Time Dependent Quantum Chemistry
Professor. Atanu Bhattacharya
Department of Inorganic and Physical Chemistry
Indian Institute of Science Bengaluru
Module 04 Lecture 31
Python Tutorial 4 (Eigenvalue and Eigenfunction)
Welcome back to module 4 Python tutorial 4 of this course Time Dependent Quantum
Chemistry. In this module, we have -- In this tutorial, we have learned how to represent a
matrix and then how to get them eigenvalue, eigenvectors. And Python has a particular way
of presenting eigenvalues and eigenvector and we have to collect that information

specifically. So, we look at it how to collect it.
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Example 1: Find eigenvalues and eigenvectors of
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(c) Step 3: Finding Eigenvalues and Eigenvectors

from scipy import zeros
from scipy.linalg import eig
A=zeros((2,2))

A[00]2

Al01]-1

A[LO}1

AlL1]R2

E V=eig(A)

print(E[0])

print(V[;0])

print(E[1])

print(V[;1])

(3:0)
[0.70710678 0.70710678]

(1+05)
[-0.70710678 0.70710678]
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B Sefect Command Prompt o >
C:\Program Files (x86)\Python38-32>python testl.py " =
[[e. e.] \#zeros functionality is imported from scipy module A
[e. a.]] from scipy import zeros “;
: from scipy.linalg import eig WPTELiSe
C:\Program Files (x86)\Python38-32>python testl.py # a(2x2) null matrix is constructed
([2. 1.] A=zeros((2,2))
[1. 2.]]
S Al9,0]=2
5 . A[,1]=1
C:\Program Files (x86)\Python38-32>python testl.py
5 . Al1,0]=1
[3.40.5 1.40.3)
[ 0.76718678 -8.76718678) AL 1]=2
[ 0.76718678 8.76718678]] E,V=eig(R)
print(E[8])
C:\Prugral Files (x86)\Python38-32>python testl.py print(v[:,0])
(3+87) print(E[1])
[mﬂm] print(v[:,1])

(1+23) 3
[-2.76718678 @.70718678]

C:\Program Files (x86)\Python38-32>

In 14, Col 14 100%  Windows (RLF)  UTF8




Python will be clubbed every eigenvalue and eigenvectors in a particular arrangement and if
we want to collect it the way it is presented here is that this particular eigenvalue is
corresponding to the first column of this matrix, this eigenvalue matrix, V matrix. And the

second eigenvalue corresponds to the column of this second column of this matrix.

So, we will check it how to get that we will first write down specifically instead of printing E
will just print E 0, the first eigenvalue. And corresponding V, if we want to corresponding
eigenvector, if you want to print, then it is going to be colon comma 0, so entire column has

to be printed. Similarly, there are two eigenvalues we have.

So, second eigenvalue is going to be, it is going to be one because index starts from 0 and the
corresponding eigenvector is going to be now 1, that is the way we can pull up the
information specifically. And if we run this program, we get the following results.
Corresponding to the eigenvalue three, | have this eigenvector 0.7, 0.7. And this is going to

be the column vector actually. So, I will go back to the slide right now.
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(c) Step 3: Finding Eigenvalues and Eigenvectors
¢
(1

(
from scipy import zeros @ A) 0% Wh ‘/2
from scipy.linalg import eig = ’

A=zeros((2,2)) . 'g() v n\}*ﬁ‘ \

A[0.0]22 X 0 \/ -

A0 « DX”" v
o g L

A[L0J1

AlL12 .

I\@D/ U‘”{F - (—&’)} t
print(E[0]) A

print(V[;0]) 0,
print(E[1])

print(V[;1]) A’

(3+05)
—>3(0.70710678 0.70710678]
—

(1) €
—{-070710678 0.70710675]
b SN
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So, corresponding to the eigenvalue 3, | have now this eigenvector, the right normalized
eigenvector. Right normalized eigenvector is nothing but a column matrix, column matrix is
represented by 0.7 by 0.7. And corresponding to this eigenvalue | have another column
matrix which is minus 0.7 and 0.7. So, these are two matrices we have, the eigenvectors we

have.

-2

0.7



- |

And if we compare these two eigenvectors, we will see that the same results we have got,
basically we represent -- When indeed analytically, we have got the eigenvectors as square
root 1 by square root which is nothing but the value which we have got here. And another
eigenvector was my minus 1 by square root of 2, 1 by square root of 2. And that is exactly

what we have found here.

1 1
5] N
V2 2 1 V2
1 |Th z]_} 1
V2 V2

So, numerically we get the same result, only one point to be remembered here is that the way
this array has been represented, it looks like a row matrix. This is just a visualization that is
the way Python will print. Python is printing like a row does not mean that it is a row matrix,
it is actually our column matrix, we have to remember that. So, it is just a visualization and
one can change the visualization by changing certain, by giving certain command in this

construct.

We will just skip that because that details we do not need immediately. But we will
remember that this is just a printing issue of Python. The Python will print it like this way,
but it is actually this E V, this construct will give me a only right normalized eigenvector that
we have to remember, it is going to be always right normalized eigenvector. Right

normalized eigenvector, it is nothing but a column matrix like this.

So, corresponding to a particular eigenvalue how to get the eigenvector that we have already
found. And if we have these results, then one can actually go ahead and test, one can now test

the properties of these eigenvectors.

(Refer Slide Time: 05:55)
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Testing Properties of the Eigenvectors

from scipy import zeros
from scipy.linalg import eig k%8B

A=zeros((2,2)) % _—
A00}2 QA?K ) AR
A1 — —
A[LO

AlL12

E,V=eig(A) { L N S

( A
print(V[:1]@ V[;1]) 4
print(V[;0j@ V[ 1]) o)

0.9999999999999998 "
(.9999999999999998

00

0
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o

B Comemand Prompt

C:\Program Files (x86)\Python38-32>python testl.py A it t N
[[e. e.] #zeros functionality is imported from scipy module %\E
[e. 8.]] from scipy import zeros _‘;
from scipy.linalg import eig WTEL, WSe
C:\Program Files (x86)\Python38-32>python testl.py # a(2x2) null matrix is constructed
[H ;}] A=zeros((2,2))
C A[8,8]=2
C:\Program Files (x86)\Python38-32>python testl.py AfB,1]-1
[3.49.3 1.40.) A[1,0]=1
[[ @.70718678 -9.70710678) A[1,1])=2
[ ©.76710678 @.70718678]] E,V=eig(R)
print(v[:,0]ev[:,e])
C:\Program Files (x86)\Python38-32>python testl.py print(V[:,1]8V[:,1])
(3+03) print(v[:,e]ev[:,1])
[@.70710678 ©.7716678]
(1+03)
[-8.70718678 @.70718678]
C:\Program Files (x86)\Python38-32>python testl.py
P.9999999999399993
£.9999999993399993
.8
C:\Program Files (x86)\Python3s-32>,
In 3, Gol21 0% Vindous ICRLA  UTF3

Properties such as we know that if | have eigenvectors, there are two eigenvectors if | have
then inner product with itself because it is normalized it should give me 1, inner product with
the other eigenvector, is going to be an orthonormal, each vector would be orthonormal. So,
if | take the inner product with itself, it is going to be 1. So, both would be 1, this one also
should be 1.

But if I take the inner product with the other vector, it is going to be O because it is
orthogonal to each other. So, let us prove that we have situations like this and to get the inner
product is a very simple way to get the inner product. Inner product can be used with this at

the rate sign, this is the vectorial product. So, in general scalar product is used by this star.

So, A multiplied by B this is the scalar product, but if | want to take a vectorial product, it is

going to be, the inner product is going to be A at the rate sign B or A. So, we will take a look



at it whether these vectors which you have created already, they follow the properties which

we are familiar with, they should be orthonormal.

So, I will be able to take the inner product as follows, | have this eigenvector and if I multiply
this eigenvector vector product inner product, so then I can also take the inner product for the
other eigenvector and | can take them between two eigenvectors. So, if we do that, then | get
back following information. I will go back to the slide. | have the first inner product between

these two eigenvectors giving me 1, it is close to 1.

So, this is a numerical value and it means that this vector is normalized. On the other hand, if
| take the other vector inner product that is also normalized. And if we take the inner product
between two vectors, then what I get is 0 which means orthonormal. So, what we are getting
is this eig functionality is giving me ortho normal right eigenvectors corresponding to a

particular eigenvalue. We have proved this one.
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(a) Automated Construction of Matrix j

from 5cip)' import zeros,arange o My ]
A=zeros((3,3))
for i in arange(3):
Ali,i]22
for i in arange(2): N
Aliitl]=1 >

AfiLij=1 :
print(A) S&oX3
[[2-1.0]
[1241]
[0.-1. 2]
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Example 1: Find eigenvalues and eigenvectors of l"l I
\ 2

Testing Properties of the Eigenvectors

from scipy import zeros

from scipy.linalg import eig k%8B
— A=zeros((2,2)) Q;‘?( ) T

AlO0 AR

A0,1] j—

A[L0]
A[L1]
E,V=eig(A) { L N P

print(V[:
print(\'[:, @Vl

2
1 e
1
2

o B>

0.9999999999999998 "
(.9999999999999998

00

-
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We will move on and we have already seen the general procedure to construct the matrix.
Now, we will move to this tridiagonal matrix. Tridiagonal matrix is something which we will
be dealing with in quantum mechanics very frequently, because the kinetic energy part adopts
this tridiagonal form. So, if it is adopting tridiagonal form, we have to learn how to get that

eigenvalue eigenvector of the tridiagonal matrix.
2 -1 0
-1 2 -1
0o -1 2

Now, if you look at the tridiagonal matrix, something is very interesting to note its diagonal
elements all diagonal elements are actually 2, then upper diagonal elements is minus 1 lower
diagonal element is also minus 1. So, instead of 3 by 3 matrix, if somebody is asking me to
construct let us say 3000 by 3000 method matrix, two-dimensional matrix, in that case | have
to write down 2, 2, 2 in the diagonal form minus 1 minus 1 like this way in the upper

diagonal form, and then minus 1 minus 1 in the lower diagonal part also.

And this needs to be written many, many times. So, previously what we have done, we have
manually, once we have created the null matrix, we have manually entered the values of the
each element, we have reassigned the values of each element manually. We can automate the

process matrix construction by using a for loop.

And that is exactly what we are going to learn. For a matrix of let us say 3 by 3 dimension or
2 by 2 dimension, we may not need a for loop, we can manually enter them, re-enter the

values of each element. But if you are constructing a large matrix, very large matrix, then for



loop would be the only option and one should make use of this automated option. So, we will

look at how to automate the process.

(Refer Slide Time: 11:21)

= test! - Notepad

C:\Program Files (x86)\Python38-32>python testl.py | Fie Edit Format View Help 7S
[[e. e.] lﬁzer'os functionality is imported from scipy module %\2
[6. 8.]] from scipy Import zeros,arange ‘;

) | from scipy.linalg import eig HPTEL WS
C:\Program Files (x86)\Python38-32>python testl.py # a(3x3) null matrix is constructed
[[i' ;‘] A=zeros((3,3))
[Fio Al for i in arange(3):
C:\Program Files (x86)\Python38-32>python testl.py
[3.+0.3 1.40.3] .
[[ 6.70716678 -0.70718678) E,V=eig(h)
[ 8.76718678 0.70718678]] print(V[:,0]av[:,8])

print(V[:,1]8v[:,1])
C:\Program Files (x86)\Python38-32>python testl.py print(V[:,0]6v[:,1])
(3+03)
[@.76710678 ©.70710678]
(1+03)
[-0.76718678 @.70718678]
C:\Program Files (x86)\Python38-32>python testl.py
©.9999999999999993
©.9999999993999998
p.e
C:\Program Files (x86)\Python38-32>
y‘ (n7,Col2 W0%  Windows [RF)  UTF-§ I

The first step is as usual, we will first create the zero matrix. And that we will keep it as it is
zero matrix. And in this case, we will make 3 by 3 matrix. Because our desired matrix each
dimension is 3 by 3. So, we will call it is zeros 3 by 3. That is the way we will mention and
then instead of assigning manually, we will assign through automate the assignment process.

So, we will write down as for i in arange, arange functionality we will use. So, we will import
this arange functionality, previously we have seen arange functionality can produce a list of
elements. So, arange 3, this is something which we are using for the first time and | will

explain what does it mean by arange 3. Previously, | will go back to the slide.

(Refer Slide Time: 12:22)
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(a) Automated Construction of Matrix

92 =4
from s scipy import zeros,arange _l 9. =
A=zeros((3,3)) /\7[0 4 ZJ —\\L S
foriin arange(3): S N \‘
Alii]=2 y EO LJ : Ni'®

for i in arange(2): N .

Aliilj=1 R

Ali+li=1
print(A) o _l: _‘«l_-f 3 570X 3
(21 0] QY‘D«Y\%Q (S%’O.\A’)‘i&’b}) ) &“TEP) =
M. 2.-1] avarge(4, 4 Y o m
[0.-1. 2] i 2 '}J AV\/JQ :‘?)4—0

- (b=
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So, previously, we have always used this arange functionality as start, then stop, then step.
So, it will give me, it will. So, if the range functional, if | am giving this to be 1, then 4, then
1, it will create a list of element like 1, then 2, then 3, and it will stop at 3, because the stop is

not included in the list in the sequence. That is the way arange functionality works.

And that is the construct which we have used before. It is giving me the list of elements
which | need, but there is another very frequently used construct for arange functionality and
that is called arange, just write down arange stop. So, what it does, if | do not use three input
for the arange functionality, if | use only one input, it will be considered to be as stop, stop

input.

And then by default, it will consider 0, 1 like this, and then stop minus 1 because it will
exclude stop, and it will print up to stop minus 1. So, by default is taking the step size to be 1,
step to be 1 and starting point to be 0. So, that is the default input it will take. So, arange
functionality works with both constructs one construct where we give three inputs together,

where we can control where to start and when to stop and what is the step size.

But if I use only arange functionality with only one input, that one input would be considered
to be the stop input. And default by default, it will start from 0 and it will end at stop minus 1
value because always it will exclude the stop value. And that is exactly what we have done
here. If | say arange, arange 3, it means | am getting a list of following lists 0, 1, 2 following
list, and arange 2 | will get list 0, 1, 2 will be excluded. So, these are the list time getting. And

this functionality we are going to use right now.

(Refer Slide Time: 15:41)



= test! - Notepad

C:\Program Files (x86)\Python38-32>python testl.py | Fie Edit Format View Help S
[[e. a.] ;#zems functionality is imported from scipy module %/é\i
[6. a.]] from scipy import zeros,arange _‘45?
from scipy.linalg import eig WTEL USe
C:\Program Files (x86)\Python38-32>python testl.py # a(3x3) null matrix is constructed
[E ;}] A=zeros((3,3))
s for i in arange(3):
C:\Program Files (x86)\Python38-32>python testl.py - AlL,1]=2
[3.40.3 1.40.) for i in arange(2):
[[ 8.76710678 -8.76710678) AL, ie1]=1
[ 0.76718678 0.70718678]] Ali41,1]=-1
print(A)

C:\Program Files (x86)\Python38-32>python testl.py

J
[0.76716678 0.70716678]
(1+0)

[-0.78716678 @.70716678]

C:\Program Files (x86)\Python38-32>python testl.py
0.9999999933399998
£.9999999993399998

8.8

C:\Program Files (x86)\Python38-32>python testl.py
[2 1 o)

[1. 2. -1.]

[o. 1 2]]

C:\Program Files (x86)\Python38-32>

In 11, Gol9 100%  Windows ((RLF)  UTF8

So, we have for i in arange 3, | have to specify now, i comma i. So, what | am going to do
right now, diagonal elements | am specifying and | know that diagonal elements is going to
be A i, i, that is 2 always. Next, | am going to specify off diagonal, upper diagonal and lower
diagonal elements. i in arange | am going to use 2 and then A i comma i plus 1 is going to be

minus 1, Ai plus 1 comma i, it is also going to be minus 1.

So, upper diagonal elements will be x expressed by i i plus 1, lower diagonal elements will be
expressed by i plus 1 i and both values are 1. So, we will be able to get the matrix will do one
thing. After construction, we will just print the matrix to check what we have constructed. So,
if we run the program, we get the desired matrix where diagonal elements are 2, upper
diagonal elements are minus 1, lower diagonal elements is minus 1. And so, we have

constructed the matrix which we want to do.
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(a) Automated Construction of Matrix

\L‘/ 7_-1

L,)/ from scipy import zeros,arange 9.
A["/")_,L hmrs(33) -5(0 1. 2] g = LP
b l] o for i in arange(3): o N \\
P([:L,:Q'J- Aliil2 o /s
— foriinarange(2): (¥ EO 4. & TRy
y AliitJ=1 = N
AR AfitLij=1
49\[011] oy d\t(;\)l 1 A L & RE0X3
A@;ﬁ) - I avange (stakstop , dep) =
T BRA avovrge(4, 4 Y
AC;,’L’), [ 24 e @
oo 10120 21 vvyz »4—0
A) 4 J - (fe! 33

So, what will happen in the first, we will go back to the slide right now. In the first loop, it
will collect the value for A 0, O that is going to be 2, second loop it is going to be 1, 1 that is
going to be 2 and third loop it will collect the value 2, 2 that is going to be 2. So, | have first
row first column, second row second column, third row third column, third row third column

is given by A 2, 2 which is the element 2. So, this is the, this is all about this iteration.

For this iteration, for the first iteration, | will have A, i value will be taken from arange and
look at this for the first iteration, | have set the arange to be 3 which means that | have only
index value to be, i value to be selected from 0, 1, 2 only. So, three values are selected. And

these are the indices which you have selected from the arange functionality.

On the other hand, for the next one, | have only option two 0, 1. And that is why | will write
down first one is 0, and then second one is going to be 1, that is going to be minus 1. So, what
it does in the first loop, | am reassigning as minus 1. So, this is going to be the first row
second column, first row second column is going to be this one, then second row first column

is going to be this one. So, this two has been assigned.

In the second iteration, this is the first iteration, second iteration | will have A next number is
1, so it is going to be 1, 2, that is going to be minus 1. And 2, 1 is going to be minus 1. So, |
have these values and these values. And then | do not have any other numbers so that is why

the for loop will terminate and will go to the next command line.



So, for loop we will be running for two iterations here. And here for loop will be running for
three iterations and that is the way we are replacing automating the construction of this

matrix. So, we have got back the python representation of this matrix.

(Refer Slide Time: 20:12)
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(b) Directly Finding Eigenvector and
Eigenvalues of the Tridiagonal Matrix

from scipy.linalg import eig
from scipy import zeros,arange
A=zeros((3,3))
for i in arange(3):

Alii]22
fori in arange(2):

-

Alit1,i}=1
E,V=eig(A) 00000000e 00[7.07106781e-01| 5.00000000-01
———
print(E) 7.07106781e-01] 4.05925293¢-16{7.07106781e-01
print(V) 5.00000000e-0]\ 7.07106781-01)5.00000000¢-01]

Time dependent Quantum Chemis| lr\

| B Command Promt O
fe. .]] 4
#zeros functionality is imported from scipy module
:\Program Files (x86)\Python38-32>python testl.py |from scipy import zeros,arange
2. 1.] |from scipy.linalg import eig
[1. 2.]] # a(3x3) null matrix is constructed

A=zeros((3,3))

:\Program Files (x86)\Python38-32>python testl.py for i in arange(3):

[3.40.3 1.40.3] Sl

([ 0.70710678 -0.70716678) AL

[ 0.70710678 6.7071678]] for 1 in arange(2):
AlL, i#1]=-1

:\Program Files (x86)\Python38-32>python testl.py Ali+1,i]=-1

j E,V=eig(A)

[0.76710678 ©.76710678] print(E)

(1+83) print(V)

[-0.76716678 0.76710678]

+\Program Files (x86)\Python38-32>python testl.py
.9999999999999998 :
.9999999999999998 b
.8

\Prngr‘al Files (x86)\Python38-32>python testl.py
(2. 9 ]
[-1. 1 L]
[e. -1 2.J]

:\Program Files (x86)\Python38-32>python testl.py
[3.4142135649.5 2. 0.7 0.5857864440.5]
[[-5.00000000e-01 -7.07106781e-01 5.000000002-01]

[ 7.07186781e-01 4.05925293e-16 7.87186781e-01]

[-5.00000000e-01 7.67106781e-81 5.00000000e-01]]

:\Program Files (x86)\Python38-32> ,! n13,Cal9 100%  Windows [CRLF UTF8.

Next, what we will do, we will just follow the usual procedure to find out the eigenvalue
eigenvectors of this matrix. We will just write down E comma V equals the first one would,
be the first option is going to be eigenvalue second option is going to be eigenvector which
can be represented and then A. So, if we do that and then if we print E, so this is Python will
be printing on its own way one can extract each one, each eigenvalue and eigenvector

following a construct I have already shown.



So, if | print these two, then what | get is that, it has three eigenvalues, we will go back to the
previous to the slides right now. So, | have now, this is this is one eigenvector, sorry, the
eigenvalue, then another eigenvalue and then another eigenvalue. So, there are two

eigenvalues | have one is this one.

So, each one having this complex notation. | do not need this complex notation, each one is 0,
that is why this is one eigenvalue, this is another eigenvalue and this is another eigenvalue,
there's three eigenvalues | have. And corresponding eigenvectors are following, | have to
construct this is one eigenvector then this is right eigenvector corresponding to this and

corresponding to this this is another eigenvector.

So, there are three eigenvectors | have already found and these will be all in grid
representation. So, we can directly calculate the eigenvalues and eigenvectors of a tridiagonal
matrix. But this is not and the procedure which I am showing the direct procedure where | am
using this, I am using making use of the entire matrix. This direct procedure can be useful for

that lower dimension like let us say a 3 by 3 matrix I have in that case it can be very quick.

(Refer Slide Time: 22:50)
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But when we have very large very, very large tridiagonal matrix and if you are dealing with
very large tridiagonal matrix one can see one can go for this elemental map of this matrix. If
we carefully go over the elemental map, we see that all the elements are actually 0. And only
| have this further tridiagonal matrix | have the diagonal matrix elements which are nonzero

and upper and lower diagonal elements are nonzero.



So, there are procedures which one can follow to represent the difference storage form, one
can use a different storage form for this kind of large diagonal matrix to reduce the
computational time. So, if you are dealing with very large tridiagonal matrix, it is better not
to directly use this matrix and find out the eigenvalue and eigenvector with the help of this

construct. We should not do that.

We should use some other technique which would be more computationally time effective if
we perform in a different way. So, we will present it how to deal with very large tridiagonal
matrix and we will prove that if we directly do that calculations, instead of doing direct
calculation, if we do it in a band storage form, then the computation would be much more
efficient and computation time can be extraordinarily reduced.

So, in quantum mechanics, we often work with very large Hermitian matrix of tridiagonal
form which is shown here. And a generic structure of the tridiagonal matrix shown here. A
square matrix possessing nonzero elements only in the main diagonal is called a diagonal
matriX. So, if | have a matrix where only diagonal elements having nonzero values, remaining

part is 0 then is called diagonal matrix.

The main diagonal of a matrix consists of elements that lie on the diagonal that run from top
left to the bottom right. A tridiagonal matrix which is presented here has nonzero elements on
the main diagonal, this is the main diagonal and on the upper diagonal, this is upper diagonal

and this is lower diagonal part and these values would be nonzero in a tridiagonal matrix.

So, in tridiagonal matrix is also called a band diagonal matrix because it is only nonzero
elements are confined to a diagonal band. So, one can think about a band like this and all
nonzero elements have been confined within this band, and that is why it is called also band

diagonal matrix.
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Now, in module four, we have realized that the defining condition of a Hermitian matrix. this
is an Hermitian matrix and defining condition of a Hermitian matrix is that it is self-adjoint.
So, if it is an Hermitian matrix it has to be self-adjoint. And self-adjoint what does it mean?
Ailj is going to be Aji star. And due to this symmetry, because it is self-adjoint due to the
symmetry of Hermitian matrix, a tridiagonal matrix N*N matrix can be stored as 2 by N band

storage form. So, this is called band storage form.

So, the point | am trying to make here is that instead of dealing with very large tridiagonal
matrix, one can store the entire tridiagonal matrix in its band storage form. And if we do that,
then one can see that the actual matrix was N by N, let us say 3000 by 3000 the big matrix
that can be stored as 2 by N which is two by 3000, let us say. So, the memory which will be
used to store the matrix can be reduced significantly if we use this band storage form of the

tridiagonal matrix.

There are two ways one can store the tridiagonal matrix in the band storage form one is called
the upper diagonal elements with the help of upper diagonal elements. Upper diagonal
elements, so we know that this is diagonal element and this part is upper diagonal element.
So, with the help of only upper diagonal element, | can store it. And the way | can store it is
following | have 0 then, so first to be 0, and then this upper diagonal elements and then the

diagonal elements.
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On the contrary, one can also store with the help of lower diagonal elements, and in that case,
it is going to be the diagonal elements first, and then in the second row we will have the
lower diagonal elements with 0 in the end. So, these are the two different representations of
band storage form. So, what we get is that we actually store, we are actually storing the very
large Hermitian tridiagonal matrix in the band storage form to reduce the memory

consumption for the entire, when you are dealing with the matrix.

And if we do that this band storage form, then scipy linear algebra the sub module gives me
one very efficient functionality to calculate the eigenvector and eigenvalues for this kind of
matrix, if it is stored in the band storage form. So, and with the help of this. So, instead of

only eig within bracket | have to use now underscore then banded then bracket.

So, what will, the bottom line of the entire discussion is that, if | have a very large Hermitian
tridiagonal matrix, first thing | should do to reduce the memory consumption and to make the
computation effective or faster, we have to convert this matrix form this large matrix to one
of the band storage forms either upper diagonal with the help of upper diagonal elements or

with the help of lower diagonal elements, their structures are different, but one can convert it.

The moment we convert it, we get this 2 by N matrix, and then this new matrix, | will name it
let us say B. So, this was this was A, | will call it B and then | can find out the eigenvalue and
eigenvector using this construct eig underscore banded B. So, we will take a look at it, how to
do that.
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mmand Prompt =) B

am Files (x86)\Python38-32>python testl.py 2] /“\‘
. -1, -1.] |#zeros functionality is imported from scipy module * Y
[25 2 20]) from scipy import zeros,arange js
. from scipy.linalg import eig o
C:\Progran 1“ x86)\P # a(3x3) null matrix is constructed
0 k
[2. 2. 2.]]
C:\Program Files (x86)\Python38-32>
#Construct (2x3) band storage form
A_band_up=zeros((2,3))
for i in arange(2):
A_band_up[0,i+1]=-1.0
for i in arange(3):
A_band_up[1,i]=2.0
print(A_band_up)
|
in5,Col1 100%  Windows (CRLF) UTF-8

8 Select Command Prompt O

C:\Program Files (x86)\Python38-32>python testl.py &
[[e. -1. -1.] |#zeros functionality is imported from scipy module
[2. 2. 2.]] from scipy import zeros,arange

from scipy.linalg import eig
#

C:\Program Files (x86)\Python38-32>python testl.py
I[2 -1. o]
AR

1.
bl v
[§
C:\Program Files (x86)\Python38-32>,

a(3x3) null matrix is constructed

#Construct (2x3) band storage form

A_band_up=zeros((2,3))

for i in arange(2):
A_band_up[@,i+1]=-1.0

for i in arange(3):
A_band_up[1,i]=2.0

print(A_band_up)

v tn5, Col 1 100%  Windows ((RLF)  UTF-8

We will move to the laptop right now, and we have already constructed the tridiagonal
matrix. And this tridiagonal matrix we have constructed now, we will construct 2 cross 3
band storage form. So, we have to now reconstruct the band storage form. And for that, what

we will do we will use upper diagonal elements.

So, for that what we need to do we have to start with a null matrix of 2 by 3 dimension. So,
remaining part, this part is not of use, we will just keep it as it is. So, this part is to show
conventionally how to prepare the large matrix and then directly how to get the eigenvalues

and eigenvector, we are not following that procedure.

So, these entire steps will be obsolete right now, we are following another steps. The steps is

that by looking at the matrix which we are going to prepare, it is clear that is a tridiagonal



Hermitian matrix. And that is why we can store it in a band storage form. And in order to

store the band storage form, first we have to prepare the null matrix.

So, we will prepare zeros, 2 by 3 and we have named the null matrix as A band up, up we are
showing because we are going to use the upper diagonal elements and then we will automate
the procedure for i in arange 2 this matrix this array values has to be specified and this is
going to be 0 comma first row and i plus 1, this is going to be minus 1.0.

And for i in arange 3, | have to now reassign the elements it is going to be first row and this
and that value is going to be 2.0. What we will do? We will not print to see what we are
constructing. So, we have constructed the band storage form and now we run the program.
So, what we have done, we are commanding to print the normal form of the tridiagonal

matrix.

So, that has been printed here. And then with the help of the upper diagonal elements, we
have printed this. So, that is the band storage form with the help of upper diagonal elements.

So, take a look at it. Let us go back to the previous slide. So, we have shown in the slides.
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So, what we see here is that if we use the upper diagonal elements, here we are using upper
diagonal elements, the first element, the element at the first row first column is going to be 0,
and then remaining part is going to be remaining the each element in this different column of

the same row is going to be minus 1. And that is exactly what we have commanded here.
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C:\Program Files (x86)\Python38-32>python testl.py
[Le.-1. -1.]
2535 301
C:\Program Files (x86)\Python38-32>python testl.py
M2 -1. o]
[ 1

C:\Program Files (x86)\Python38-32>

3 testt - Notepad - o
A|Fie Edit Format View Help Y.P"
| #zeros functionality is imported from scipy module 3%,
from scipy import zeros,arange L\
from scipy.linalg import eig WPTEL WS¢
|# a(3x3) null matrix is constructed
A=zeros((3,3))
|for i in arange(3):
Ali,i]=2

8. . ‘
for i in arange(2):

| Al1,i#1]=-1

Ali+1,i]=-1

‘print(A)

#Construct (2x3) band storage form

A_band_up=zeros((2,3))

for i in arange(2):
A_band_up[@,i+1]=-1.8

for i in arange(3):
A_band_up[1,i]=2.0

| print(A_band_up)

X

v n15,Col 17 100%  Windows (CRLF) UTF-8
1 Command Prompt - O X
C:\Program Files (x86)\Python38-32>python testl. al {,)
[[e.-1. -1.] l#zeros functionality is imported from scipy module { %
[i2-0 25 2.]) from scipy import zeros,arange \
from scipy.linalg import eig,eig_banded WPTEL WS¢
[:\Program Files (x86)\Python38-32>python testl.py # a(3x3) null matrix is constructed
(2 -1 o] |A=zeros((3,3))
{_; _i g:}] Ifor i in av;arfge(3):
(e -1 -] AL
E2. 2. 21 for i in arange(2):
Al1,i+1]=-1
C:\Progran Files (x86)\Python38-32>python testl.py | A[i+1,1]=-1
E1,Vi=eig(A)
C:\Program Files (x86)\Python38-32>python testl.py print(E1)
[3.4142135640.5 2. 0. 8.58578644+0.5] print(v1)
[[-5.02000000e-01 -7.67106781e-01 5.80000000e-01] #Construct (2x3) band storage form
[ 7.07186781e-01 4.05925293e-16 7.07106781e-01] A_band_up=zeros((2,3))
[-5.00000000e-01 7.07106781e-01 5.00000090e-01]] f;r i ;" arange(2):
[0.58578644 2. 3.41421356]
[[-5.00000000e-01 -7.07106781e-81 5.! -01]
[-7.07186781e-01 3.12250226e-16 -7.87106781e-01]
[-5 o1 7.87106781e-81 S 01]]
C:\Program Files (x86)\Python38-32>*S, pi
print(V2)
|
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eig banded

from scipy linalg import eig eig_banded
from scipy import zeros,arange
A_band_up-=zeros((2,3))
fori in arange(2)

A _band_up[0,i+1]=1.0
for i in arange(3)

A _band_up[1,i]-2.0
E,V=eig_banded(A_band_up)
print(E)
print(V)

41421356)

[[-5.00000000e-01 -7.07106781e-01 5.00000000e-01]
[-7.07106781e-01 3.12250226e-16-7.07106781e-01]
[-5.00000000e-01 7.07106781e-01 5.00000000e-01]]
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If we go back to the laptop, we will see that for this iteration the first iteration, therefore for
the first loop, | have commented that for the zeroth row which will be 1, index 0 means it is a
first row. For the first row and second column and onwards, first row second column, first

row third column, first row fourth column like this way, all is going to be minus 1.

And how far it should go? It should go up to arange 2, which means that 2 will be excluded.
So, | have only 0 and 1. So, it should go up to 1 and 2. So, two elements | have, minus 1
minus 1. On the other hand, for the next for loop, | have set the row to be 1, which means the

second row and for entire column, | have to use two values and I get this band storage form.

So, this is exactly the band storage form with the help of upper diagonal elements. Once we
have that band storage form with the upper diagonal elements, one can actually calculate the
eigenvalues and eigenvectors. So, | will put this to be, we will do both, directly we can
calculate the eigenvalues of the entire matrix which is here or one can also calculate them
eigenvalue eigenvector of the band storage form corresponding to this the matrix A, this is

the band storage form.

And in that case, | have to use eigen banded. This is the construct. So, | have to also import
the same functionality from scipy linear algebra sub module. So, if we run this program, and
we have to print it. So, print E, print V. Here also we have to print, print -- We will name
different, we will make it E1, V1 and this one as E2, V2. So, this print would be 1, 1 and this
IS going to be E2 and print V2.

So, if we do that, what we get is that we get the same results actually, if we run, if we try to
calculate directly with the help of interest matrix and if we run the calculations with the band
storage form, we see that the same results we are getting. In the band storage form the values
are 0.5, 8, then second one is 0.2, third one is 3 point something and that is exactly what we

get 0.5, 2 and 3.4 these are the three eigenvectors we get.

On the other hand, corresponding to 3.4 this eigenvalue | have this eigenvector minus 5, 7,
minus 5 and what | get is 5, minus 7, 5. So, this part, this negative part is coming in to the
fact that you have this, if we multiply each element by minus 1 it is going to give you this

values. So, they are the same eigenvector.

On the other hand, for corresponding to 2, we have now minus 7, 4 and 7. And here | have

0.5. So, corresponding to 0.5 | have then 5 7 5. So, | have minus 5, minus 7, minus 5. So,



they are presenting the same eigenvectors which | have calculated through the band storage

form.
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from scipy linalg import eig eig_banded
from scipy import zeros,arange

A _band_lower=zeros((2,3))
for i in range(3)
A _band_lower{0,i]-2.0
for i in range(2).
A band_lower(1,i}=1.0
print(A_band_lower)
E,V=eig banded(A_band_lower,lower=True)

(b) Step 2: Find

print(E)
Eigenvaluesand | print(¥)
Eigenvectors using |12 2 2;
eig_banded (.-1.0]
(0585786442 341421356]

[[-5.00000000e-01 -7.07106781e-01 5.00000000e-01]
[-7.07106781e-01 3.12250226e-16 -7.07106781e-01]
[-5.00000000e-01 7.07106781e-01 5.00000000e-01]]
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i Command Prompt

o

C:\Program Files (x86)\Python38-32>python testl.py
[[2 -1. o]

L]

[e. -1. 2.J)

2 2. 2]

[-1. -1. 0.]]

[8.58578644 2. 3.41421356)

s o1 7,07 oS ot

[-7.07186781e-81 3.12250226e-16 -7.87106781e-01]
[-5.00000000¢-01 7.87106781e-81 5.00000000e-01]]

C:\Program Files (x86)\Python38-32>python testl.py
[[2 -1 o]

1. 2.1

[e. -1 2.]]

M2 2. 2]

[1. -1. o.]]

[-3.62619807 -0.51513805 2.14133612]
[[-0.55489803 -0.71709346 0.42185901]

[ 0.72851788 -0.17384567 @.66260047]

[-0.4018081 @.67494789 0.61886638]]

C:\Program Files (x86)\Python38-32>python testl.py
[[2 -1. o]

Bk ey

[e. -1. 2.]]

M2 2. 2]

[-1. -1. 0.]]

[8.58578644 2. 3.41421356]
[[-5.00000000e-01 -7.07106781e-81 5.00000000e-01]
[-7.07186781e-01 3.12250226e-16 -7.87106781e-01]
[-5.00000000e-01 7.07106781e-01 5.00000000e-01]]

C:\Program Files (x86)\Python38-32>

l#zeros functionality is imported from scipy module

from scipy import zeros,arange

from scipy.linalg import eig,eig banded

# a(3x3) null matrix is constructed
|A=zeros((3,3))

for i in arange(3):

Ali,i]=2

for i in arange(2):
Ali,i+1]=-1
A[i#1,i]=-1

WPTEL WS¢

‘print(A)

#Construct (2x3) band storage form

A_band_lower=zeros((2,3))

for i in arange(3):
A_band_lower[0,i]=2.0

for i in arange(2):
A_band_lower[1,i]=-1.8

print(A_band_lower)

E,V=eig_banded(A_band_lower,lower=True)

print(E)

print(V)

1n15,Col 29 100%  Windows [RLF)  UTF-8
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So, now, one may want to use another convention, one can use the lower band for the band
storage form. So, I will write down lower. And if it is lower, then this values would be 0, first
0 and then this is going to be 1 and this is going to be 2 and second one is the 1, i and that is
going to be minus 1 and this one going to be 2 and this is going to be 3. Now, one can, this is

going to be lower.

And if we now print this entire band storage form. And here also, we print A. What we see
here? Now, we are actually using the lower diagonal matrix. So, if we look at, if we go back
to the slides, we see that if we are using the lower diagonal elements, then the band storage
form we use, then the diagonal elements comes in the first row, and the second row will be
occupying the lower diagonal elements, the last value would be 0. And that is exactly what is

going on here last value is 0.

So, we are getting back this matrix band storage form and one can now calculate the
eigenvalues and eigenvectors by this. But in this case, because we are using lower diagonal
elements, we have to by default, it is taking the upper diagonal elements, but if | specifically
want to use lower diagonal elements, then | have to make lower to be true, then it can

calculate otherwise not be able to calculate it, and then we have to print it, print E, print V.

So, it is giving me the same result 0.5, 2, 3.4 these are the eigenvalues. And so, | get back the
same eigenvalues, it depends on what kind of storage procedure we are following and if we
have a particular procedure to store we will just use it. So, if I do not use this lower equals

true, then I will have some value but these values are wrong.



Because now, it does not know whether I have used a lower band storage form, it is accepting
that I am using upper band storage form. And that is why they have taken like this way. So, it
IS going to be wrong, because by default is going to be upper band storage form. So, always
we have to use this lower equals true if we are storing it in terms of lower diagonal elements,

then | get the values 0.5, 2, 3.4. That is exactly what we had previously 0.5, 2, 3.4.
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from scipy.linalg import eig eig_banded
from scipy import zeros,arange

A _band_lower=zeros((2,3))

for i in range(3)
A _band_lower[0,i]-2.0
for i in range(2). Ja
A _band_lower[1,i}=-1.0 e
print(A_band_lower) (Z TYM
P EV=eig_banded(A_band Iu\\'er,luwer Calre
(b) Step 2: Find print(E) ==

Eigenvalues and | print(V)
Eigenvectors using (122 2
eig_banded [1-1.0]]
[0585786442.  341421356)
[[-5.00000000-01 -7.07106781e-01 5.00000000e-01]

[-7.07106781e-01 3.12250226e-16-7.07106781e-01]
[5.00000000e-01 7.07106781e-01 5.00000000e-01]]

One more point to mention here is that this lower equals true, this is the Boolean value. So, it

will always start with true like this or false with a capital letter, but this lower is the input or
the argument that is going to be the small letter. So, we should remember this one when you

are employing this.
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Summary

(1) How to construct a desired matrix
(2) How to find eigenvalues and eigenvectors
(3) How to obtain eigenvalues and eigenvectors of
tridiagonal matrix using band storage form
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So, we have come to end of this Python tutorial where we have learned how to represent a
matrix, how to represent a tridiagonal matrix, kinetic energy matrix in grid representation is
actually a tridiagonal matrix Hermitian tridiagonal matrix. And when you are dealing with a
very large tridiagonal matrix, one can use this one of the band storage forms and once you
represent in one of the band storage form, Python linear algebra sub module provides a
particular functionality to get the eigenvalues and eigenvectors from this band storage form.

We will meet again in next tutorial and modules.



