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Indian Institute of Technology-Bombay

Lecture - 48
Projection Operators - Continued

(Refer Slide Time: 00:15)

A . - ®
-~ S| D (¥
P, Z | a
™\
| f“ .y
=l =
- '_ ‘_ B
- k‘« b
A ‘:'
s G
~ ) -~
4 ke =
] A Al
A
e < | | 8 ) j‘,
. < 5 ) .
4 ) r P
8 4 ) T ¥ 1
(
L ’
v
\ A = "y (’ A o
| . n WAL It
—) TN - —
’ _ — o |
- et
A ¥ - P )
D PN A2 0Y ) X K K
' 2
i r"\
LY ‘ s

So what I am saying is, this is your complete projection operator, sum over R gamma R s dash t
dashed j star R hat. Yes sir, yeah so that is C 3 operation. C 3, so let us see, let us say we are
talking about the p x, p y, p z orbitals right and we are talking about a C 3 operation that is like
this. P x, p y, p z and this is your C 3 operation. Then what will happen if you apply C 3, p x

becomes p y, p y becomes p z, p z becomes p X.

So if you make this R hat operate on p x, the result you get is p y. This is only a matrix element
and here what we do is you actually make the symmetry operation operate on it, see what is the
transform function you get. That is what R does and then you simply multiply it by the symmetry
operation. Then you sum it over all R. but let me take a special case. So this is your, what will I

call it, I will call it P j s dash t dash, right?

So what happens when I write s dashed = t dashed. You get P j s dash t dashed is equal to sum

over R gamma R, what should I write now? This is j. What will I write? Can I write t dash t



dashed or not? And what I will do is I will not take the trouble of writing the star anymore. The
star was just to emphasize that you might have to work with imaginary matrix elements as well,

okay. For now let me just go with this, not write the star.

So consider that we are working only with real quantities multiplied by R hat. Looking at this,
how do you think you can simplify this a little more. We will see the point in a minute. So this is
s half set of that is it not? So right now what we have is we have the complete projection
operator. The trouble of working with a complete projection operator is that you will have to

work this out for every s dashed every t dashed, right?

Each and every matrix element and it is not as if it is not doable. So this is an example where
they have done it.
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For point group C 3v, what they have done is they have taken the total matrix element and they
have worked out the complete projection operator and made it operate on some arbitrary function
xz + yz + z square and they have shown what has happened. The trouble is that there are 2 way
numbers here. So I want to make it a little simple. So let us see. So when you see something like

this, gamma t dash t dash j. What is that you are inclined to do?



What is gamma t dash t dashed? Diagonal elements. What happens if I add all the diagonal
elements? We get the character. What is the advantage of having the character? You can use the
character table. It is as simple as that, okay? So what I will do is I will define Pj =P js dasht
dashed sum over sorry what am I doing? Sum over t dashed P j t dash t dashed is equal to, I think
you will allow me to write sum over R chi R of the jth irreducible representation multiplied by

the symmetry operation.

And to satisfy Shantanu, we are going to name this the incomplete projection operator. It is
incomplete because you are not considering the, not considering all the matrix elements, you are
only considering the character, okay? But that is an advantage, not a disadvantage because so
think of a 3 by 3 matrix, if you work with a complete projection operator then per matrix how

many numbers would you have? 9, right?

Instead of that if you work with the character, how many numbers would you have per matrix? 1,
only the character right? That is the advantage of using an incomplete projection operator and it
does the same thing. So remember this is what is going to be very useful for us for the rest of our
course, P j equal to sum over R chi R j R hat. If it is C 3v, for the first basis A 1, Z is a basis. For
A 2 R z is the basis. So the fun here is this. See what they have done.
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We will also work this out but using the reduced, can you read? Now? Now see what they have
done is, they have worked with the complete projection operator. For that they need all the
matrix elements, okay? With that, they are working with some arbitrary function xz + yz + zx.
This is what I was saying, linear combination, okay? So roughly about this linear combination;
xz +yz + z square. Let us quickly look at the character table and see where they belong.

(Refer Slide Time: 07:14)

Where does xz belong? Xz and yz belong to E. Can you see or not? Xz and yz jointly form the
basis for E, right? So xz has E symmetry, yz also had E symmetry. What about z square? Z
square is Al, okay.

(Refer Slide Time: 07:42)
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So I am taking, they have taken a sum of linear combinations of 3 terms, 2 of which have E
symmetry and z square has Al symmetry. And they have made this projection operator operate
on it, okay? And then, since they have worked with whole matrices, they have a lot of numbers.
We will have a little less numbers. They have done that and see what they had got. Also, what

they have done is they have used P 1 1 E. So I have to do it for every matrix element is it not?

So this is P 1 1 E. they have used that and they have got the coefficient of xz to be 1, coefficient
of yz to be 0, coefficient of z square to be 0. So, so on and so forth they have done all this and
finally they see that the coefficients of xz and yz are nonzero whereas the coefficient of z square
is 0. But the problem is that it is a longish route, okay? Let us use the incomplete projection
operator on the same thing. Let us see the least one. There it is throughout 0 yes, okay. Let us
take this now.

(Refer Slide Time: 09:04)
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So this is the expression of the incomplete projection of character. It is, the only difference is that
they want to give 11 and 11 h and I am not interested. Sum over R chi R j R right? Now, I want to
use this on xz + yz + z square. Want to work this out?
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P superscript j hat is equal to sum over R chi R j R hat. So what I want to do is for C 3v I want to
use P E. You understand what is the meaning of P E? Projection operator corresponding to the E
symmetry species, E 1 R. E irreducible representation the third one, the 2-dimensional one okay
got it? So what will that be equal to? 2 R hat what is the character of E? What is the character of

identity in the E representation? Character of E and E would be confusing.

Identity in E representation? 2. So instead of chi E in the E representation I have written 2 right?
In fact, I can take the R out also maybe. No I cannot. 2 R plus what is the character of the second
one, what is the second one? C 3 what is that? So I will write E, 2 E something like this instead
of R. I should also, otherwise you will get confused, E. What is the second one? C 3 - 1 right? So
- 1 * C 3. What will be the next one? No.

It will be -1 into C 3 inverse or C 3 square. Do not forget 2 C 3 means C 3 and C 3 square. They
belong to the same class. That is why they have the same character. So they are hidden together
in the character table. But in applications like these, you have to consider C 3 as well as C 3
square understood. Yes, of course. See, think of x once again. X you rotate by 120 degrees, you

will get some x intercept some y intercept.

If you rotate by 120 degrees more the x intercept, y intercept not intercept x component y

component will be different no? So it is definitely going to be different. So let me write it in a



little less untidy manner. 2 E hat - C 3 + hat - C 3 - hat. Or I could have just written C 3 and C 3
square. This is what I have to operate on xz + yz + z square, okay? Can you do this and tell me

what you get? Let us see.

2 E operating on xz + yz + z square is equal to what? 2 * xz + yz + z square. C 3 plus operating
on xz + yz + z square. What will it be? C 3 plus operating on z is z. C 3 plus operating on z
square is z square, right? Because C 3 is along z direction. So all you have to consider is how this
x and y transform is it not? So what will it be? C 3 plus operating on x what will you get? -1/2 *

x +root 3/2 y. I will just write the z’s, okay?

Then, so xz is taken care of. Then what about yz? How does y transform? +1/2 xz then +1/2 xz y.
How does y transform? Y. Y has that root 3 by 2 x is it not? Okay I am not very good at
remembering these things. So you need to help me here. Minus root 3/2 xz then -1/2 yz. What I
remember is the character is -1 okay. So diagonal elements have to be -1/2 and -1/2 and then
where it is plus root 3/2, where it is minus root 3/2, [ have to work out, okay? So this is done and

then z square? I will leave it as z square, fine?

And then C 3 minus operating on xz + yz + z square. You can work that out. Can you work that
out or not? So just work it out and satisfy yourself that this is what you are getting.
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See they worked it out here. See what is the advantage? Well we will come to the advantage.
Once you work this out, finally this is what you get xz + yz. All the terms in z square cancel off,
okay? So what I have done essentially? I have taken a linear sum of 3 terms, 2 of which have E

symmetry and the third of which does not have E symmetry.

When this incomplete projection operator corresponding to E symmetry operates on this linear
sum what it does is that it annihilates the term that does not belong to that symmetry species and
it retains the term that belongs to that symmetry species. So it projects the terms with the desired
symmetry. That is why it is called the projection operator. No, it depends on what we need. If
you need them to be normalized like what we need our SALCs to be then you work out the

coefficients. And it could have been 2 xz + yz or 2 xz — yz also.

But that let us not get into that. We will get the crux of the matter. That I have taken a mixture of
terms belonging to 2 different symmetries and when I have used the projection operator
corresponding to PE then the term that is not PE, not, that does not have E symmetry gets
annihilated and the terms that have E symmetry survive. So that is the magic of projection

operators.

“Professor - student conversation starts” Sir, if [ have to take xy and if the coordinates gets
transformed can we take it as a product of the 2 transforms. Yeah, yes. That we worked out right
once, direct products. When we talked about direct products that is what we did. “Professor -

student conversation ends”.

Alright, are you all okay with this? So now you have got Aladdin’s genie. Now you can do

whatever you want.



