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Professor Sabyashachi Mishra
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Lecture 39: Time-Dependent Perturbation Theory - 11

Hello students! Welcome to this lecture. In the last lecture we discussed about the time-dependent
Schrodinger equation and time-dependent perturbation theory. We first discussed the stationary
and non-stationary states when the system is defined by a time-independent Hamiltonian. We then

considered the systems where the Hamiltonian shows explicit time dependence.
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Time-dependent Perturbation Theory

Hamiltonian with explicit fime-dependence

H=HO+H({t)
HOYO = EOy
YOz, 1) = yOeien’"

Consider a two-state system
U(z,t) = ()8 (2,1) + ()8 (2, 1)

= md\ll(.

HU(z, t) 0;.'”

We considered the time-dependent part of the Hamiltonian as the perturbation added to the rest of
the Hamiltonian, whose solutions we assume to know. We then considered a system with 2-states
that are coupled via the time-dependent perturbation. From the corresponding time-dependent
Schrodinger equation, we obtained a set of two equations.
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Time-dependent Perturbation Theory
o Hyy(8)e ™" + ey Hyy(t)e ™™ = ihiéye ™
ey (t)e ™ + ¢ Hyy (t)e 1" = ihicye ™

Hylt) Hpt)\ _( 0 Hyft)
Hy(t) Hylt)) ~ \Hy(t) 0

s 1 N H/ —iwot

= m(f‘z 12(t)€ Probability of finding the system in

a particular state at a particular

1 ) time 5
&y = o Hy (t)e™™" la(t)]” = P(t)
L )} = Byt

i Hi (£)e™ ™+ coHyy(t)e ™2 = jheje ™

CoHbo (t)e ™2 + cr Hby (t)e ™™ = ihége ™!
The above two coupled equations show how the time evolution of the coefficients (that is the
composition of the overall state) occurs due to the time-dependent perturbation. The perturbation
matrix elements H’jj (t) describe the coupling between the two states via the time-dependent
Hamiltonian. In such a case, we can consider the diagonal elements of the perturbation
Hamiltonian matrix as 0 and write down

(Hh(t) Hﬁ(ﬂ) _ ( 0 Hiz(t)>
Hy (t)  H(t) Hy (@) 0

With the above form of the perturbation Hamiltonian matrix, we can rewrite the set of coupled

equations as

1 .
é — ¢ Hl t e—zwglt
1 ZFL 2 12( )
. 1 ! iwa1t
Gy = %clHQI(t)e

The left side of the equations show the time evolution of the two coefficients, which depend on

the strength of the coupling and the energy difference between the two states. The coefficients can
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be used to describe the probability of finding the system in a particular state by the following

e (B)° = Pi(t)
ea(t)* = Pa(t)

P1(t) and P2(t) provide the time-dependent population of the states. If the initial state was in state

relation,

1, then P1(0) = 1 and P»(0) = 0. With increasing time, due to the time-dependent perturbation, the

two states mix and their population changes from their initial values.

(Refer Slide Time: 09:43)
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In the absence of perturbation ﬁ' =1

1
& = oyt
ih . )
6= .—r']H.ﬁl(t)(“'-'!’
i~ °

¥(z,t) = a0 @™ + e 0)uf (z)e ™

While the wavefunction oscillates with fime, the coefficients do not change.
The state of the system is frozen at ifs initial composition.

Let us first consider a special case, where there is no time-dependent part in the Hamiltonian.
Hence, H' = () . Insuch a case, the H12= H’»1= 0. The coupled equations of the coefficient

become,

. 1 —tw

C1 = %CQH{Q(t)e 21t . . . 0
1 | (1= 0C =
g

Since the time derivative of c1 and c: is zero, the coefficients do not change with time. Hence, the
composition does not change from its initial value. This is for the special case where the

Hamiltonian is time-independent.

286



(Refer Slide Time: 12:24)
B

Constant perturbation

1
b= il
/ n
H (t) = hV 1
. ! wo t
G = m(‘]H._)l(r)f‘ 2
li :
—ep = —ic Vet
dt 2
d -
—¢y = —ic, Vet
T

52 = ’iwzléz = “/‘QCQ

General solution of the differential equation

eo(t) = (Ae™ + Be™™) et Q= 5\/w§’1 +4|V?

Next, let us consider a constant perturbation, applied during a particular time window.

H'(t) =hV

The time-evolution of the coefficients become,

d .
— = —icVe !
el 2

d .

—cy = —ic Ve
7 1

The above two equations are coupled. Using a variable substitution, we can rewrite them as the
following 2" order differential equation

62 - ’iwglég — ‘V|202

The general solution of the 2" order differential equation given above is,

)= (he s ey e 2L

287



(Refer Slide Time: 16:19)
L

Constant perturbation  f(t) = v

ot) = (Ae"m - Bé"’m) elent/2

Initial condition: (-1(0) =1 (,'2(0) =0

iw2 1 —iwt/2
alt)= (COSQHQ—QIMHQI‘) e iumt/2

1% ;
oft) = _I|S_2| sin Qf et/

g E aee [ A Y )
Py(f) = |ea(t))? = e Ot = A AVT sin” 5

wd, +4|V])

The above equation provides the time evolution of the coefficient ¢’ with the unknown constants
A and B. We can solve this as an initial value problem. If we consider the system to be initially in
state 1, we have

61(0) =1 CQ(O) =0

By using the above relations in the expression for cx(t), we obtain

c(t) = (COS Ot + E sin Qt) o —tw21t/2

v
co(t) = z|Q | sin QU etvnt/?

Finally, we obtained the time evolution of the two coefficients in terms of the known quantities
(the energy difference between the unperturbed states and the strength of the coupling). Since the
population of the state is related to the coefficients, we can write the population of the state 2
(initially empty state) as,

o= VE AVIE N a1
Py(t) = [ea(1)* = " sim® 1t = (M sin” o /w HAVI? )t

At any time t, we can obtain P1(t) as 1 — Pa(t).
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Rabi's Formula

WP\ o1
Bty = | 57——== |sin®= m 4V )t
)(t) <11'§]+4|X'l2 sin” 5 { /u + Vi

special Case 1: W = () Py(t) = sin® |Vt

t= YV

The relation

AWVE N L1
Pz(t) = (W) S11n 5 w%l +4‘V‘2 t

is popularly known as the Rabi formula. Let us discuss this for a few special cases.

Special case — I: Lets consider when the two states in question are degenerate (w,; = 0). The
Rabi’s formula becomes,
Py(t) = sin® |V |t

which is the square of a sine function. Since the sine function fluctuates between -1 to +1, the
population of the 2" state would vary between 0 (empty) and 1 (full populated) as a function of
time t. We can prepare state of any composition by removing the perturbation at a time that can be
easily calculated from the above relation. For example, att = 2m/V, the system exclusively
exists in the 2" state. It is interesting to note that for even very weak perturbation, we can expect
a complete population transfer to the 2" state, we just need to wait longer. The oscillatory nature

of the population of the two states is shown in the diagram in the figure below.
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Rabi's Formula

4|v? = ) \/)7
B(t) = | =——= | sin” = i HAV?E )
5 (t) <u'§,+4|l'|2 sin’ 5 wy, +4|V|

Special Case 2: ng >> 4“/‘2

4 ‘ 2 9 Wy [1}
Py(t) = ( | ,,| )sin‘ =2
u? 2

21 & 06
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Now, let us look at the other extreme, i.e., the energy difference between the two states is much

greater than the strength of the perturbation, i.e.,

2 2
wy; > 4|V

In this case, the Rabi’s formula is simplified to,
VAN . 5 wa
B(t) = | 2| sin® ——

ws, 2

This relation shows that the population of the 2" state is again oscillatory, but here the maximum

population of the state 2 is controlled by the factor that appears before the sine-squared function,
i.e., 4|V|?/w3,. The following diagram shows the populations of state 1 and 2 for a weak-
perturbation case. It can be seen that the population of state 1 remains close to 1 and the population

of the 2" state remains close to 0. In other words, with weak perturbation, the population transfer

is minimal.
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Time-dependent behavior of multi-state systems
H=H"+H't)
Unperturbed system

H|I) IID) Ftlv \l]l h 1llr (0)

Y (z,1)
ot

\["-l‘.” \I}llll(, f) ”L ul»’ st
Final nonstationary state Z Z

i ingfi
as a linear combination H\I/( )= 0\11[1 t)

(Hy+ H') (Zr,,[/nllf,'”Lr./)) = zh% (Z:-,,m\lt‘,j“(.r.n)

* l Wi,
Time evolution of the states ~ Ck(t) = i Z("'(f)HL"‘ s

Uz, t) = L'f,'"e""“‘”" HOWO . 1) = ih

Now, we can generalize our discussion from the 2-state system to multistate system, where the
time-dependent part of the Hamiltonian is treated as the perturbation. The unperturbed system has
a complete set of eigenfunctions given by, H () = E©0) = p,5(0)4,©)

We can write down the corresponding stationary states as, \IJ( (x,t) = w(o i

ol (z,1)

which follows the TDSE  H YW (z,t) = ih gy

We can express our final state as a superposition of the stationary states with time-dependent

coefficients in a similar way to what we did for the 2-state system, i.e.,

U(z,t) = ch(t)\y( Nz,t) = Z@-a(t)ﬂ?’p —iwit

Il T

The above state follows the following TDSE (with the complete Hamiltonian),

~ v
HU(z,t) = zha gj )

By replacing the Hamiltonian and the wave function in terms of the unperturbed system, we obtain,

(Hy + ') (Zc ()T Oz t)—zh (Zc () w0 a:t))
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You would recall a similar equation in the 2-state problem. Following the same strategy, we can

obtain the following relation for the time evolution of the coefficient for the k™" state as,

. 1 iw
onlt) = — ;cn(t)lene

The above equation shows that the time evolution of a state (k) depends on the strength of the
coupling (H kn)of this state with all other states (n) and also the difference in the energy (wy,) of

this state with respect to the other stationary states of the system.
We will continue our discussion on the multi-state system in our next lecture.

Thank you for your attention.
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