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So far we have discussed extensively the basis operators, the evolution of the basis operators,
which forms the basis for calculating the evolution of the density operator, through a given

pulse sequence. Now, we will just take a summary of all of this time evolutions.
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Summary of time evolutionsji

H, _
lix = lixC0S Wit + Iy Sin wyt

¥, :
Ty = Ty 08 Wyt = [pSin wyt

H :
liex = lixCOs Wt + 2y lySin gt

?f'; :
!Ry = flk}-CDS ﬁ'}'kft — 2.{”1’13 sin Tfjk[f

H, _

Zf'kxhz = 2!;”!;2 Cos Tfjk(f + fkysm ﬂ'}ikft

Xy :
{"9 ZFEJ,I!Z—’Z.’RJ,I;Z Cos ?rjmt—kasm ﬁ'jk[f

And, I have listed here a few illustrative evolutions and by enlarge we will be using these
only, most of the time we will be using these many equations for calculating the evolution of
the basis operators. Here, [, is supposed to represent the in face magnetization of the & spin.
And, it evolves under the influence of the chemical shift Hamiltonian H, for a time 7. And,
then it gives you

Hy _
Iyx = Iy COS Wit + Iy Sin wy t

I;, under the same Hamiltonian for the time t gives you

Hy .
[y = IgyCOS Wit = [y SIn Wyt



Notice, here the change in the sign, depending upon what your basis operator is, you have to
be careful with regards to what sign you will get here. This I have written for here & spin, but
it can be for any other spin, / spin, m spin, whatever. So, in your density operator expression
you may combination of all of this, and then each one of them will evolve with its own
characteristic frequencies as are indicated here. Now, 7kx again under the influence of the
coupling Hamiltonian for a time t gives you
Hy :
Iyse = IgxCOS T gt + 21y, [1,SINn 1T 3 t

Here, we consider the coupling between the spins & and /, and therefore, we have the coupling
constant &/ here. If it were a coupling of some other spin & to m, then it will have it coupling
constant here as Ji,.. And, here it will be accordingly 7,.. So, therefore, depending upon what
is coupling one is looking at, then you will have such kind of expressions. If you have

multiple couplings, then you have to evolve this step wise.

First under one coupling and second time under the second coupling, but the same equations
will be applicable, each term will not be evaluated again for another coupling and so on. So,
I, under the influence of the coupling Jj, it gives you

H
Iky —]>IkyCOS T[]klt — Zlkxllz sin Tl']klt

Once, again note is the change in the sign here. If, you are starting with kx you get plus here
so, starting the ky you get a minus here. This is basically due to the convention you have used

of a particular times of rotation, the sense of rotation in your group.

Now, if I had, for example, all these were in phase magnetization of the £ spin. We have also
treated anti phase magnetization of the & spin. We have the basis operators such as this 2/;./,..
Under the influence of coupling Hamiltonian it gives you

H
21 Dyy = 201511y €OS Tfiit + Iy Sin Tt

We do not need to consider a chemical shift evolution because it will simply similar to what
we have here. Wherever there is /. you are evolving you write, put this equation with other

things remains the same. So, we do not need to explicitly write the chemical shift evolution of

such a term.



Important thing is the coupling evolution of this. Likewise, 2[,,/.. under the influence of the

H, Hamiltonian for time ¢ gives you

H
ZIkyIlZ —]> ZIkyIlZ COS T[]klt — ]kain ﬂ]klt

Once again, notice the change in the sign. So, in summary essentially it is these set up of
equations. By and large we will be using for calculating the evolution of density operator and
the corresponding basis operators in any given pulse sequence. Therefore, it simplifies your

calculation quite substantially.

And, it is important to remember this equations pretty well, so that we can easily write the
evolution of the density operator through a given pulse sequence. Now, so let us move
forward. The next thing to see is when you actually calculated the evolution of the density
operator, obviously you will be getting a mixture of various basis operators adding together
in the summation. Now, we have also seen earlier in the density operator depending upon
what sort of elements that are present there when you actually make a measurement some of

those ones appearance some of those do not appear.
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Observable and Non-observable Basis Operators
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So, therefore, when you have such a kind of situation we have to ask a question as to among

the various basis operators which will form the density operator, which of these are
observable and which of them are non observable? So, what we measure is the transverse

magnetization, so which is represented as M, + iM, that is M" and this is called M". This is



also called as raising operator or ladder operator whatever. So, this is what we measure

transverse magnetization is what we measure.

This is the x component with magnetization, this y component with magnetization and this is
the complex magnetization we measure. And, we have seen earlier that we have to calculate
the expectation value of the corresponding operator for such a kind of observable. If this is
our observable, the corresponding operator is /* which is /, + il,. So, then what we have to
do, we have to calculate the trace of this operator with the density operator that you might get

at the time of detection.

Just before detection what is the density operator, we have to use the trace of that one. So,
what we have to calculate for measurement is T { 1" . And, p is the density operator just at
the time of the detection of your signal. Now, since, p= Z b, B,. So, we will have to calculate

the trace of individual basis operators. To see what basis operators contribute to observable

signal and which ones do not. So, that is what is indicated here.

So, you calculate Tr { B, I *I¢or I notice that this actually is quite symmetric B,I"*‘is same as
Tr| 1*¢BJ¢. It does not matter in which order you put them in. And, then this should be non-

zero for B s to be observable. So, these are the condition we have derived earlier. The
expectation value has to be non-zero for it to be observable. So, this is the condition. So we
are going to be therefore, calculate the traces of this individual basis operators with this I plus

operators.
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Let us take few examples here. So, let us first consider B,=1,,. This is the in phase basis

operator whose evolution we saw earlier. And, Tr |1}’ ') T have taken it k for magnetization
here. And, if it were / magnetization we will put / here and so on so of course. So, it is a sum
of various spins you will have to take the sum of all of those spins and calculate the trace. But
this is enough to demonstrate what sort of the things we are going to get for all the individual

spins.

So, I;** if write here this is I, + il;, that is I;*. Then I have the I, here. So, therefore, if I
make multiplication here, trace of [, square that is this and this the first term gives you /.
square and the second term gives you plus I trace of /;, /.. So, how do we calculate this since,
both are the operators of the same spin. So, what we will do is I will take the individual spin
operators here and take a multiplication. So, the trace [, is half 0 1 1 0. And, therefore, I take
square of this I get 1 by 4here 0 1 1 00 1 1 0 plus I trace of 1 by 4 this /;, half 0 minus I 0 is
Iy, and Iy, 1s again half 01 1 0.

So, trace 1 by 4 0 minus [, 1 0 0 1 1 0. So, what is this 1 the trace of this what is the trace?
Trace is the sum of the diagonal elements. So, therefore, this gives me half, this is 1 plus 1 2.
Therefore, this the first term gives me half and the second term gives me 0. Therefore, this is

observable because this is non-zero. Therefore, this term this basis operator is observable.
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Let us look at the second one J;,. So, it do the same thing here I}* with I,,. So, I, + iliy L.

And, therefore, this is i trace [, square this one here I}, square plus trace I, I;,, this one here

Iix Iyy. So, use the matrixes again here for /i, [ put here 0 - 7, i 0 and for this 1 by40110,0 -



i 0 and we take a multiplication of this. So, here I get I is here and this gives me 1 by 4 [,

square of this obviously is 1.

So, therefore, thisis 1 0 0 1 plus trace 1 by 4 i 0 0 -i.(3) So, again gives me half but, there is a

factor i is there therefore used 5 and this one gives me 0. None the less it is non-zero and
therefore this is observable.
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(Anti-phase basis operator)
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Now, let us look at this, this is ones again k magnetization. But, now it is anti phase with
respect to the / spin. So, take this Bs is equal 2 Ii, /. this is anti phase basis operator. Now,
doing the same trick so I; " here, I have 2 I, I, so therefore I here get 2 trace I, + ily, and I,
1. 1s here and there 2 I have taken it out. So, then what i get so this gives me I, square [, this
remains as it is. And this gives me 2 ily, I I.. This two are of same spin and this of the

different spin notice here.

Therefore, what I have to do calculate this i actually have to take the metrics represent of the
individual operators here and then take a direct product. So, therefore to evaluate this so, I
have here 2 trace and this gives me 1 by 8 because, there are 3 terms here half half half gives
me 1 by 8. So, then /;, square is 1 0 0 1 therefore 1 have here 1 0 0 1. And then /,1s 100 -1
this is for a different spin notice here. So, let me write that. So, that it becomes clear to you so

this is for the & spin and this is of the / spin.

So, therefore, this is again for the & spin and this is of the / spin. So, when I do that I take a
direct product of this and direct product here. So, I get here 2 trace 1 by 8 1 minus 1 1 -1 all



other terms are 0. And here I have 2 i trace this gives me -i i -i and all other terms are 0. So,
therefore, what we get? If I take the trace it is the sum of all the diagonal elements. This is 0
and so also it is 0 here and there the whole thing is 0. So, therefore, notice there is anti-phase

magnetization here is not observable. 2 [, I.. is not observable.
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(Anti-phase basis operator)
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7 Similarly, DQ and ZQ basis operators are non observable. Anti-phase
L 9 basis operators evolve under J-coupling into observable terms

Similarly, if i take 2/;,/, which is again anti-phase basis operator of the k£ spin anti phase
respect to /, so substitute here /;, /. so, same calculation and you have [, /. here so it gives
you 2 i trace I, square [, plus 2 trace I, I, I.. So, once again we do the same thing here and
this is for the & spin and this is for the / spin and here it is again for the k£ spin and this is for

the / spin. And, then we take a direct product, take a direct product of these two matrices.

So, I get herel -1, 1 -1 and here again I get i -i i -i and you the trace of this is 0 and the trace
of this is also 0. Therefore, this is non observable. So, therefore, I have illustrated here how to
calculate whether, particular basis operator is an observable or not. When you have some of
various kinds of operator terms in your density operator not all of them contribute your
observation. When you make a measurement some terms will gone make contribute to the

measurement and some will not.

And those which do not contribute to the measurement you can simply ignore them so for as
your signal is concern. Now, if you do a similar exercise for the various operators
representing the double quantum and the zero quantum. Then, you will find that they are also
non observable. So, however, anti phase basis operators evolve under J coupling into

observable terms. Now, if you are doing an experiment where at the beginning of detection,



so you have the anti-phase magnetization. And, the anti phase magnetization evolves under

coupling as you have seen evolves under coupling into an in phase magnetization here.
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Summary of time evolutions
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For example, if you took 21/, it evolves into i, term here and similarly, 27,/ evolves into
I, term here. So, after that evolution is done if you consider the evolution during the
detection period and during the signal collection. And, therefore, this will, these terms will
then contribute to observable magnetization. This themselves are not observable but, this
ones evolves under the coupling into observable magnetization as [, or .. So, therefore, anti-

phase of basis operator evolve under J coupling to observable terms.

Therefore, if you are at the beginning detection if he has this anti-phase term and during
detection if you do a decoupling of 2 spins then those terms will not be observable. But, if
you do not decouple, you allow them to evolve during the detection period under the
influence of J coupling then they will contribute to observable magnetization. So, we are now
prepared the ground for calculating the evolution of the density operator through any given

pulse sequence. What we are now going to do is consider a simple example?
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An example: spin-echo
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The first example this is the spin echo. This is considered to be one of most crucial and

fundamental pulse sequence, which is used in many of the multiple experiments. And, we
will now explicitly calculate the evolution of the density operator for this particular pulse
sequence, the namely the spin echo. Now, you recall the previous lectures, what is the spin
echo sequence? It starts with a 90 degree pulse. And, then there is a tau period, then you have

a 180 pulse here and again the same 1 period.

And, we said that the magnetization which was decaying here, now it rebuilds and then
causes an echo at this point. So, and all the field inhomogenity will be refocused, chemical
shifts will be refocused. This is what we said and we are now actually going to explicitly
calculate that using the density operator formalism. Now, notice here this phases I have
chosen arbitrarily, they can be anything. You can use x or y combination of those and we will

take some illustrations of those as well.

We keep for simplicity, for illustration we keep the pulse as 90x and we as various time point
indicated here. This is time point 1 2 3 4 5, so this is the beginning of the detection period we
will do our calculation until this point. We are not going to do a further evolution here this
will be normal FID and the data collection happens here. So, we will see the effect of this
pulse sequence until this point. Therefore, we evolve the density operator through this steps

and reach up to this point.
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An example: spin-echo

ing, x=x,
pr= gz + 1
P2 = ~(lky +1y) | 90°x-puise

p3 = ~{Iky cOS(wyT) = iy Sin (wyt

: )] | Chemical shift evolution
={l1ycos(w;T) = Iy sin (w7)}

Py = ={=lky cOS(w}T) = [ sin (w7

/.. : )} I 180sz_pu|se
19 —{=lycos(w7) = Iy sin (w7)}

So, now we consider two spins k£ and / and without coupling assume to the first case that there
is no coupling between there slow spins. So, at time point 1 arrow as p,, what is the density
operator is just the sum of the two I, operators. Because, if you remember the equilibrium

density operator was the /. operator, which is the sum of the magnetization of the two spins.

p1 = Iy, + 1

Now, if I apply the 90 degree x pulse, then I get the density operator time point 2. This gives

me

P2 = _(Iky + Ily)

Now, during the next period tau this period evolves under the influence of the chemical shift
because there is no coupling. So, we need to consider only chemical shift evolution, so |

consider the evolution of the individual these operators here. So, /;, gives me

Pz = —{lIky cOS(WyT) — iy sin (wgT)}
—{Iycos(w;T) — Ij, sin (w;7)}

For ready reference I also put that here those if you can see this is the small picture. But, this
I hope some of you can see it with good eyes. So you have the x here y here -x here -y here

and this is z. p,



So, there is a rotation around the z which is the chemical shift evolution, so 7, goes to COs @, T
here, this is this component and this component will be — I, sin @, Tminus. Similarly, for the 1
spin, so this will be —I;,cos w, T — I, sin w, 7. So, this will be the density operated at the time

point 3. Now, what I do at this time point, I apply one at a 180 degree x pulse to both the

spins. So, 180 degree x pulse what does it do?

This minds remains the same, it shifts /;, to -/, rotates by 180 degrees. So, it is a rotation
from here to here. So, is —I),cosw,t, this remains the same and it has no effect on /. and
therefore, this remains as I, sin w, 7. Similarly, for this /, goes to -, —Ij,cosw,;T—1I sinw,T,
so this is the result of 180 degree pulse. There we now got the density of operator at time

point 4 in the pulse sequence.
(Refer Slide Time: 20:48)
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1/9 Chemical shifts are refocused

So, rearranging those terms removes the signs I rewrite this p, as

P4 = Iy cos(wyT) + Iy sin (wyT) +
I}y, cos(w;T) + I, sin (w;7)}

So, during the next t period I will have to evolve under the chemical shifts ones more. Again
there is no coupling, therefore, evolve under the chemical shifts only. Now, there will be how
many terms, each one of this produces one term here. So, it evolves under the chemical shift
and so therefore, I will have total of 4 terms. Here there are 4 terms each one I will have to

evolve under chemical shift.



So, therefore, cosw, T this remains here, now for this /i, I write here I;,cosw, T— I, sinw,t
plus for this term now,sin w, 7. And, I will have /. term here I, cosw, T+I,, sin w,T. Notice
the change sign here. So, you have to be careful with that, these are very important. Similarly,
now for the 1 spin this is cosw;T evolve I, I, cosw;7—I,sinw,;T and I, term gives you

sinw, T into I}, cos w, T+1,,sin w, T

These ones are put in different colours the reason is these ones you cancel out, see here /.
what is these product here cosw, T sinw, 7. And, here it is sinw, T cosw, T and the same [,
term. Therefore, this will cancel this term, so maybe I can just indicate that you by explicitly
writing at there so this we will cancel this. Similarly, for the 7, so this will cancel this one.

So, then what we are left with. So, we are left with I;,cosw, 1.

And, this will give me sinzlky,lkysinzwkr . That is this here and similarly, for

I, cos’ ,THsin o, T and obviously this is one and this is also one. And, therefore, I got here p,
this is the density operator timepoint 5, this is , + [, so everything is vanished. All this time
dependence is vanished, the frequency dependence is vanished we started with the density

operator p,as [, + I.

And after the first 90 degree pulse at - [, + I, and I got back I, + I,. So, the chemical shift
evolution is been refocused. Except for the change in the sign here and that of course depend
upon what of the sign of the 180 degree pulse. And, accordingly we put at another different
minus sign here as well we will also see that later. So, therefore, the chemical shift
information is completely refocused we got a back the basic operator as we had in the

beginning.
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H=H,+H
180°x-pulse is applied to both k and | spins in the spin-echo sequence

Evolution under x, and x; can be considered independently
pr =g 1y
P2 = ‘(fky ok ‘{!y) | 90° x-pulse

Since evolution under-chemical shift is refocused at the end
of the spin-echo, we will calculate only evolution under x,

[@rough the spin-echo

Now, let us consider a situation when we have the coupling as well. Now, the coupling means
when you have to coupling your total Hamiltonian will be H,+H j, this is the chemical shift
Hamiltonian and this is the chemical Hamiltonian. So, we will consider & is two cases here,
case / 180x pulse is applied to both & and / spins in the spin echo sequence. So, therefore

evolution under H, H; can be considered independently. And now as before your

p1 = Iy + 1,

P2 = _(Iky + Ily)

Since, evolution under chemical shift is refocused at the end of the spin echo, we will
calculate only evolution under H; through the spin echo. Because, we already shown that
chemical shift is refocused, so there we do not need to calculate under the chemical shift

again. Therefore, we only calculate the evolution under the coupling constant.
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p3 = —(ly cos )yt = 2yl sinmfy )
~(liy cos Wiyt = 2yl SinTfyyT) | Sevolution

Py = =(=lgy COSTyT + 2y lyy Sinmfy7)

3 180° x-pulse
—(—hy Cos T[f“'f T 21{“1{;(2 Sin Hj;d'f)

on both k and |

) Py = (kyCos iyt = 2Uyely, Sinmfiy )
lf‘,) (.’[},COS TUHT — ZJIx‘lkz sin TT_[HT)

So, therefore, J evolution I put here pictured ones more here 2/, .. and this is also if you can
see clear then you have that indication here as to what terms will you get. So, p3' is the 1 this

is the result of J evolution and I kept here I have -1, + 1. So, the first term gives me

p3 = — gy €OS T 1T — 2px i, SIN T3 T)
_(Ily COos T[_]le e lekaZ sin T[]kl'[)

this is under the influence of coupling Ji; J evolution.

So, now I apply a 180x pulse on both k£ and /. So, this sign minus is same so 180x pulse takes
me /;, to -1, so, this remains this and what happens here, /i, does not change / spin is applied
it takes 1, to -I.., therefore, this gives me plus here so, therefore, 21, I, sinmt J,;T. And, ones

again here —I;,costJ, 1+21, I, sinm J, T. When, I apply the pulse both spins and this is

what I will get. So, simplifying this p 4' is



pa = —(—liy cOST] 1y T + 2pexc 1y, SIN T3 T)

—(— Iy cosm]iT + 2l Iy, SIN T T) (Refer Sids

Time: 26:52)

ps = STy T (I COS Ty T = 2yl sin i 7)

= Sin7JiyT (i, COSTjT + Ly STy 7)
+c0sfiy T (LyCos Tl T = 2yl SINTJj7)

=Sin /i T (2lyz cos iyt + 1y sinmfy)

J-evolution

ps = lgy(cos? )yt = sinmfj7)
—21{““3 sin ZTIJHT
+ly (cos® nfy T = sin* mfy7)
—2“,{!“ Si['lZT[}HT

So, now, you will have to evolve under the J evolution evolve ones more after the 180 degree
pulse. So, now, each one, each of this term will has to be evolved. So, there are 4 terms here,

there will be 4 evolutions therefore. So, therefore, the first term I take away the

ps = coST); ;T (Ixy COSTT) )T — 2Ipx Iy, Sinm]y, T)
—Sin 7t/ T (2lgx Iy, OS]}y T + Iy, SINTT 3 T)
+ cosTt)iyT (I}, cOS T[T — 2115 Iy, SINTT) 3 T)
—sin7/; T (2l Iy, cOS T/ T + I}y, SIN T/} T)

Now, [ am evolving this anti phase term you remember the summary.

So, now, we regroup these terms. So, what I get here /,, cosine cosine gives me cosine square
that is the first term here. And then where else is I, I, is present here and this gives me sine

and sine, this is sine square 1.Jy, T.

pPs = Iy, (cOS? 1)1y T — SIiN? 75 T)
— 21, I sin 27t T
+1;,,(cos? 1) T — SIin? 717 ); T)
_lexlkz sin 27’[]le
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Ps = Iy €08 21fy T = 2 ]y, sin 2T
+yy cos 2T = 2Ly, sin 2nfy T

Scalar coupling evolution is not refocused
at the time of spin-echo

®
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Now, what is this inside the bracket? That is

p;—, — Iky COS Zﬂ]le — ZlkxIlZ sin Zﬂ]le
+Ily COS 271']le — lexlkz sSin Zn]le

Notice therefore, each of the individual spins have the tau dependence in the end. And, the
two magnetization components would have separated out in face by this amount, the 27 J T,
Depending upon what the value of tau is, the face separation between the two components of

the k spin will be given by this.

And, it also generates here an anti-phase magnetization so this we see. And, this we may not,
this is not observable if you, of course, it is over under the coupling later in terms of
magnetization. But, if we you are looking at the end of this spin echo. It is just this term
which is observable and this is term which is observable. So, scalar coupling evolution is not
refocused at the time of spin echo. So, we saw that chemical shift evolution is refocused and

the coupling evolution is not refocused.

This is what we also derived by vector picture earlier in our previous classes, very early in the
course we had actually derived this. So, we stop here and continue with this discussion in the

next class.



