analysis and interpretation of the result and we will see how we get

the distribution. So, this vector {s} for different mode is something like this.

So, instead of saying like (Refer Slide Time: 04:55) this let us say some distribution is

there. So, let us say this is my vector {s} here and | want to find out a vector {s,} plus a

vector {s, } and so on for each mode.

So, this is let us say mode 1 and this is mode 2 here. | have a force vector which | have

written as p(t) and if the p(t)has the same time variation at all degrees of freedom, |

can write it something like this, which represents the spatial distribution basically if this

is 0.1, 0.2 thisis let us say 0.15 this is 0.6 times the p(t), which is the time variation.

And like you know why we are doing this? Because if you remember the seismic

excitation has a property something like this, where all the degrees of freedom are

subjected to the same time variation of the force which is the mui (t). So, we will utilize

this knowledge there. So, just keep that in mind. So, basically, | want to write this as-

(Refer Slide Time: 06:24)




fs=0s.}

r=1
Now, this can be written in terms of a modal participation vector (T, ), which we write it
as

(s} =205, = 2., [m][4:]

r=1 r=1

¢, is the mode shape vector for that particular mode r. And a question might ask that

how can | directly writing this equal to this much. Well, if you remember to get the

N
modal coordinates 1, g2 we had written >[4, ]q, .

r=1
The idea is that if 1 write it in terms of multiplication with some mode shape and
multiply with the transpose of another mode shape, | can use the condition of
orthogonality and | can find out these factors that we have defined. So, | am going to do

exactly that.

Now, as you know this quantity would always be 0 except when r = n and if that is the
case, only term that is going to survive here would be when r = n. So, | am going to write

this as-

[¢n]T {S} =T, [¢n]T [m][¢n] =M,

So, remember if | have a vector {s} which is given remember force is given and if I can
write down that external force let us say P(t) equal to a spatial distribution vector {s}

times some time variation, let us say p(t). I know my mass and stiffness vector. | want

to write this as sum of vectors spatial for each mode so that I can see how much the



contribution is being made by the vector force in each mode. So, {s} can be found out

as.

(Refer Slide Time: 09:34)

So, remember once you find out this T, | can get my spatial distribution in n" mode as.

{Sn} =T, [m][¢n]

And then, we can get the total distribution or expansion like this. So, once we know the

I, then {s,} we can also obtain like this, and this would be the spatial distribution.

Now, let us see the properties or the physical interpretation of {sn} . Now, when you will

apply this force external force p(t), a structure can vibrate in any of its modes. When a

structure is vibrating in each of its modes, can | say in each mode it would have some

inertial forces associated with each degree of freedom.

What {sn} basically represent? it represents the distribution of those inertial forces

associated with the application of the applied force. So, again | will repeat it. If you

apply external forces p(t) on a multi degree of freedom system. Let us say something

like this.



In each mode, the structure will vibrate and when the structure is vibrating, it would have

inertial forces associated with each degree of freedom. What this {sn}represents is

basically, distribution of those inertial forces in each mode and when you multiply with
the time variation of these force, it will give you basically the total external force that is

being applied on that mode.

But {sn} just represents the inertial force distribution in different modes. We did

expansion of our mode shapes, basically different modes using the displacement vector.
Now, this is the force that is effective force in each of the modes. And we can do this for
earthquake forces and does not have to be earthquake forces as long as the time variation
at each degree of freedom is same and you are able to represent your force vector as

some spatial distribution vector times same time variation.

Let us say this is p(t) which is the time variation then, we can interpret results like this.

We can prove that mathematically as well. Let us say inertial force in my n'" mode would

be what? In my n™ mode, the inertial force [f,] would be mass matrix times the

acceleration of each degree of freedom in that n" mode.
[ fIn] = _[m]l:un (t):l - _[m][¢n]qn (t)
Now, remember if you compare this with P(t)={s} p(t).

This is the time variation (p(t))this is the time variation (¢, (t)). What is {s} here; {s}
is basically this quantity (—[m][¢,]). This (—[m][4,]) is the spatial distribution
associated with the inertial forces that | have. So, | hope this is clear to you. Now, what

happens that if you are able to find out force vector which is the spatial distribution of

force {s, }times the time variation p(t) of the force would give you the response of all

degrees of freedom in n" mode.

And there is no other mode that is going to contribute to this response. Because this is
the effective force that you have found out assuming that this is how the total force is

going to be distributed among different modes. If this is clear now, let us look back at

our equation of motion in terms of this {s}.



(Refer Slide Time: 14:44)

If you remember our equation of motion was-
Mt (1) +C,d, (1) + Ko, (1) = P, (t) =[4.] {P(t))

Divide itby M -

BRCELEG

n

qn (t)+ 2gna)nqn (t)+ a)rfqn

b, (t)+2&,0,4, (t)+oiq, (t) =T, p(t)

So, this is my equation of motion for each degree of freedom, where this T", is basically

a factor which is a modal participation factor.

So, this factor basically says that of the given force (p(t)) how much is the total force

that is going to be applied in the particular mode, and this (an(t)) is basically the

excitation force becomes. You can solve these equations. Remember, we have done

nothing new we are just considering a special case.



So, let us say this is a special case. And if this special case is still not there, you can still

write down the same thing p(t) as some vector and do the same thing and multiply and

solve it.

So, using this the modal participation factor, we have now written down our equation of

motion in this form here, which is basically the equation of motion of a single degree of

freedom system subject to excitation p(t)multiplied with T", to account for the

distribution of the force in n™ mode.

(Refer Slide Time: 18:20)
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Let us say | have the same 2 story building and let us say this is being applied to a blast

load or a triangular pulse. So, this is the load, and you know the time variation on this

load. So, it is being applied with the same variation p(t) here, and here. Similarly,

instead of this, | could have pulse load, or I could have ground motion which is

something like this.

For all these types of motion, we have a standard result available from the previous

chapters, in which we solved the equation of motion (ii+2,m,0+wfu = p(t))where

p(t) could be one of these forces here. So, equation solution to this one is available,

which is basically response of a single degree of freedom system to any of these pulses.

Now, if I know the time variation of these forces are to be the same and | know the
solution and the same thing is now being applied to a multi degree of freedom system.
what do | need to do? To consider response of each mode, | just need to multiply the

response by I, .

So, think it in two steps. First step is to get the time variation of the response, for our

case, it is q(t). These responses are available using standard results. So, solution to this

SDOF system is available. Problem is now, | have a multiple degree of freedom system.

How do | utilize this for a multiple degree of freedom system? Now, | know that multiple
degree of freedom system can be represented using n number of the single degree of
freedom system. So, to utilize this result, all | need to do is to multiply response of this

using I", to get response in particular mode.



(Refer Slide Time: 21:06)

So, you will also see in the book it might be written as D here instead of u to avoid any

confusion. So, this is (D+2§na}nD+wa = p(t)). So, this is available. If you want to

find out q, (t) for a multiple degree of freedom system, it would be nothing but T,

accounting for the distribution of the total force in the nth mode; time the standard results

that you available here is D, (t).

q,(t)=T,xD,(t)

Now, generalized SDOF system instead of instead of I",, we put T’ but here it is

egivalent !
for that particular mode. If | have to get the contribution of the n™" mode to the total

displacement at each degree of freedom, this would be

[u, (t)] =[]0, (t)=T.[4,]D. (1)

Similarly, if | have to find out equivalent static force in the n' mode. | can find out this

simply as writing as-

[T (0] =[k][u, () ]=Tu k][4 1D, (1) = T} [m][ 41D, (1)



(Refer Slide Time: 23:35)

What is this (?D, (t)) quantity here? This is the acceleration (A, (t) = @?D, (t)) in the
n" mode, and this is exactly what | told you when | was discussing the physical

interpretation that if you apply a force which will have the distribution {s} times some

time variation. {sn} represents basically the inertial forces in it is n" mode due to those

applied forces and that becomes clear here.

| also told you that if you multiply those forces with the acceleration, you will get the
equivalent static forces in that particular mode. Well, let us look at the most common

problem that you might encounter would be earthquake analysis. So, for seismic

excitation, what is my applied force vector? This is my applied force [F’eﬁemve (t)] It is
[Py (t)]==[m][1]d, (t), in this [I]is the influence vector and i, (t)is the ground

acceleration. I hope influence vector you already know how to get influence vector.

Basically, you apply a unit displacement in the direction of the ground motion and then
you see along each degree of freedom due to that unit displacement, what is the



corresponding displacement and then you form the influence vector. So, I had given you

example of this.

If you define this as ur and uy (Refer Slide Time: 26:25) and you have ground motion

like this, and if you apply a unit displacement u_ (t)=1, influence vector is constructed

like [1]=[1 O]T . S0, as simple as that this is my influence vector, and you multiply with

the mass matrix, and this is the time variation of force.

So, basically this is of the form this that we have discussed. The vector {s} times some

time variation p(t), where my vector {s} is basically nothing but —[m][I]. I can repeat

the same procedure and I can show you how to get that. So, let me write down here.
Mt +C,y + K,y = By (1) =[] [P (1)] =[] [m][1]¢, 1)
If 1 divide this whole thing by M, what would I get?
G, +2£,0,0, + 070, =—
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If you remember this thing the numerator actually is defined as L, :[qﬁn]T [m][1]. This

comes from again the equation that you had done in the generalized coordinate system.



L4 (Al
"M M

n n

So, basically the expression becomes or the equation that you need to solve for seismic

excitation is-
qn + 2‘é:na)nqn + a)r?qn = _Fnug (t)

So, if you are able to solve this equation for a for the n™ mode, then you can do for all

the modes and combine all the modes using this expression here-

()] =20, () =X[4]a 1)

n=1 n=1

But now for a special case, q, (t) is represented as specially for ground motion. This can

be represented as:

For nth mode it can be written as- [u, (t)]=T",[4,]D, (t)

Now, in addition to that we had also derived equivalent static force in the n mode is

[ f.(t)]={s.} A (t). So, you know the displacement in the n"" mode, and you know the

equivalent static forces in n'" mode. You know the equivalent static force let us say this

is f,,, f,,,and f, these are equivalent static forces.

Displacement is known, equivalent static forces are known, then base shear is very easy
to calculate, a story shear is very easy to calculate just consider equilibrium. Same goes

for the moment as well. Let us say this is h,, h,, and the total height is h,.

The moment at the base is - M = f,, xh + f, xh, + f, xh,

Now, consider this ground motion. This factor (I, ) represents the modal contribution.

We know the solution to this equation:



(Refer Slide Time: 32:34)

D(t)+2£,0,D(t)+a?D(t) =1, ()

What is also known to us in fact? is response spectra. What is the response spectra? It is
the peak value of any response quantity as a function of different time period for single
degree of freedom system.

So, we have given this from a response spectra perspective. And most of the cases, our

goal of any structural analysis is to find out the peak responses like peak displacements

(u, (t))and peak forces ( f,(t),M, (t)) for the n'" mode.

So, let us do something. Let me say this is my displacement u, (t)and this is the time
variation. So, it would look like something like this here. Now, let us say this is first

mode instead of saying u, (t)this is the first mode says u,(t). And the second mode

u, (t) would be something like this.

Third mode u, (t) would be again something like this. Now, for different degrees of

freedom system what is response spectra? Let us say this is my response spectra and | it

is D; it looks like something like this.

If it is A, the acceleration it looks like something like this here. So, this D is basically

U, If the damping is very small. This is A means, ¢, . So, for different mode we can



find out what is the peak response from the response spectra but let us look at this. For
each mode depending upon the time period of the mode; for example, for this one this is

it is happening at this time t,. For this case, let us say this is u

ul, max 2,max *

And for the third case let us say thisis u Can you appreciate the fact that if | have n

3,max *
single degree of freedom system, their maximum response would occur at different time
like for first case it would occur at this time, for the second case at this and the third case
at this point. The question becomes that can we combine different mode and find out the

displacement as a function of time and the time variation.

How can | utilize the response spectra? So that | can also find out the peak response of a
multi degree of freedom system. Understand the issue here that we have. For single
degree of freedom system, | know peak response, but for multi degree of freedom
system, | do not know peak response, because it is a combination of different single
degree of freedom system and single different single degree of freedom system will

achieve their maximum response at different time.

So, the idea is why do we do the response spectra analysis did you remember? We do
response spectra analysis so that | do not have to solve the equation of motion every time
and find out the response. For example, if | do the response spectra analysis or as a
matter of any other force; | do not need to actually solve this equation, because | am only

interested in the peak response and T, value.

If I know the T, value, | can come here (in response spectra) and | can find out the D, .

| do not need to solve this numerically, and they have been already given the response
spectra. So, for each ground motion people have prepared response spectra and those are
given. So, now, | am not doing the time history analysis or anything.

| just want to get the peak response and | am not interested in each time for combine
different systems, then get the time variation of each degree of freedom system and then
find out the maximum at what point the maximum would occur and all those things. 1
want to resort to a very simple procedure in which the maximum response for each
degree of freedom can be found out. My only challenge is that they happen at different

point of time.



(Refer Slide Time: 38:27)

The maximum response.

Ux #U

+Uu +Uu

1,max 2,max 3,max

u +Uu +Uu

max < u1,max 2, max 3,max

This goes not only for displacement, but also for all the quantities that you find out

remember. Now, if you talk in terms of u all the quantities whether it is equivalent

max !

static force or moment at the base, all things can now be found out in terms of u_,, for

that particular mode. Then we need to come up with the procedure.

So, that we can combine the maximum response of these three or for all different modes

and get somehow u__ , because this (umax) is not simply equal to the algebraic sum. So,

what do we do? There are different methods that are available through which the

maximum response of different systems can be combined. So, that I can get u,,, . Those

methods are basically for combining peak responses of different modes.

So, people have come up with different method how to actually combine different modes
and get the total maximum response. Now, as you can imagine, these methods are
approximate these are not exact method, but they are quite reasonable. People have done

lot of research and they usually come closer to the exact value.



Let us look at two of those methods where people have actually utilized these methods.
So, the first method is called SRSS. SRSS method is basically the square root of sum of

square. So, basically in this method if you have multiple responses D,, D,, D, and so

on, then the maximum response can be obtained as

Dy =/ Df + D2 + D% 4 ..o

Note that it is not the algebraic sum, and it would always be less than the algebraic sum.
So, people have come up with this method and these produce good results. Of course, the
difference between actual peak response and the peak response have turned this method

would be little bit different and you do not know to get into there.

Although, if the modes are very closely spaced like one mode time period is 0.5 second
and other mode is 0.55 second, then this method might not work out well. So, there are
other methods to do that like complete quadratic combination (CQC).

But this method is little bit mathematically complicated. So, in our course, we are only
going to focus on this SRSS, because for hand calculation, SRSS is only available. If you
have a software, you can implement CQC and get the total maximum response using

individual peak responses with complete quadratic combination method.

For seismic excitation, | can go ahead and find out the time variation of the response by
combining different modes that we have done previously, but good thing about the
seismic response is that we have available response spectra. So, peak responses are
available to us, and this would apply for any other method for which the response of a
single degree freedom system are applied in terms of some chart.

So, even you could do it for pulse type motion where the peak responses available in
terms of the time period and the time duration of the pulse. So, if the peak responses are
available, we can combine the peak responses, but not using conventional method that

we have been doing so far.

Because in the previous method, we were combining responses for any time t and the

final response was as a function of that time t. Now, | do not want to solve it for any time

t and do not want to find out D, (t), because I know D, from the response spectra



here. If D

1,max

is known, | can combine the maximum responses and approximately get

the total maximum response using one of these methods (SRSS or CQC).

So, this method is also called in codes response spectrum method. And the response
spectrum method is nothing but a special case of modal super position analysis.
Remember, modal superposition analysis is for any time t, but for a maximum response

we use the response spectra, and it is called response spectrum method.

So, it is special case of modal super position analysis for peak responses. Let us see one
example, how we can actually utilize this method. Let us take the example of what we

have done and extended here, for the same time variation.

(Refer Slide Time: 45:09)

So, basically what | want to do here. We have masses 2m and m and stiffness 2k and k. If

earthquake force (Ug (t)) is applied let us say here something like this. | want to find out

the expansion of the earthquake forces.

Remember; earthquake forces can be written as.



Now, there are two degrees of freedom. So, I will have {s,} and {s,} here. So, get me

{s:} and {s,}.

[#.] {s}
M

n

| will again rewrite the equation; {s,}=T,[m][¢,]and T, = . So, once you

have that remember [ f_ (t)] the equivalent static forces for the "™ mode is {s,} A (t).

So, you would have [ f,] and [ f,].

Once you have that, can you also get the base shear V, and V, at each degree of freedom.
Knowing this method also try to get the same answer just directly from the displacement

[u,(t)] and [u,(t)] for each mode by multiplying the story displacement with the
stiffnesses and utilizing this expression here. Remember; A (t)=wD,(t) and

A, (t) = w; D, (t) and see if you get the equivalent static force by this method.

(Refer Slide Time: 48:08)

Let us try to get the answer. Now, what would be the influence vector here. If you apply
a unit ground displacement in each degree of freedom, the displacement is 1 in each

degree of freedom. So, the influence vector would be [I]=[1 1]T :



{S}=[m][']={2(;n rﬂm{zﬂ

If you get the effective earthquake force-

2mu (t)}

[ =m0 ()=

Now, | want to see how the inertial forces in each mode is distributed. Let us us first find

out M1:3—m, M, =3m, Klz%,and K, =6k.

a2 ) 4 _ledimi)_ 1
3 3

2

Ml R
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So, now-



{Sz} =F2[m][¢2]

i

“73% 0 m 1__%

Remember this is my uy this is uz (for s1) and this is uy this is uz (for s2). So, it would be

better to interpreted in terms of graphical representation. Total mass is 2m and m here

and this is my {s}. If you look at each mode. So, this is {s,}for mode 1 at degree of

freedom 1, this is 4?m in positive direction and at degree of freedom 2, this is 4?m in the

positive direction.

So, this is {sz}for mode 2 at degree of freedom 1, this is Z?m in positive direction and at

degree of freedom 2, this is %in the opposite direction. If you sum up this at degree of

freedom 2, it is 4%“—% =m and at degree of freedom 1, it is 4?m+2?m =2m. Now, let

us say you have a earthquake ground motion U (t) for which you have found out the

acceleration or displacement as well I will do the second method using displacement.

So, let us say due to this for each mode you have A (t) and A, (t)which is basically the
solution of this equation except there is no gamma (I, ) term here to convert it from that
to for each mode you need to multiply with the I', . Now, remember what is the

equivalent static force [ f,]? [f,]={s,} A (t).

So, equivalent static force for the first mode- for degree of freedom 1is f, = 4?m Al(t);

for degree of freedom 2 is f,, :4?mAl(t)and equivalent static force for the second

mode- for degree of freedom 1 is f, :—gAz(t); for degree of freedom 2 is
2m

fp = ?Az (t)

To find out the story shear, what do | need to do? Let us consider story shear here. If you
consider the equilibrium, then the total story shear.



So, for mode shape 1-

For degree of freedom 2- V,, = 4?m A (1)

For degree of freedom 1- V,, = 4?m A(t)+ 4?m A(t)= 8?m (1)
So, for mode shape 2-

For degree of freedom 2- V,, = —% A, (1)

For degree of freedom 1- V,, = z?m A (t)- g A (t)= g A, (1)

Now, remember these things we are doing for the A, (t) , but even if the quantity A, (t)

is maximum for that particular mode at least. So, | can get using the same procedure
right. It is a different story when 1 will combine the 1 and 2" mode, | will take the
SRSS, but basically the same procedure is what I will follow. The same expressions |

could have gotten using the expressions of displacement or in short [ul (t)] and
[Uz (t)]
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What is my [u, (t)]? Itis-[u, (t)]=[4,]a, (t) =[4,]T,D, (t)

(Refer Slide Time: 58:22)

4

So, if you want to look at in terms of displacement; what basically it is saying. In the first

mode, this is u,, and u,,. In the second mode it is u,, and u,, . So, this is 1st mode this

is 2nd mode.

I am discussing the first procedure not the equivalent static procedure. So, in this
procedure, | know that the story stiffness is 2k and k here. So, what would be my story

shear-
So, for mode shape 1-

For degree of freedom 2- V,, =k x(u, —u;, ) =k x % D, (t)= 4m A (1)



For degree of freedom 1- V,;, =2k x(u,, —0) = 2k x % D, (t)= 8?m A (1)

We can compare the results actually. We can look at the results that we have got the
same as what is in the previous method. So, you can do for the 2" mode right. | am not

going to repeat it for 2" mode you can just do it.

(Refer Slide Time: 61:28)
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We will see how to obtain responses peak response quantities of SDOF system using the

response spectra.

Thank you.



