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The Density Matrix
Hello students! Welcome to this lecture. After discussing HF-SCF theory followed by
Hartree-Fock-Roothaan scheme, we have now formulated the N-electron problem in a
matrix form. In this class, we will introduce the density matrix which plays a critical role

in Hartree-Fock calculation.
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Hartree-Fock-Roothan Equations

HF Equation with molecular orbitals

F(i)a(d)) = ealtbald))

Fli)=hi+ Y 230) - Ki(i)

b
molecular orbitals as a linear combination of basis functions (Roothan)
K
V(i) = Z(',,l,(-),,m fora=12K
v=1
Hartree-Fock-Roothan Equations
K K
Y FuCun=6) SuCu fora=13-K
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If we express (spatial) orbitals s, (i) in terms of a basis 0, (i), i.e.,

K
Y=Y Cu0,00) fora=1,2,- - K
v=1

the Hartree-Fock equation becomes,

K K
Z‘FMVOVG - gaZS,uvcua for a = 1, 2, e K
v=1 v=1

The above set of equations can be converted to a matrix equation in the basis of 0,,(i)

FC=5SCc¢

Here F is the Fock matrix, S is the overlap matrix, and C is the coefficient matrix.
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charge density

Consider a closed- shel\ system,
N/2
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Total Charge Density densiiy matrix
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For a closed-shell system, the N-electron HF wave function is given by the Slater
determinant in terms of N/2 spatial orbitals. The charge density for this system is given by
the sum of the probability distribution function of the N/2 (spatial) orbital, multiplied by 2

(electron occupancy), i.e.,
N/2

r) =2 vr(i)a(i)

If we integrate the above equation over all space, we get the total number of electrons (N)
N/2

/drp —22/0!7” \Qpa(r)\Z:Z;l:N

Introducing Roothan’s basis to the charge-density equation, we obtain p(r) as,
N/2
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In the last line, we defined a new matrix P (density matrix) in terms the Coefficient matrix
C. The matrix elements of the density matrix are given by,
N/2

P, =2 CuCil
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Matrix Representation of the Fock Operator: Fock Matrix

N
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We know, in the basis of spatial orbitals, the Fock operator is given by
N/2
F(i) =hi+ ) 27(i) — K(i)
b
Now let us formulate the Fock matrix by evaluating its matrix elements in the basis of the

16u}

Fuu - <@.u ﬁ(z)‘ @u>
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We can express the action of Coulomb and exchange operators on the basis functions as,

ZW&W=/%@@M%W&W

hy
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The red/blue parts of the above two equations are the operators themselves that are defined
in terms of (spatial) orbitals. Using the above definition of the Coulomb/exchange
operators, the Fock matrix can be written as,

N/2

= h’.i”/ + Z 2 TJJ},
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The first term is the matrix element of the core Hamiltonian.
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Fock N m
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Expanding the spatial orbitals in terms of the basis functions, i.e.,

=) Cu®r = > Cu0,
A

ag
we can express the Fock matrix as,

F = hy + Z 2 <6“(fi)z CaOA ) [r5' D Cgb@a(j)(au(i)>
A o
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By removing the coefficients from the integration, we have F,,

=ty (zzcabc;b) ((0,06:0) 11| 0.08:0) - 5 (8,081 1] €.()6,()

which can be expressed in terms of the density matrix as, F,,
1
=l + Y _ Poy ((p)\\l/a) -5 (MMW))
a,A
Here the shorthand notation (0,,(1)©,(j) = upAis used. The round brackets should remind

that the basis functions are replacing the spatial orbitals.
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Components of Fock Matrix
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Two-electron integrals ¢ Four-center integrals
+ For K basis functions #of 2-e integrals: K*

One-electronintegrals  h,,, <(—)/,11)
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The Fock matrix shown above has got 1-electron and 2-electron integrals. The 1-electron

integrals are given as,
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The 1-electron integrals have two terms: electron kinetic energy and electron-nuclear
potential energy. Both these integrals are rather easy to evaluate, once the basis functions

are defined.

Now, let us discuss the two-electron integrals. The two-electron integral (uA|va) can be a
(up to) 4-centre integral, i.e., when these four basis functions are centered on four different
atoms of a molecule. If our basis set has K basis functions, we can construct K* number of
2-electron integrals (ud|vo). For a small molecule, say, with 5 atoms where each atom
defined by 4 basis functions, thus making K = 20, can have 20*= 1,60,000 number of 2-
electron integrals. The evaluation of such a large number of integrals is quite expensive.
However, we can immediately see that not all K* integrals are unique. We can use
permutational symmetry and show

(pAlvo) = (Aplvo) = (pAlov) = (Aulov)

(volpd) = (vo|Au) = (ov|ud) = (ov|Au)

This relation reduces the number of unique integrals to K*/8.

The computation of these 2-electron (4-centre) integrals are the most time-consuming part
of a HF-SCF calculation. Several approximations and innovating ideas have been

developed to make this part of the computation tractable.
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Nonlinear Roothan Equations

|
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Fock matrix depends on density rhofrix (thereby, on expansion coefficients)

F=F(P) =F(C)

Roothan Equations (nonlinear) require iterative solution:

FC=SCe¢

When basis functions are orthonormal,

Typically the basis functions are normalized but not

orthogonal. In that case, orthogonalization of the basis
F C —_ C E’ is carried out. The fransformed (orthonormal) basis

functions result in a transformed Fock matrix, where
Roothan Equation appears as eigenvalue problem.



Now since we know how to evaluate the Fock matrix and the overlap matrix, we can easily
solve the (Hartree-Fock-) Roothan equation, F* C =8 C ¢

Typically, the basis functions used are normalized but not orthogonal. In such a case, an
orthogonalization of the basis can be carried out. The transformed (orthonormal) basis

functions result in a transformed Fock matrix, where the Roothan Equation appears as
eigenvalue problem. F C = C ¢

The solution of the above problem would give us the diagonal energy matrix (from the
eigenvalues) and the expansion coefficients (from the eigenvectors). However, a careful
observation will point out a problem. While constructing the Fock matrix, we used the

following relation

1
=t 3 P (M)~ 5 (o))
T,

Here the Fock matrix depends on the density matrix (F(P)) and the density matrix is built
from the expansion coefficient matrix (C), hence we need the coefficient matrix to build
the Fock matrix, i.e., F(C). But the coefficient matrix is obtained from solving the Roothan
equation! Hence, we have a non-linear problem that needs to be solved in a self-consistent

(iterative) method.
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Hartree-Fock Energy in basis representatio
Molecular Orbital Energy

. = (alhla) +Z)(uh\url (ablba) = h, Z)/; - Ky

Hartree-Fock Energy (with spatial orbitals)

N/2 N/2
[‘:”1: Z laa + Z )l,h l\ulz

ab

Hartree-Fock Energy
N/2

I"Hl" = Z /’llll + &
The last relafion can be

I deived b hseth

_ N erived by inserting
- P’ 4z (/ m + 1,,, ) basis expansion in the
energy expression.



From our previous lectures, we have seen how to express orbital energy (e,) and HF energy

(Enr) in terms of the spatial orbitals:

N/2 N/2
£, = (alh|a) + Z 2(ablab) — (ablba) = haq + Z 20 — Ko
b b
N/2 N/2
Eyp =2 Z haa + Z 2Jap — Kap
a a,b
N/2

EIIF = E h‘(m + Eq
a

Now since we have expressed our integrals in terms of basis functions (within Hartree-
Fock-Roothan scheme), we would like to express the energy in terms of the basis functions.
If we use the basis expansion relation in the last equation (the exercise is similar to the ones

we used to get Fock matrix), we would obtain Enr as

1
=3 > Pu(hyw + Fu)

v

The above expression shows that the HF energy can be obtained from the core-Hamiltonian
matrix, the Fock matrix, and the density matrix. We also know that we need the density
matrix to get the Fock matrix. Hence, it appears that the density matrix is crucial in the

solution of Hartree-Fock-Roothan problem.

Thank you for your attention.



