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Lecture 41
Two Dimensional NMR — Part I
So let us do a recap of the last lecture and this is the slide which kind of summarizes what we did

in the last lecture.
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This is two dimensional NMR and this is based on the concept of segmentation of the time axis
and the time axis is separated into 4 periods like this to the preparation period and then you have
the evolution period ¢, and the mixing period, then you have the detection period #.. These are
time variables which means you will do lots of experiments, a series of experiments varying the

values of ¢, and the data is collected as a function of time during the detection period #..

Therefore it generate a two dimensional data matrix. In of course in every case of the preparation
and the mixing remain the same. They remain the same. So you systematically increment the
value of ¢, and collect an FID. So if you have to do signal averaging then you have to do for each
value of the #,. So we will have to start with the 0 value of ¢#,, then you have 1A¢,, then you have
2At;, 3At; and so on so forth. You collect a large number of FIDs so you generate a two

dimensional matrix of FIDs.



So many FIDs as many increments you use in this evolution period and then we said that you
have to do a Fourier transformation that you first do a Fourier transformation along the way of
two dimension. Then you do a Fourier transformation along the one dimension. That means that
against the ¢, period the first this will be for the ¢, time variable, other one will be for the ¢

variable and this generates a two dimensional spectrum which is indicated like this.

So that is if you have a frequency here, a particular frequency which is indicated by this
particular line here, so during the evolution period then during the mixing part of this

magnetization of the spin is retained and part of the thing is transferred to another spin well.

Suppose I take with the & spin then I transfer part of it to the / spin and that appears is a cross
peak here on this and the whatever remains on the £ itself, which evolves during the period %,

appears as a peak here and this is then called the diagonal peak and this is the cross peak.

Similarly, if I have a frequency w, during the period ¢, evolving and then during the mixing
period for the same interaction there will be transferred to the & spin. Then therefore here you
will have part of the magnetization on the & spin and part will be on the / spin. So they evolve
with the respective frequencies, so the data you collect here will have two frequencies. So it
generates after the 2 dimensional Fourier transformation. A diagonal peak here and a cross peak

here. So it reproduces a symmetrical spectrum like this.
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Two-dimensional Fourier Transformation

Atwo-dimensional frequency spectrum, S(F1, F2), will be generated from a
two-dimensional time domain data set, S(t1, t2), by two-dimensional

Fourier transformation. This is mathematically represented as
S(F1, F2)= F{S(t, tp)} = FOFD(S(e, 1)

Where 7! and F® represent Fourier transformation operators along the
t1 and t2 dimensions, respectively. These have to be carried out
(9 independently.
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So, now let us go into more details with regard to the mathematical operations which is
important to understand the phenomena in greater detail because there is going to be more and
more experiments coming in and this will depend upon what sort of preparation you do and what
sort of mixings you do and depending upon due to generate various kinds of data bodies and it is

important to create a formalism or a general formal structure to analyze these kind of spectrum.

So let us first therefore look at two dimensional Fourier transformation. A two dimensional
frequency spectrum, which will represent by the frequencies F; and F,, the two axis are

represented as F; F, will be generated from a two-dimensional time domain data set which is
represented as S(t,,t,) by two dimensional Fourier transformation. So this is mathematically

represented in this manner.

— — 2
S|F,,F,|=F|S[t,,t,]|=F"F?(s]t,,t,]}
and now these two Fourier transformations are separately written here.

This one along the ¢, axis other one along the #, axis so this is the operators for the 2 and here you
have the time domain data S( tl,tz). F; and F’ represent Fourier transformation operators along

the ¢, and 7, dimensions respectively. These have to be carried out independently.
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S(F,F,) = F{S(t, t,)} = FOF@(S(t,t,))

=[ dt] exp(_iuhtl)f dtl exp(_ifﬂztz)s(t],t:)

|

S(t,t,) = FIS(F, Fy) = FO T F@TYS(F, F,))

(] o

1
=FJ dF,exp(im,tl)f dF; exp(iw,t,)S(F,, F,)

Let us look at that in somewhat more detail. So here you have the formula for this Fourier

transformation.

S(Fp Fz) = T{S(tp tz)} = T(l)T(Z){S(tp tz)}

:j dty EXp(_iwltl)f dt; exp(—iw,t;)S(ty, t3)

This @, and w, are the Fourier transformation frequency variables along the ¢, and the ¢, hence,

and S (tl, tz) appears here, of course at the end as a two dimensional data body. So these Fourier

transformations integrals are calculated independently one after the other.

Conversely, so if you want to get the time domain data here it is an inverse Fourier transform of

the frequency domain spectrum, S(F 1 F 2). This is the inverse Fourier transform F inverse and

this again can be split into the 2 individual inverse Fourier transform,

S(t, t,) = FTIS(Fy, Fy)) = FOT F@THS(F,, F,)}

So put it in more explicit terms you have this is explicitly given as



47‘[2f dF1 eXp(l(l)ltl)f sz eXp(l(l)ztz)S(Fl, FZ)

now this is the variable of the frequency spectrum and this is the Fourier transformation

spectrum what in the.
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S(t,,t;) is in general a complex function represented as,
S(ty,t;) = Re {S(ty, t5)} + i Im {S(ty,t,)}
=S,-(f|,t2)+i\gl‘(t|,tz) :
f
Similarly, f
/S
/&

S(F]ng) - SJ'(FIJFZ) P {.SE(F!'FZ)

&
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F in general can be written as ¢
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Now generally the time domain function is a complex function. Let me try explain this to you.
We have seen when we do data collection in the one dimensional experiment you have this
frequency axis and if the magnetization is here and if this is precessing along this during the
detection period and the detection here and here possible, so this component of the magnetization
as it comes here, it generates a cos w, tand this component produces the sine part and we write it

as Isin w, t for the k spin.

If it is going with the frequency w, then we will have the FID which we are going to collect by
collecting both these components will have these 2 terms cos @, t+isinw,t and to represent their

orthogonal say this 7 is coming here. So therefore this is a complex signal.

You do the same thing for ¢, and 7, axes and therefore here in general this S(tl,tz) will be a

complex function and we will write that as a real part and an imaginary part. So here you see this



is the real part and this is the imaginary part. So in two dimensional data matrix as well, we will

have a real part and also an imaginary part will write in this two dimensional data body.

Explicitly
S(t1,t2) = Re {S(tq,t2)} + i Im {S(ty,t2)}

— ST' (tl! tz) + 1 Si (tl! tz)
This is with regard to the spectrum.

Although I use the same symbol here but notice this actually will be the discriminating factor.
The variables here are F; F,. Variables here are ¢, ¢, therefore this is simply to indicate as the

signal what you are going to measure then the two cases.

Now, this Fourier transformation in general can be written as a sum of 2 transformations. This

we have already seen.

F =F —iF,

a general Fourier transformation is written as a sum of these two. What are these? This is the

cosine Fourier transform and this is the sin Fourier transform.

So when we write the general variable as ¢ '“", so this is the can write it as COSw,t, —sin w, t
s 1*1 1%1

Therefore this actually will have two components

+ 0o + o0
TCC{Sr(tl, tz)} = J dtl COS W1 tl J dtz COS Wy tz ST(tli tz)

+00 + 00

FS${S,.(ty,t,)} = f dt, sin wq tq f dt, sin w, t, S,(t1,t5)

and that will have an i factor.



So therefore the first term will be the cosine transform and the second one will be the sine

transform. Therefore we write here F the general Fourier transformation as

F =F —iF
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S(FyF) = (B = IR )(F = F ) St 1) +1 (8 1))
From this it follows,
Se(Fy, Fy) = FEELS,(ty, t5)) = FH{8,(ty, t)) + FE{S; (8, 65) ) + FEE(S; (¢, t5))
S5i(Fy, Fy) = FEEq8(ty, )} = F={Si(e1,t2)} = FELS, (81, 82)) = F{S, (84, 83))
Where, .

Fe(S,(ty, 1)) = J dty coswy t J dt; cosw, ty S(ty,t;)

$ o0

r..) 'F“I.‘)‘,(fhf:)} = J’ fi‘f|hil1f:ltft f (“-_»\il'lm:f_l S,-(“.f:)

Now we apply this formulation to both the domains. So this is for the first domain which is the ¢,

domain and this is for the ¢, domain. Time axis of
S(F, Fy) = (F' — iFD @2 — iFA){ S, (8, 1) + i S;(t1, )}

So now what you do? You do these operations explicitly independently all of them. So you will

have this operating F ZCOperating on this and on this, likewise Fi operating on this and on this.

Similarly after that you get this F. operating on the result of those two and likewise Fsl

operating on the results of those two.

Therefore, you can combine these two together say
Sp(Fy, Fp) = FOAS (tq, t2)} — F{S, (b1, t2)} + FELSi (81, t2)} + F{S; (¢4, t2)}

So as a result of this what you get, you get the real terms with do not have the i part and the

imaginary terms as the frequency domain spectrum which has the i part.



So which are the ones which gives the i part? The real part F* this, this and this, this gives me a

real part. Plus and multiplication of this, this and this.
Si(Fy, Fp) = FAS (ty, t2)} — F35L8; (81, t2)} — FE{S, (1, £2)} — FAS- (81, t2)}

Likewise you also have F* that is this one, this one and this one, because you must have one 1

from here and one I from here. So this one, this one and this one.

So F*(S,[t,,t,]] all of these will be real and likewise if you see the F* operating on i so this, this

and this will give you F CC{Si(tl,tz)} because this will have the i component here and therefore

this is imaginary and similarly -F* that is this product and product with this.

So this will be i then you have another i here and therefore you will get — F*{S,[t,,t,|] and then
you will have — F® that is this one and this one operating on this F®, F é—iF 5 operating on

S,[t,,t,| that gives you this term.

So this is again imaginary because of this i. Then you have — F*and S,(t 1,t2) sc that means it is
this one, this one operating on Sr(tl,tz). This will have the -i component therefore you get the
minus sin. So F*(S,[¢,,t,]}.

Now let us write these terms explicitly

+oco +o0

TCC{Sr(tl, tz)} = j dtl COS W1 tl f dtz COS Wy tz ST(tl’ tz)

and what about this F*. F* that is this one here. So it is sin transform along both the dimensions

therefore here you have

+ oo +co

TSS{ST(tl, tz)} = f dtl sin w1 b1 ] dtz Sin woy to S‘r(tlr tz)

so this is also a real number.
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0 + @

FOS(ti,6)) = f dty cos wy t j dt; sinw, t; S.(ty,t5)

+m

:F“.{S,-(h,fz” = ’ (“]Siﬂhll“ J f“z COS (3 !'2 S,-“l.f:)

Similar equations hold good for §;(t,, t;) as well.

Since for, t,,t,< 0, there is no signal the transformations
will have to be considered only for the range 0 <t < co,

0

So likewise now if I took F® so along the ¢, dimension I have the cosine Fourier transform

therefore this is

400 400
TCS{ST(tl, tz)} - f dtl COS w1 tl f dtz sin w- tz Sr(tlitZ)

Similarly this F* is along the ¢, dimension I have

+ 00 400
FSS, (t1,t,)} = f dt; sin w4 t4 f dt, cosw, t, S,-(t1,t5)

So I have written here all those explicitly for the real part of the frequency domain spectrum.

Now, you can do similar equations for the imaginary part of the Fourier transformations S; (tl, tz)

as well, all of these you notice here our Sr(tl,tz)and so similarly you can write for the Si(tl,tz)
what terms that will come. Now the FID is of course within transformations actually go from

minus infinity to infinity but for time less than O there is no signal. Therefore these FIDs will



have 0 signal. Therefore for (tl,t2)<<0 there is no signal. Transformations will have to be

considered only for the range 0<t<oo.
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Peak shapes in 2D spectrum

The time-domain signal (S(t,,t,)) is a superposition of
many coherences. Considering a particular combination of
coherences between levels r 2 s in t2 domain and t=u in

t1 domain, the time domain signal for this pair will be,

‘Sr'fs‘.ftt(tl't2) = S”‘u‘(O'O)E{(_iwhl_ltu}tl}e[{_fwrs_’]'rs)tz]

= Where A's represent the T, relaxation rates for the respective
'o) coherences.

So that is so much the formalism for the Fourier transformation. Those are the definitions. Now
let us look at the end of this what sort of spectra we will get, what sort of the peak shapes we will
have. What does the Fourier transformation yield? So we recall the Fourier transformations in
the normal case 1 dimensional Fourier Transformations. We will have real and imaginary
components and we will had different peak shapes. The peak shapes will be absorptive peak
shapes and dispersive peak shapes. So here also we can expect a similar thing. So what we will

do is let us explicitly consider 2 particular transitions.
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Let us say we have an energy level diagram something like this various energy levels at various
places and let us represent this energy levels with particular symbols that is called this energy
level as ¢ and this energy level as u and let us call this energy level as » and this energy level as s.
There will be transition from here to here and this will be represented as a fu and there can be a
transition from here to here. This will be represented as rs transition. This is a fu transition and

this is an rs transition.

Now, we assume that during the evolution period there is a particular transition. There is a
particular frequency fu and this fu we write it as @ and this transition will therefore write it as

w,.. So let us go back and see what we are going to get.
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Peak shapes in 2D spectrum

The time-domain signal (S(t,,t,)) is a superposition of
many coherences. Considering a particular combination of
coherences between levels r = s in t2 domain and t=u in

t1 domain, the time domain signal for this pair will be,

‘Srﬁ‘.f[t(tl't.?) - Srﬁ_‘w(O'O)e{(_iwm_itu}tl}e[{_fwrs_lrs)tz]

= Where A's represent the T, relaxation rates for the respective
'o) coherences.

Considering a particular combination of coherences between levels » and s. Now r and s is taken
in £, domain and # to u in the ¢, domain. The time domain signal for this pair will be Srs,w(tl,tz)
and we have here, well in fact fu is w,, is taken as in the #; dimension and w, is taken as 2,

dimension. Complex signal is written as

S‘I"S,tu(tl, tZ) = Srsltu(0,0)e{(—iwtu—ﬂtu)tl}e{(—iwrs_lrs)tz}

Now this coherence, this is the coherence this is the coherence in the transverse plane. This
coherence decays and these decays with the transverse relaxation rates, and these are the

transverse relaxation rates.

A, 1s the transverse relaxation rate for the transition fu and A, is the transverse relaxation rate for

the rs transition and so therefore this decay has to be included in the FID. This is a free induction

decay along the ¢, axis and this is a free induction decay along the ¢, axis.
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Define Zys¢y = Sys,0u(0,0)
Then,

1 1
e y02) = Zosru e :
rstu(@1 @) = Zrspy llﬂww + icu} Lﬂwr's + AF‘S]

Where Awyy, = 0+ 0y, Ay = 07 + 0y

Srmm(mlvmz)

Ay Ay Ars iy
= Zrstu 2 7 2 i 2 2
. (Awp)? + (A)? (A“’Iu) +(A) (Bwrs)? + (Ars)*  (Bwys)? +(Ays)
%

(Absorptive)  (Dispersive) (Absorptive)  (Dispersive)

Now let us define this particular term Z ,=S,, ,, this is the amplitude. This is amplitude for the
after the Fourier transformation what we get for the frequency domain spectrum. This is
amplitude and the frequency domain spectrum is now written as S,S,w(wl, ®,) and this is given

by this expression and that actually comes from this particular integral as I can show you here.
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J"e—iwwt] e—)\th e—im1 t, dt
0
So pulling the terms. So this will be

00

—ilw,twft, —A,t
fe Ve e dt
0

So this is equal to I will write here. This one is next step. This is equal to
f e_[”:wm+w1:‘+}\W]tldt
0

efii\:wm+w1:\+7\m]t1

00

G

_[i(a)tu+wl)+)\tu

So if you want to expand this and this will be given as the first at the value of the infinity and
then minus the value at 0. So this is explicitly writing it as

e*[l‘\:(x)m"'&)l:\"')\w][l

_[i(com+wl)+7\m] o=

e—[i\:wm‘*‘&h:“‘}\m]h

_[i(wtu-'-o‘)l)-l-)\tu (,t]:o
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Att,=00 > 0, because ¢ *+"=0. At t,=0the numerator = 1. Therefore we get finally the integral,

Integral is equal to

. -1

L0—|—————
l (wtu+w1)+Atu

Therefore,

. 1

b

i(wtu+wl)+)\tu

So this is the calculation of the integral and subsequently, of course, you can multiply this by

I (ww+w1)+ A, to the numerator as well as the denominator. Then you get rate of the i part and

then you will get expression in two different terms as indicated here.
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Define Z,y = Sys,u(0,0)
Then,

1 1
S ywy) = ZT"" { i
Srsu(@y, ;) e llﬂwm + r{cu} Lﬂwr's + Ai‘s]

Where  Awpy, = 0+ 0y,  Awyg = 03 + 0y

Srm[n(mlvmz}

_7 Am 1Dy . A,_._- Aw,.
o (B0 + ) (Bon)? + ()] ((Barg)? + () (Bwps)? + (Ays)?

/
[

(Absorptive)  (Dispersive) (Absorptive)  (Dispersive)

So, we have here this is the first term, this is the Fourier transformation with respect to the ¢, axis
and this is the Fourier transformation with respect to the ¢, axis. Now here we have written here

what is
Where AWy = wWq + Wiy, Aw,s = wo + W,

this relaxation factor comes in here as well and this is the amplitude. This is the amplitude after

the Fourier transformation.

So

Srs,tu(wl' w3)

ey { Aty Awey } - { Ars 1Awyg }
T (A(‘)tu)z -+ (Atu)z (Awtu)z + (Atu)z (Awrs)z + (Ars)z (Awrs)z + (Ars)z

Now we recall from the discussions in the very first chapter that what are these lines shapes. So
here you are plotting as a function of the frequency. If you plot this as a function of frequency
what frequency w,, these are the various frequencies which maybe be present in your spectrum
and this @, and w, are the running variables of the Fourier transformation, So for the various

frequencies that are present.

So what you get as a line shape in your spectrum so if you plot this if you plot this as a function

of frequency, then you will see that this will actually generate a absorptive line shape and this is



the same as what we had done earlier in the case of one dimensional Fourier transformation and

this will generate a dispersive line shape because this is an i (Awéétu)+(Aéétu)éé and
similarly, this is a absorptive and dispersive components along the F’; axis and now this is on the

F’; axis you have a absorptive component and a dispersive component present.

Now remember here we just put here w; w, that is because we use running variables @, and @,
but in the frequency domain spectrum, finally, you may represent this as F; F, as well. There is a

running variable along the frequency axis.
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Thus,
Sr's.tn(FL FZ) = er,tu [Atu(Fl) i ‘.Dtu(Fl)]{Ar,\'(Fz) i I.‘Drs(-'["}!)]
- er.ru[AruArs b DtuDr's} 4 !'[D“,A,-,,- + AruDr's}

Aw Ay - Absorptive along both dimensions

Dy, Dy: Dispersive along both dimensions
Dy Ays: Mixed phase
(D AnD,s: Mixed phase ersiv 1 F2 and absorptive

NPTEL

So now therefore I will return use these symbols F; and F, here so I have here absorptive
spectrum for the transition 4, for the coherence and a dispersive line shape for the along the F;
axis for the same coherence fu and here I have A4,; F> and -iD,, F>. This is absorptive component
and this is a dispersive component after the Fourier transformation. Now if I multiply this, if I
multiply this so what do I get? A4, 4, and this will be real because there is no i component there
and similarly this product these two terms product this give me real component again. This is

plus i square and therefore it is - D,, D,, and the cross terms, this is - i D,, and 4.

This produces an imaginary term and this one again this will also produce an imaginary term
imaginary term therefore this satisfies what we said earlier that the frequency domain spectrum

also has real part and an imaginary part. Now 4, 4,, this one will now if you plot this, it would



have absorptive line shape along both dimensions and this will have a dispersive line shape along

both dimensions.

Now, if you look at these two terms, this will have mixed line shapes. The first term here D,, 4.,
this produces is a dispersive line shape along F; and an absorptive line shape along F, and this
term A4,, D,, again produces a mixed phase and this is dispersive along F, and absorptive along F;
one. So, now if you look at the real overall real part this has both the absorptive and dispersal

components.

So in principle, if you collect the entire real part, it will also have mixed line shapes. So therefore
now we have to choose what we want to have. So how do we choose it and what are the criteria?

How do you choose it.
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Now this is clear when you make a plot of this various lines shapes. So this is a line shape, which

Copled from
Emsl Book,
Oxford press, 1987

is absorptive along both dimensions. This is the first term that 4, A,, and here you have the
dispersive line shape along the both the dimensions that is the D, and D,, that is this one here.
These both contributed the real part of the spectrum. If you collected both of these then of course

you will have a mixture of the both the line shapes and so it will be mixed phase.

Now here it is a more a complicated situation that you have absorptive line shape along one axis

and the dispersive line shape along the other axis. Now, therefore now if I were to take a



individually these line shapes and take their cross sections heights at various places across the
general plot, the contours this peak will look like this and if we were to take the cross sections

here at various levels, we will have a peak shape which is like this.

It has O at the center and it has loops going out like this. That is the characteristic of the
dispersive line shapes, Along both axes the dispersive line shape is of this type, it has 0 at the
center and it has lobes on both the other sides and therefore this has a very broad signal and the
[+,-] indicate the positive and the negative signals and here it is a combination of the two and

you have [-,-] here and this is a very ugly line shape.

So typically we would like to have this. So typically we would like to collect only the absorptive
component of the line shape so that we have much better spectrum, much better resolution in
your two dimensional spectrum. So therefore we have to play around with the data acquisition
and Fourier transformations, so that in the end we generate a spectrum of this type which has

absorptive line shapes along both the dimensions F; and F..

So we stop here and quick recap that we have done today is the two dimensional Fourier
transformation the theory of that one and we have seen how it generates various kinds of lines
shapes and how to optimize what we should do. What we need is an absorptive line shape along
both dimensions and we have to optimize your experiments so that we collect data in the
appropriate manner and do a processing also in that manner so that we generate absorptive line
shapes along both to the frequency axis. So we stop here and continue with the same in the future

classes.



