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Laminar and Turbulent flows

Welcome back to the video course on fluid mechanics. We were discussing about the
turbulent flow; we have seen various characteristics of turbulent flow; we have seen
various reasons for turbulent flow. We were discussing about the various factors affecting
transition flow from laminar to turbulent flow like free stream turbulence, pressure

gradient, roughness of boundary, then curvature of boundary, suction of boundary etc.

Also we have seen all this turbulence is coursed into abrupt discontinuity in velocity
distribution generally occurs due to various reasons and then of course, due to the shear
flows. Due to the shear flow there is a mean velocity variation in space and then that
causing the turbulence. Further, we have seen that generally if the turbulence flow is very
difficult to solve the problems or to find out the velocity distribution is very difficult. So,
generally, for practice what we do is we use a mean value components for the velocity
and then what happens to the fluctuations. That is what we were discussing in the last

lecture on turbulence.
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Turbulent Flow. ..

—For velocities u, v and w

i

As | mentioned the velocities in three dimensions u v w can be expressed as u is equal to
a mean value u bar plus u dash, where u dash is the fluctuating component; this u bar
with the mean velocity component we can write that is equal tol by T integral 0 to T u dt.
where T is the time; then v, the velocity in y direction we can write v bar plus v dash,
where v bar is equal tol by T integral 0 to T v dt; and w is equal to w bar plus w dash w
bar is equal tol by T integral 0 to T w dt. So this we have seen how we are expressing the
various velocity component u v and w. Similar way we can express the pressure and other
components with respect to a mean component and then the fluctuating component or

instantaneous component..
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Turbulent Flow...

It is clear from this figure here so you can see that the velocity in x and y direction u and
v is represented here; there is a mean value of mu which is called u bar and then the mean
value of v in y direction v bar. Then you can see that we are expressing the turbulence is
with respect to this mean velocity. So in the fluctuation we can see that it is going upon
due to the various disturbances taking place in the flow. So these are called fluctuating
components for u and v and then you will be expressing with respect to the mean

component plus the fluctuating component.
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Turbulent Flow...

= Time average (temporal means) of
fluctuations of u, v & w are zero. E.g

* Therefore _

* The root mean square of u'. -=
violence of turbulence fluctuations and
measura of intensity of turbulence.

We have seen the time average of this fluctuations u v w are 0 since we can show as we
have seen earlier the mean component of u dash is equal tol by T integral 0 to T u dash dt
that can be equated to 0, similarly v and w also. Generally, we express this root mean
square u dash bar whole squared that gives to describe the violence of turbulence

fluctuations and it is generally a measure of intensity of turbulence.
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Turbulent Flow. ..
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As we have seen due to various reasons it is very difficult to express the real velocity
fluctuations. So generally, what we do is we express as a root mean square component.
We can see here in this figure how we express this root mean square component; this is
the velocity distribution versus time on x axis and velocity on y axis. We have seen how
the variations takes place with respect to the mean component and then we can see that
here we express in terms of U rms that means the root mean square of the velocity
fluctuations. So that is also expressed in another scale we are use U rams as shown here;
here root mean square of the velocities generally used to express the turbulent

components in various fluctuations as far as turbulent flow is concerned.
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Turbulent Flow...

« |sotropic turbulence -> mean square

velocity of fluctuations ual

= Intensity of turbulence

» Average K.E. of turbulence per unit mass

Another some of the other important definitions here is called isotropic turbulence That
means if this mean square velocity fluctuations in x y and z directions are equal then we
call this turbulence as isotropic turbulence, that means, u dash bar square is equal to v
dash bar square is equal to w dash bar square so that case we call that turbulence as
isotropic turbulence. Then the intensity of turbulence is generally expressed as here you
can see that in this slide; the intensity of turbulence is equal to 1 by mu infinity, where
mu infinity is the free stream velocity into square root of v u dash bar square plus v dash
bar square plus w dash bar square by 3. This gives the intensity of turbulent and this is

also an important definition in turbulent flow. Then if we want to find out the average



kinetic energy of turbulence per unit mass we can write as u dash bar square plus v dash
bar square plus w dash bar square by 2. So this is the average Kkinetic energy per
turbulence per unit mass. These are some of the important definitions which we generally

use in turbulent flow and its various parameters determination.
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Turbulent Flow...

» Turbulent shear stress

= Total shear

* £ - measure of transporting capacity of
mixing process

Now another important parameter is turbulent shear stress. So turbulent shear stress we
can express as tau x y with respect to t that is equal to eta d u bar by dy, where u bar is
the temporal mean velocity. We have already seen what temporal mean velocity is. That
means with respect to the long time how the variations take place for the mean velocity.
The turbulent shear stress we can express as eta into d u bar by dy, where eta is called the

eddy viscosity or dynamic coefficient of turbulence.
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We have seen that whenever we discuss for example, when a flow approaches flat plate
S0 you can see here, let us assume that here there is a flat plate put like this; if a free
stream velocity as we described, here a free stream velocity; let us assume that u infinity
is coming then we can see that there a boundary layer is generated. Initially the boundary
layer will be laminar and then it becomes turbulent, so this is the general pattern
whenever this is the laminar boundary layer and then here there is a transition and then
here there is turbulent. So generally, when we discuss the shear stress here we can see
that with respect to the flow is coming and then turbulence is generated after some time

for the flow over a flat plate.
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Turbulent Flow...

» Turbulent shear stress

« Total shear

* £ - measure of transporting capacity of
Mmixing process

So shear stress when we consider the total shear stress with respect to this here you can
see in this slide the total shear stress is equal to tau is equal to tau laminar plus tau
turbulent. As we have already discussed the laminar shear stress can be especially mu
into du bar by dy and turbulent shear stress is expressed as eta mu du bar by dy. So the
total shear is equal to mu plus eta into du bar by dy. Wherever the turbulent flow is
presence if there is a laminar boundary layer or a laminar component is there or laminar
sub layer is there the total shear will be the shear stress due to the laminar flow plus this
shear stress due to the turbulent flow.

Then as we have seen earlier this eta by rho eta is the dynamic coefficient of turbulent, so
eta by rho is called kinematic eddy viscosity in turbulence flow; we call this term eta by
rho, where rho is the mass density, eta is the eddy viscosity of dynamic coefficient of
turbulence that is equal to epsilon that is called kinematic eddy viscosity. Actually this
kinematic eddy viscosity epsilon is the measure of transporting capacity of the mixing

process.

As we have seen in earlier cases, as in some of the slides, a lot of mixing takes place in
turbulence and generally this eta by rho that means the kinematic eddy viscosity we can
describe it as a measure of transporting capacity; that means, due to the turbulence and



mixing process transporting transport takes place and this epsilon is same measure of the
transporting capacity of the mixing process whenever we consider the mixing in the
turbulence. Before deriving the basic equations of turbulent flow we will see some of the
classifications of turbulence. We have already seen the various process of turbulence and
then we have seen the various factors affecting how flow is changing from laminar to

turbulent. So based upon this we can classify the turbulence into three categories.
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Turbulent Flow...

Turbulence classification

Wall turbulence -> turbulence by visScous
effects due o presence of solid wall

Free turbulence -> turbulence by fluid
flowing at different velocities in the
absence of solids

Mixed effect — combination of wall & free
turbulence

Turbulent classification we can have in three categories: first one is called wall
turbulence. Wall turbulence means the turbulence by viscous effects due to presence of a
solid wall, so here first category is called wall turbulence; this is due to the presence of

solid wall.
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Examples of Turbulent Flow

* Flow over a sphara

» Flow over a
submarine

« Tip vortex from air
plane wing

As we have seen earlier, some of the other earlier slides, you can see here whenever there
is a presence of a solid wall like you can see here in this slide there is a sphere; then the
flow comes and then turbulence is generated or with respect to here you can see also
submarine is there. So, due to the presence of solid wall whenever the turbulence is
generated that case the turbulence is called wall turbulence. This is one of the important
categories of as we have seen some of the important reason is presence of solid particle
fluid interaction. This is one of the important categories of the turbulence, wall

turbulence.

Second one is called free turbulence. So, free turbulence means turbulence by fluid
flowing at different velocities in the absence of solids. In the case of free turbulence as
such there is no presence of the solid wall or solid material in the flow or there is no fluid
interaction takes place but the turbulence is generated by fluid flowing at different

velocities.
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We can see that here if we plot for example the flow is in a channel like this. Then due to
various reasons if the velocities here if it is u; uz uz and then if there is considerable
changing velocity we can see that after some time a mixing starts and then the turbulence
starts; the flow changes from laminar to turbulence due to this mixing. So this region is
now turbulence; this turbulence which is generating is called a free turbulence. Here as
you can observe there is no specific reason; the reason for turbulence is only between the
different layers what happens that means the velocity changes and then turbulence is
generated. So this is called a free turbulence.

Then the third category, so the turbulence can be the mixed effect. That means there can
be wall turbulence as well as free turbulence. So if the mixed effect is there then third
category is a combination of wall and free turbulence. These are the three important
classifications of turbulence and based upon which we can sub classify and then we can
try to analyse various turbulent flows. Now we have seen the classification and next we
will see the theory of turbulence; then we will derive the govern equations of turbulence.

11
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Theory of Turbulence

« Value of cntical Re for a given flow below
which all disturbances decay and above
which at least some disturbances ampilifies
is determined analytically by the theory of
stability of laminar flows
This theory is based on the assumption
that a fluid motion consists of a mean flow
and a disturbance supenmposed on it
Let the velocihes in X, v and £ direction be
u,, u, and u, and p be the pressure

As we have seen the Reynolds experiments we have seen that once the flow reaches a
critical Reynolds number the flow changes from transitional takes place and laminar flow
become turbulent. The value of critical Reynolds number for a given flow below which
all disturbances decay and above which at least some disturbances amplifies is

determined analytically by the theory of stability of laminar flows.

Scientists try to analyse this turbulent flow for long time and then they compared with the
laminar flow, why this turbulence is generating all this was critically analysed and then
they used the theory of stability of laminar flow. In a flow regime, if it is laminar and if it
IS to be continued as laminar flow that is called a theory of stability of laminar flow so
why turbulence is created? Why deviation takes place from this stability of the laminar
flow? Various scientists analysed this with respect to the critical Reynolds number and
they found the reasons are the various disturbances and whether the disturbance
generated in the fluid system; if it is decaying then the flow become again laminar but if
various reasons less as we have seen presence of a solid or the velocity variation or the
boundary roughness then this disturbances are amplified; the stability of the laminar flow
goes and then flow become turbulent. This theory is based on the assumption that a fluid
motion consists of a mean flow and disturbance superimposed on it as we have already

discussed. So this theory of stability of laminar flow is based upon assumption that fluid
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motion consists of a mean flow and disturbance superimposed on it. Now, let us say the
velocities in x y z direction, when we consider three dimension problems then the
velocities being uy and uy and u,, the velocity in x y and z direction and p be the pressure

component.
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Theory of Turbulence.

= The mean flow is regarded as steady where
as the disturbances is regarded as unsteady,

- : — Disturbances,

smaller than main flow

* The mean velocity components § and p are
taken by averaging q and p for long time

As we have seen, based upon the theory of this turbulence we can express the mean flow
as ux bar plus ux dash; uy is equal to uy bar plus uy dash; and u; is equal to u, bar plus u,
dash. Then the pressure can be written p is equal to p bar plus p dash, where p bar is the
mean pressure and p dash is the fluctuating components. You can see that all this
fluctuating components are generally smaller than the main flow. The mean velocity
component, if we consider the velocity components as p bar this ux dash uy dash and u;
dash and if we consider g bar and p bar is the mean pressure component we can get by
averaging the velocities and pressure for long time. As we have already seen the previous
slide this we can update by averaging this velocity components and pressure for long
time. So the mean quantities of the fluctuation as steady as we have seen the fluctuations
takes place; if this is the mean component and then up and down fluctuations takes place
and then if we consider the fluctuation for long time or you can see that this fluctuations
for a long time it is steady. So these fluctuating quantities are responsible producing

additional stresses. As we have already seen this fluid molecules jam and then this
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fluctuations takes place and this fluctuations quantities are responsible in producing
addition stresses called apparent stresses. This additional stresses due to the fluctuating
component the additional stresses produced are called an apparent stresses or Reynolds
stresses in addition to the viscous shear stresses and normal stress sigma 1. So any fluid as
we can see that there is already shear stress component and then normal stress component
and turbulent flow other than this additionally due to these fluctuating quantities we have

the apparent stresses or Reynolds stresses due to the fluctuating quantities.

So when we analyse turbulent flow we have to consider the normal stresses; we have to
consider the shear stresses and then also we have to consider the apparent stresses or
Reynolds stresses. Due to this and more over this apparent stresses Reynolds stresses are
due to the fluctuating quantities it is also fluctuating and then it is very difficult to

quantify, that is the real challenge in the turbulence modeling.

(Refer Slide Time: 19:08)

General Equation of Turbulence

» Govemning equations of Turbulent flow -
calied Reynolds equations

These eguations are denved from the
general equation of motion for any flow

(Cauchy's equation) by considering the
above discussed theory of turbulence

Gen. Cauchy's eqn. of motion in vector
differential eqn. form

Now we will go to the general equation of turbulence. Here we will be trying to derive
the general equations based upon the existing theories. The Governing equation of
turbulence flow is generally called as Reynolds equation. So, these equations consist in
three dimensions; it consist three momentum equations and the continuity equations.

These equations are derived from the general equations of motion for any flow the
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Cauchy’s equations by considering the above discussed theory of turbulence. The
Reynolds equation, now we will be deriving; these equations are generally starting from
the Cauchy’s equation. So we will be discussing in a later chapter on Cauchy’s and real
stress equation but we will start now to derive this Reynolds equation from the basic

Cauchy’s equation for fluid flow.

From the general equation of motion this is the Cauchy’s equation by considering the
theory of turbulence. General Cauchy’s equation of motion in vector differential equation
form we can write as g minus a into rho plus delta p is equal to 0, where g is the
acceleration due to gravity, a is the other acceleration components, p is the surface forces
So, P is the surface forces. We can see in standard literature of general Cauchy’s
equation. Anyway we will be discussing it further when we discuss the in nevier stokes
equation also. So the general Cauchy’s equation is actually we can see that with respect
to the acceleration components due to gravity and then other accelerations are there and
then multiplied by rho plus the surface forces the variation surface forces delta p is equal
to 0. So this is the general Cauchy’s equation. Based upon this we can write the three
equations of motions for the general fluid flow and then those equations are transformed

into the Reynolds equations by using the theory of turbulence.

(Refer Slide Time: 21:27)

= Now general equations of motion for any
flow can be written as follows
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Now, the general equations of motion, so called Cauchy’s equation we can write as |
mentioned this equation we will be discussing later in the nevier stokes equations in
chapter. This equation in X y z component we can write as del uy by del t plus uy into del
ux by del x plus uy into del uy by del y plus u, into del uy by del z is equal to X minus 1 by
rho del p by del x plusl by rho del sigmay dash by del x plus tauyy by del y plus del taux
by del z. As we have already seen uy uy U, are the velocity components in the X y z
direction, t is the time, X is the there in body force, then p is the pressure, rho is the

density, sigma is the normal stress and tau is the shear stress.

So similar way in y direction, we can write the general equation of motion so called
Cauchy’s equation as del uy by del t plus uy into del uy by del y plus uy into del uy by del z
is equal to Y minus 1 by rho del p by del y plusl by rho del tauy, by del x plus del sigmay
dash by del y plus del tau, by del z, where y is the body force in the y direction

In z direction, del u, by del t plus uy into del u, by del x plus uy del z by del y plus u; into
del u, by del z is equal to Z minusl by rho del p by del z plus 1 by rho del p by del z plus
1 by rho del tau, by del x plus del tau, by del y plus del tau sigmagash ; by del z. These are
the three general equations of motion so called Cauchy’s equation in x y z directions and
then we have the continuity equation in the flow with we considering the density, the
continuity equation we can write as del rho by del t plus del rho uy by del x plus del rho
uy by del y plus del rho u, by del z is equal to 0.

16
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Reynolds equations Contd..

* For incompressible flow,

» Equations of turbulence are similar in
form & hence we derive only for X-dir

= To deal with convective terms

Now, we are going to derive the Reynolds equations based upon these three equations of
Cauchy’s equations of three general equations of motion and the continuity equations.
Now most of the problems if we consider the flow are to be incompressible. rho is
constant so we do not have to consider. So that the continuity equation number 4 we can

write as del uy by del x plus del uy by del y plus del u, by del z is equal to 0.

So this is the continuity equation for incompressible flow as shown in this slide. Now we
are in the process of deriving the Reynolds equation; now the equations are turbulence as
similar in form so we derive only for x direction. As | mentioned we are now trying to get
the equations for Three d flow problem or 3 d turbulent flow. We will be having three
equations of motion in x y z directions and continuity equations we have already seen. So
in X y z directions we have three equations. There are various steps involved in deriving

this equation is same either is x or y z direction.

So now we will derive the equation here in x direction and then we will write the
equation in y and z direction in a very similar way. That is the procedure we adopt here.
Now the earlier Cauchy’s equation here we have seen that we have got this convective
terms. So if we consider the equation in x direction we have this three convective terms

Ux into del ux by del x plus uy into del uy by del y plus u; into del uy by del. This we will

17



consider to deal with these convective terms. We would be initially considering some
specific steps and then we will be simplifying this term by using some mathematical
approximations so the convective terms here uy into deluy by del x and uy into del uy by
del y u; into del uy by del z. So these three terms we will be considering as convective
terms so here uy into del uy by del x plus uy into del uy by del y plus u, into del uy by del

Z.

(Refer Slide Time: 26:05)

Reynolds equations Contd..

= Convective terms can be better represented
by putting them in differentials of quadratic
terms such as: u? u,u, u.u,,ie

» Now using continuity egn (5), Convective
term takes the form as:

The convective terms we can be better represented by putting them in differentials of
quadratic terms such as uy square, u subscript X uy into uy ux into u, as written here, that
IS, Uy into del uy by del x plus uy into del y plus u, into del uy by del z. These three terms
can be written as del uy square by del x minus ux into del uy by del x plus del uy into uy by
del y minus uy into del uy by del y plus del uy into u, by del z minus ux into del u, by del

z. In this equation now the left-hand side is written into this form.

Here we can use the continuity equation which we have seen here in equation number 5.
If we use that then you can see that this term uy into del ux by so this ux can be taken out
so we can write this term uy into del uy plus del x and the second terms this term, this
term, three times we can combine together so this on the right-hand side second term,

fourth term and sixth term.
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We can combine this three together and then its continuity equation become 0 since del
ux by del x plus del uy by del y plus del u, by del z is equal to 0 and finally this
convective terms which is represented as in this equation as in the flowing, we can write
this as a convective term becomes del ux square by del x plus del uy uy by del y plus del
Ux into u, by del z. So the convective terms in the Cauchy’s general equation is
transformed initially in this form by the mathematical simplifications.

(Refer Slide Time: 28:26)

Contd..

« Mow eguation (1) becomes

* |ntroducing the turbulent and mean terms, 3

eqn (6) becomes:

Finally, this Cauchy’s equation for the equation of motion we can write in this form after
changing the convective terms as in the previous slide so we can write del ux by del t plus
del uy square by del x plus del ux uy by del y plus del uy del u, by del z is equal to x minus
1 by rho del p by del x plus 1 by rho del sigmagash x by del x plus del tauyy by del x plus
del tau, by del z. So now we will introduce the turbulent and mean terms; this is now the
Cauchy’s equation of motion is transformed as in equation number 6. As | mentioned, we
will be changing this with respect to the theory of turbulence where theory of turbulence
is there is same mean component for the velocity and pressure and plus fluctuating
component for the turbulent flow. We will introduce the turbulent and mean terms so that
now the equation 6 becomes here del by del t of uy dash plus uy bar plus del u del by del x
Ux bar Plus del u del t by del x uy par plus ux dash square plus del by del y ux par plus uy dash

into Uy bar Plus uy dash plus del by del z uy par plus uy dash u; ar plus u; dash that is equal to
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x minus 1 by rho del by del X, var plus p dash plus 1 by rho del sigmay dash by del x plus
delta y x by del y plus del tau, by del z. So equation 6 is changing to equation 6a by
applying the theory of turbulence the velocity and pressures are expressed in terms of a

mean value and the fluctuating component.
(Refer Slide Time: 30:29)

Contd..

= Averaging the terms of egn. (6a) will yield:

* [Rules for time averaging: If aand b are
two dependent vanables and if 5 is an
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Now, in an advance mathematics there is a term called averaging the terms which is
defined here. So the rules for time averaging is for example, some of the terms is
expressed here if a and b are two dependent variables. Then time average has given this
equation a double bar is a bar a plus b bar is like this various time averaging can be as in
standard advance mathematics test given in advance mathematics test books. So this time
averaging concept we will be using here for the earlier equations 6 a. If we use the time
averaging concept we can write by averaging the terms we will get del ux bar by del plus
del by del x of uy par Square plus del by del y of uy, its mean value bar plus del by del z uy
Uz par 1S €qual to x minus 1 by rho del p bar by del x plus 1 by rho and del sigmay del by
del x plus del tau yy by del y plus del tau,x by del z minus del by del x u dash x square bar
minus del by del y uy dash uy dash bar minus del by del z uy dash uy dash bar. So this is
equation number 7. Here he process is the average the terms of equation 6a to get
equation 7. If you do the time averaging concept for the continuity equation which we
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have seen as we have already seen we are transforming the turbulent flow we are using in

mean flow component and then fluctuating component.

(Refer Slide Time: 32:23)

Contd..

» Time averaging continuity egn. will yield

_ : "15'

» Using eqgn (B) and reamranging eqn (7)
+ |n X-direction

If we use the time averaging concept for the continuity equation we can write the
continuity equation as del uy bar by del x plus this equation slide here plus del by del y uy
bar plus del by del z u, bar is equal to 0 equation number 8. Here you can see that as far
as some of the other terms are concerned this we have discussed earlier del by del x of uy

dash bar and del by del y of uy dash bar and del by del z of u, dash bar tends to 0.

When since we take the mean component if we use the this continuity equation 8 and
then using this concept the time averaging concept we can rearrange the earlier equation
number 7 into this form equation number 9. So finally next direction we can write del uy
bar by del plus ux bar into del ux bar by del x plus uy bar into del uy bar by del y plus u,
bar into del uy bar by del z is equal to x minus x is the body force x minus 1 by rho del p
bar by del x plus 1 by rho del by del x sigmay dash minus rho into ux dash square plus del
by del y tauyy bar minus u rho uy dash uy dash bar plus del by del z tau,, bar minus rho x

uy dash u dash z bar.

This is now the final equation in x direction. We have used sum of the time of averaging
concept, then we use the turbulence mean flow theory and then finally we have
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transformed the Cauchy’s equation- the general equation of motion into the turbulent
flow equation. Similarly, as we have seen in the x direction in equation number 9, in

similar way we can write in y direction and z direction

(Refer Slide Time: 34:24)

Contd..

* In Y-direction

* In Z-direction

So here in y direction we can write del u bar by del plus uy bar into del uy bar by del x
plus uy bar into del uy bar by del y plus u, into del uy bar by del z is equal to Y capital Y
minusl by rho del p bar by del dy plusl by rho del by del x of tau x, minus rho uy dash uy
dash its mean plus del by del y sigma y dash minus rho uy dash bar square plus del by del
Z tauyy bar minus rho uy dash u, dash bar. This is the equation number 10 and this is the

equation of motion for turbulence in y direction.

Similarly, in z direction we can write del u, bar by del plus ux bar into del u, bar by del x
plus uy bar into del u, bar by del y plus u, bar into del u, bar by del z is equal to Z, where
Z is the body force in z direction minus 1 by rho del p bar by del z plus 1 by rho del x of
tauy, bar minus rho uy dash uz dash bar plus del by del y tauy, bar minus rho uy dash u,

dash bar plus del by del z tau, dash minus rho u dash z square.

So this is equation number 11, the equation of motion for turbulence in z direction. Now
we have seen three equations in the x y z direction; these equations are called Reynolds
equations of turbulence.
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These are the fundamental basic equations of turbulence which we generally using to
solve most of the problems but here these equations you can see it is in terms of normal
stress and shear stress. Generally, we will be transforming those equations in terms of the
velocity components itself. That is the process which we do generally in nevier stokes
equations. So this process of converting we will be discussing in the chapter on nevier
stokes equations how we are doing this transformation.

(Refer Slide Time: 37:11)

Reynolds equations Contd..
« Egns. (9), (10), (11) are called the

» Using Navier-Stokes of Motion will yield as:

Here, as far as the turbulent flow is concerned now the basic equations here are the
Reynolds equations of turbulence equations 9, 10 and 11 as we have already seen here
equation 9, 10 and 11. So these equations are called the Reynolds equation turbulence

which is the basic fundamental equations of turbulence.

As | mentioned these equations we can convert into nevier stokes form by certain
transformation. So this transformation how we transform we will be discussing the theory
how we do the transformation when we discuss the chapter on nevier stokes in another
separate chapter. Here we will be just write this Reynolds equations of turbulence as in
the form of nevier stokes equations of motion of turbulence as follows. Here, the three

equations 9, 10 and 11 are converted and written like this.
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So the form of equations are del ux bar by del plus uy bar del ux bar by del x plus uy bar
del uy bar by del y plus u, bar del ux bar by del z is equal to x minus 1 by rho del p bar by
del x plus mu into del square ux bar so this mu is the kinematic viscosity minus del uy
dash bar square by del x plus del ux dash del y bar by del y plus del uy dash u, dash bar by

del z. So this is the nevier stokes form of the turbulent motion equation in x direction.

Similar way in y direction, we can write del uy bar by del plus ux bar del uy bar by del x
plus uy bar del uy bar by del y plus u, bar del uy bar del z is equal to y minus1 by rho del p
bar by del y plus mu into del square uy bar minus del ux dash uy dash bar by del x plus del
uy dash bar square by del y plus del uy dash u, dash bar by del z this is the nevier stokes
form of the turbulent flow equation in y direction.

In z direction, we can write del u, bar by del plus ux del u, bar by del x plus uy bar del u,
bar by del y plus u; bar del u; bar by del z that is equal to z minus1 by rho del p bar by del
z plus del uy dash u, dash bar by del x plus del uy dash u, dash bar by del y plus del u,
dash bar square by del z. So this is the nevier stokes form of the equations of turbulence

in z direction.

So either we can solve the Reynolds form of the turbulence equation or we can use the
nevier stokes form of the turbulent flow equations to get a solution. Here now the
challenge is we have seen that we have three equations of turbulence in x y z. When we
consider three dimensional flows in x y z direction we have three equations of motion

and then we have one continuity equations.
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(Refer Slide Time: 40:36)

Reynolds equations Contd..

« Thera are 10 vanables

* DOnly four equations s0 solution is impossible

So we have four equations but you can see that the number of unknown variables even
we if we consider the nevier stokes form of the turbulent equation of motion we can see
there are ten variables. The variables are uy bar, uy bar, u, bar, p bar and the uy dash bar
square, uy dash bar square, u, dash bar square, uy dash uy dash bar, uy dash u, dash bar, uy
dash u, dash bar. There are ten unknowns and we have only four equations. So
mathematically to get solution is very difficult since we have got four equations and ten
unknown. We have to go for some other theories, some other empirical relations in
addition to this equation to get solutions. The solutions means the velocity components at
particular time step particular position if we want the velocity variations of pressure
variation turbulent flow and we can use either Reynolds equations or nevier stokes
equations plus we need some other relationships since the number of unknowns are ten
and we have got only four equations. We have already seen this root mean square
represent a general way of some of the fluctuations are turbulent quantities.

So that we have already seen uy square root of uy dash bar square uy dash bar square and

square root of u, dash bar square; these are the root mean square values.
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(Refer Slide Time: 42:04)

Reynolds equations Contd..

= With the help Statistical Theory of
Turbulence, using the mean gquantity, Root
Mean Square (RMS) and correlation are
usaful

= RMS values represent intensities of
turbulence

Generally, to solve this to get a mathematical solution is very difficult so in turbulence
flow solution what generally scientist do is they use some of the statistical theory of
turbulence here, some of the probability aspects and some of the statistical theories are
used like the mean quantity root mean square and correlations. Generally, we use to get a

solution in the case of turbulent flow.

The statistical theory is one of the fundamental theories which are used in the case of
turbulent flow solutions. So solutions means we want to find out the velocity components
and pressure components at any particular time step and at any particular point which we
consider. So this root mean square values are representing intensities of turbulence as we
have already seen. The statistical theory based upon the correlations or the RMS for the

mean quantity we can utilize.
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(Refer Slide Time: 43:12)

Reynolds stresses

+ |f a flow takes place in X- direction with a
velocity u,, The intensity of turbulence

—quantities are called cross-correlations

We have already seen the intensity of turbulence is expressed as e is equal to square root
of1 by 3 uy dash bar square uy dash bar square plus u w, dash bar square by uo, where u 0
is the mean free mean the free stream velocity and says these quantities like uy dash uy
dash bar uyx dash u, dash bar uy dash u, dash bar. These quantities are called cross

correlations.

(Refer Slide Time: 43:48)

Reynolds stresses...

« These cross-
comelations represent
additional shear

stresses due to
furbulence

These guantities can
be measured by hot
wire or hot film
anemometer
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So what we do? As | mentioned turbulent flow solution is very difficult since the
variations, so many unknowns and then we have got only few equations. Generally, use a
theory, statistical theory so there we use this mean flow mean component, then RMS and

then the cross correlations.

These cross correlations as we have seen in the previous slide here these are called cross
correlations. These cross correlations represent additional shear stresses due to
turbulence. Here in this slide you can see additional shear stresses will be generated due
to turbulence and this cross correlations represents these additional shear stresses and
these quantities can be measured by hot wire or hot film anemometer for some of the

solutions.

(Refer Slide Time: 44:45)

Contd..

The additional stresses

n
- & —boundary
ayer thickmness

. _are called apparent, turbulent or

Reynolds Stresses

Here, this slide shows the additional stresses like uy dash square bar square or uy dash bar
square or u, bar square or ux dash uy dash or uy u, dash bar or uy dash u, dash bar. These
are all the apparent or turbulent Reynolds stresses as we have seen so if some of the
components we can measure using some of the equipments like the hot film anemometer
or some of this and then this measured values we can utilize in some of the equations to
get the solutions. So here we can see in this slide if you bring y be delta, where delta is

the boundary layer thickness for a particular problem; y by delta causes ux bar by up,
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where up is the free stream velocity. Then you can see its variations for uy dash uy dash by
Uo squares it varies like this and then the mean square RMS value varies like this. So
some of the components we can measure, some of them we can use empirical relationship
and then also we can use the basic equations to get some of the solutions. As
mathematically since we cannot get solutions directly that is why we go for these kinds of

approach in turbulent flow theory.

(Refer Slide Time: 46:20)

Contd..

= Reynolds Stresses are caused by
turbulent fluctuations and are given by the
time averaged values of the quadratic
terms in the turbulent components,
caused by eddy viscosity
n = Eddy Viscosity B

Pty T g
L ]

WY

Then, we can see here Reynolds stresses are caused by turbulent fluctuations as we have
already seen and are given by the time averaged values of the quadratic terms in turbulent
components caused by eddy viscosity. We can represent this ux dash uy dash term by eta
into duy bar by dy, where eta is the eddy viscosity so this we can utilize the some of the
this relationship like ux dash by uy dash is equal to eta dx bar by dy. This is another
important relationship we use in the turbulence solutions. Now since turbulence models
as | mentioned the problem is to find out the various velocity components in X y z
directions and pressure components. So the difficulties as we have seen generally the
govern equations only four and they we have ten unknowns and then we cannot get
mathematical solution directly so generally, what we go for is a closed solution or closed

soluble set is generated.
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(Refer Slide Time: 47:28)

Turbulence Models

Difficulties in turbulent modeling - 10
unknowns & 4 eguations

Closed soluble set — but process of
averaging loses information — lost

information must be gained back through
some relations :

Called closure problems

Solutions of closure problems - turbulence
models

It is the process of averaging loses, in the process of solution some of the information
will be lost; the lost information like the stresses as we have seen Reynolds stresses some
of this will be loss and this lost information must be gained back through some other
relationship. That is what we do in this turbulence models. This way of approach is called
closure problems in turbulence modeling or turbulence solutions when we use some of
the basic equations like nevier stokes form of equations and then some of the important
information are lost. This is gained back by some other relations so this procedure is
called closure problems and solutions of closure problems are through that the present the
turbulence models. So the solutions of closure problems through this we get the

turbulence models.
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(Refer Slide Time: 49:00)

Turbulence Models. ..

* Importance of turbulence modeling
= Generally five types of Models are used
Models using only
the instantaneous Navier- Stokes
equations and no turbulence differential
equations
- Based on eddy viscosity & mixing length
concept

As far as turbulence models are concerned if we refer to literature we can see five types
of models: first one is called zero equation models. In this zero equation models what we
do is this is the process of modeling using only the instantaneous nevier stokes equations
but we do not use any direct turbulence differential equations. Generally this is achieved

through eddy viscosity and mixing length concept, this is the first approach.

Generally, literature has five types of turbulence models so first one this zero equation
models; a zero equation model is based upon the eddy viscosity and the mixing length
concept; here we do not directly use the turbulence differential equations but we use the
eddy viscosity and the mixing length concept. So this is the approach called a zero

equation model.

31



(Refer Slide Time: 49:30)

Turbulence Models. ..

Models using

turbulence kinetic energy

Models using one
differential equation involving the
turbulence velocity scale and other
differential equation involving a turbulence
length scale

Second turbulent model is called a one equation model; here we use the turbulence
kinetic energy. So instead of directly using the differential equations we use the
turbulence kinetic energy to get a solution for velocity of pressure variations. And third
kinds of models are called two equation models; here in two equation models what we do
this gives models using one differential equation involving the turbulence velocity scale
and other differential equation involving a turbulence length scale. So this is the third
kinds of models which are called two equation models; here we use one differential
equation and other differential equation involving turbulence length scale.
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(Refer Slide Time: 50:15)

Turbulence Models...

Models
invelving differential equations of all

components of the Reynolds Stress

tensor and a length scale.
Models
invelving calculation of the three

dimensional eddy structure plus a
maodel for small-scale turbulence.

Forth kind of equation model is called a stress equation model. Here, the models
involving differential equations of all components of the Reynolds stress tensor and a
length scale. So this is called stress equation models, where we use all the differential

equations and components of the Reynolds stress tensor and a length scale.

Finally, one of the last to declare another development in turbulence modeling is called
large eddy simulation. Here, what we do is this models involving calculation of the three
dimensionless eddy structure plus a model for small scale turbulence, so this is what we
generally do in the fifth model it is called large eddy simulation model. In three
dimensions we will be using the three dimensional eddy structure that means as we have
already seen eddy will be common and in eddy structure it is used plus we use a small
scale turbulence to capture the turbulence fluctuation. So that is so called large eddy
simulation. In literature we can see five kinds of models: first one is zero equation
models, second one is called one equation models, third one is called two equation
models, forth one is called stress equation models and fifth one is called large eddy

simulation models.

Due to all these complexities we will not be discussing further all this models but we will
be discussing only some of the zero equation model concept like a mixing length and
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other things in the following lectures for the turbulence flow simulations in channels and
pipes. Since other models involve a lot of mathematical and lot of complexities we will

not be discussing the other four models. We will be discussing next mixing length theory
and related concept.
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