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Filtration – II 

Good day everyone and welcome to these lectures on Physico-Chemical Treatment of Waste 

Waters. So, in this lecture series, we are understanding the treatment of wastewater by 

various unit operations which are used in the, any treatment plant. So, previously we have 

already studied in detail, the flow localization basin, the aeration basins and thereafter, we 

studied the coagulation and flocculation and then further on sedimentation.  

So, now, we are continuing with the filtration unit operation, and in the previous lectures we 

studied regarding the filtration, including the constant pressure filtration, constant volume 

filtration, we studied some of the little bit mechanisms of the filtration, but now, we will be 

continuing and we will try to understand the basic theories and the equations which have 

been developed and which are used in the filtration.  

So, we are going to study these things in detail in today's lecture. And, and also we will try to 

solve and use these equations to get some of the parameters for design with respect to 

filtration. So, the basic filtration during any filtration what happens that there is a cake 

formation. So, we know that there is a filter media and after some time when the filtration 

goes on, there is a cake which gets formed on the filter medium and many times we use the 

sand gravels, etc in a bed and these sand gravels, etc, when they are actually in the bed they 

form a porosity and so, that is a porous bed.  

So, when they filtration happens in the porous bed, we have cake formation which happens 

and the flow through the filtrate, the flow of the filtrate through this cake can be considered 

as similar to the fluid flow through a packed bed of granular solids. So, this is there and this 

is the basic idea which is adopted in the filtration.  

So, there are different equations which have been developed to determine the pressure drop 

across this cake and those equations can be used for design things as well. And so, these, one 

of these equations is called Kozeny’s equation and this equation has been developed based on 

the assumption of capillary bundle theory, so, what is that?  
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Here in this theory, we assume that the total void space of the packed bed is equivalent to a 

bundle of capillary tubes. So, this is there and so, this is equivalent to a bundle of capillary 

tube and then Hagen-Poiseuille’s type of equation for laminar flow through state conduits can 

be altered by replacing the radius of the tube with hydraulic radius, and using this we can 

derive the basic equation and then further modify it and use it as per our necessity.  

So, we will try to understand that how the basic filtration equation is obtained. And the basic 

theory of this whole thing is related to flow through a packed bed, porous packed bed. So, 

fluid flow through a porous packed bed, that theory is further developed for filtration.  
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The velocity of fluid U’ through the bed can be written as: 
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where, 

K = Kozeny’s constant for random packed particles of definite size and shape   = 25/6 

U’ = Superficial velocity of fluid 

(−ΔP) = Pressure drop across the bed 

L = Height (or thickness) of the bed 

RH = Hydraulic radius = (flow area/wetted perimeter) 

 

Now, using this theory, we can easily get this particular equation from the literature, and in 

this equation the superficial velocity of the fluid through the packed bed can be written by 

this equation. And in this equation U dash is equal to minus delta P by L and into R H square 

divided by K mu f and where K is the Kozeny’s constant and it is for random packed particles 

of definite size or shape something, it can be taken as 25 by 6. So, remember this.  

Similarly, the U dash is the superficial velocity, delta P is the pressure drop across the bed 

and L is the height or thickness of the bed and R H is the hydraulic radius that already we 

have studied in the previous lectures. It is defined as the ratio of flow area per unit wetted 

perimeter. So, this already we have used earlier as well. So, this is well known. Now, R H 

again using for the same equation same definition has been further been used here for 

dividing the equation with respect to packed bed.  
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Where,  = The void fraction of the bed 

               = Void volume /total volume 

              Sp = Specific surface of the particle. 

 

Now, it is assumed that all the voids are completely filled with liquid. So, now, in the bed if 

we assume that all the voids so, we have like this packed bed is there, and in between, so, this 

is totally filled this packed bed is totally filled. So, all the void space like this one, so, any 

void space which is there, this is totally filled with liquid and all the particles have been 

uniformly wetted with the liquid. So, under that condition the hydraulic radius is like can be 

defined as void volume divided by total surface area of the particle.  

Now, if we assume this we can further get this particular equation, where Sp is the specific 

surface area of the particle, E Epsilon is the void fraction of the bed or the porosity or it can 

also be divided as void volume divided by total volume.  

So, this we can find out using the trick that we did in the previous lecture itself we tried to 

find out the porosity. So, we understood already that. So, if we replaced this R H in the 

previous equation with respect to superficial velocity, so, this will be the equation that we 

will be getting. So, we can see here only we have added the R H term. So, this is there.  
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The superficial velocity of the liquid Usup is defined as the volumetric flow rate of the liquid 

divided by the total cross-sectional area and can be related to U’ as: 

supU Void area Void volume
 =  =  = 

U' Total area Total Volume
   

 

 

Now, going further the superficial velocity of the liquid that is U superficial is defined as the 

volumetric flow rate of the liquid divided by the total cross-sectional area and it can be 

referred to as U dash. So, superficial velocity divided by the U dash is equal to void area 

divided by total area. So, if we take L, so, it will it can also be defined as void volume 

divided by total volume and this is basically epsilon. So, this is as per definition this is 

epsilon or the porosity.  



So, hence the superficial velocity of the liquid can be found out as U superficial is equal to U 

dash into epsilon. So, this is what has been done here. So, this is there and in this equation 

this was the basic equation so, we multiply by, actually this will be E cube, so, and here also 

it will be E cube. So, this is there hence the equation will become this.  

Now, since the volumetric flow rate of the filtrate is dV by dt and if A is the area of filtration, 

therefore, we can write V superficial is equal to dV by dt divided by A and hence, this 

equation can be written as this, where Lc is the thickness of the cake in place of the thickness 

of the bed. So, that is length of the bed in place of that we are using the thickness of the cake 

for applying this equation for filtration. So, this is one of the equation which has been 

developed.  
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Now, in this equation there is further development. Now, K in this equation K earlier we 

know Kozeny’s constant, so, it is equivalent to 25 by 6. So, here it is 25 by 6, we put 25 by 6, 

similarly, specific surface area can be defined as this the 6 by Dp, so, square of that, so, that 

will be there and then we go further ahead and if you solve this particular equation, U 

superficial, I think every place it will be cube. So, this is there, so, U superficial velocity can 

be given by this particular equation Dp square into E cube divided by 1 minus E square. So, 

this is the equation 150 mu f L, so this is there.  
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It is known that, Fanning frication factor is defined as "the drag force per wetted surface unit 

area (shear stress at the surface) divided by the product of density times the velocity head" 
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Bed friction factor (fb) could be defined as: 
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Now, what we do is that it is we define another friction factor which is called as bed friction 

factor. So, this particular equation which is given here it can be reduced in terms of bed 



friction factor, and how we can go ahead? So, in that there is a Fanning friction factor which 

is used in the fluid mechanics, fluid dynamics and that is the drag force per wetted surface 

area, per wetted surface unit area and like shear stress at the surface divided by the product of 

the density times the velocity head.  

So, this is what is done and so, F is given by this particular equation. So, this particular 

equation can be modified by replacing V with respect to superficial velocity and we have this 

definition and which is there for, the, which is called as bed friction factor. Now, if we use 

this equation this definition, so, and this particular equation which is given here, so, if we call 

it A and if we can call it B, so, combining A and B we can get this equation.  

So, this will be bed friction factor is equal to 1 minus epsilon divided by E epsilon cube into 

75 divided by Reb, so, Reb is further defined which is called as bed Reynolds number and so, 

this particular equation can be obtained. So, overall what we have done is that, we have 

reduced the equation to this condition and where Reb is called the bed Reynolds number and 

it is defined by this particular equation, which is given here and which is Dp into U 

superficial into the density of the fluid divided by viscosity of the fluid into 1 minus epsilon, 

which is the porosity, so this is there.  
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Now, what has been done is that, these equations can be applied under certain conditions and 

those certain conditions are with respect to flow rate etc. So, we have to cross check that what 

are the ranges of these Reynolds number under which we have to apply. So, similar to Hagen-

Poiseuille or other types of equations which are valid for laminar condition, turbulent 

condition or transition zone. Here also we have to define these zone. So, these were studied in 

detail and then after that certain conditions have been evolved.  

So, there is a Blake-Kozeny equation which is valid for the Reynolds number less than 10 or 

bed porosity less than 0.5. So, this is the condition and this will be the condition generally we 

will be finding in our case in the filtration. So, we have to cross check that whether Reynolds 



number is less than 10 or not. So, if it is less than 10 under that condition, there is a modified 

friction factor that was defined and for easiness it was defined as 150 by Reb.  

So, it is very simple fb dash is equal to 150 by Reb and this is the modified friction factor and 

here we cross-checked with respect to Reb that what is the range. Now, if it is less than 10 

this is called as laminar zone and we can use this particular equation for finding out the 

modified friction factor or we can find out the friction factor also from here we can find out 

the friction factor also, this will be like 150 upon Reb into 1 minus epsilon divided by 2 

epsilon cube. So, this will be the equation for finding out F e b.  

So, we can do it or for easiness it is very easy to remember that fb dash is equal to 150 by 

Reb and where this Reynolds number, bed Reynolds number is defined by this, this is usual 

Reynolds number definition only difference is with respect to multiplication by 1 minus 

epsilon, so that is there.  

Now, if suppose the value is greater than 1000, at any condition the Reynolds number is 

greater than 1000. So, this is considered as a turbulent zone and here the value is fixed the fb 

dash the modified frictional factor is equal to 1.75, so this is there. Now, if there is a 

transition zone that Reb is less than 1000 but it is greater than 10. So, under that condition fb 

dash can be given by combining both, so, we have 150 by Reb plus 1.75.  

So, any of these equations, so, we have to cross-check whether which zone is there, so, 

whether it is laminar, turbulent or transition, so, we should cross check this. So, the usual 

method is that first find out the Reb at the condition then we can find out the frictional factor, 

either modified frictional factor or the frictional factor, bed frictional factor directly, and once 

this is known, we can go on finding other parameters like pressure drop, etc, because the 

average particle size will generally be known and the velocity will also be known and density 

also known. So, we can find out the pressure drop.  

Opposite way also we can do that, if the pressure drop is fixed or up to what limit so, we can 

find out the velocity etc also. Any of these can be. So, three things are important in this, three 

important parameters are find out the Reb Reynolds number, this is one thing that should be 

well known to us. Second is f b, once f b is known, and then we can use the equation B to 

find out many of the things because, f b is known and we can find out other parameters. So, 

this is how they are combined together. So, this is the basic equation which can be used in the 

filtration also for finding out pressure drops and other things.  



And we can find out other parameters also using this particular equation, which has been 

developed or being used from the flow through a porous packed bed. So, this is like that. 

Now, the equation which has been defined earlier can further be extended to develop the 

filtration equation, how it is done, it is shown here.  
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So, since the cake deposited parallel to the filter medium, it always gets deposited parallel on 

the top of the filter medium, the cross-sectional area of the cake and that of the filter medium 

both can be taken as same. So, for the cake also whatever is the cross-sectional area and 

whatever is the cross-sectional area the filter medium both can be taken as same and equal to 

some filtration area, which is like A.  



So, now, the equation will become so, what we are doing is that we are trying to use the 

earlier equation which was defined here you can see, so, this particular equation can be easily 

converted into this particular equation where alpha has been defined, a new term has been 

defined and which is called as a specific cake resistance. So, this alpha term as defined and 

everything else remains the same and alpha is K Sp square 1 minus epsilon square divided by 

epsilon cube and it is the measure of the resistance of the cake which is offered by the cake 

with respect to flow of the filtrate, so that is there.  

And it can be seen that the dimensions of the alpha is per meter square. So, if you actually 

solve it, you will be finding that it is per meter square. So, and if we replace alpha we can 

further modify this particular equation, we call it C and we can get the equation D. Now, this 

is with respect to cake only. So, this is for pressure drop across the cake will be because of 

this alpha and all these parameters which are given here. So, they have already been defined. 

Now, what we can do is that we can add this is the pressure drop because of the cake. Now, 

similarly, there will be pressure drop because of the filter medium also.  
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The specific cake resistance 

( )
f c

c

L dV
P

A dt


− =  

So, we can add for the filter medium, so, and this is the further filter medium. So, overall 

pressure drop will be because of the cake and because of the filter medium both combined 

together. So, this will be there and once both are there the overall definition is given here, and 

we can easily see that only the mu f by A has been added like it has been taken out and other 

things are like Rm is the filter medium resistance and this is the dV by dt.  

So, this equation is called Ultimate filtration equation and it can be modified in a number of 

ways to solve many filtration problem. So, this equation is called as ultimate rotation 

equation. And there are lots and lots of possibility of solving this equation using various 

cases, etc. Now, incompressible there is a term which is alpha here, this alpha if it is the cake 

is incompressible. So, we have already studied the compressible cakes and incompressible 

cake.  

So, compressible cake where the cake is fluffy in nature and its density can be varied so little 

bit with pressure, so, all those things if it is there. So, alpha can be represented here by this 

equation for compressible cake alpha is equal to alpha 0 pressure drop raise to s where s may 

vary from 0.2 to 0.8, so, this is called compressibility coefficient and it can be obtained for 

various types of cake experimentally.  

Similarly, alpha can also be related by this type of equations, so, many possibilities are there, 

but generally this equation is used most often for compressible cakes and if it is 



incompressible, so, s is equal to 0. So, under that condition alpha becomes equal to alpha 0. 

So, this is for incompressible cake. So, this is the equation. Now, when we are using 

compressible for compressible cake here minus delta P, so, there is some modification in the 

equation happens.  

So, that is so, while integrating, we have to remember whether what is the value of s. So, we 

always try to integrate to get that how much filtrate volume we can obtain in such time 

maybe 20 minutes, 1 hour, 5 hour, 10 hours. So, during those integration equations that we 

are obtained after integrating this particular equation. So, alpha if it is raised to alpha, alpha is 

equal to alpha 0 where delta P raised to s. So, actually that delta P will go this side so, there is 

a some variation happens, so, that we have to take care.  
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Ultimate Filtration Equation 
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Now, some questions related to this. A plate and frame press is filtering a slurry. So, this is 

given and it is giving a total of 25 meter cube of filtration is being done in 30 minutes and 

only 35 meter cube little bit more in 60 minutes, when the filtration was stopped. So, we have 

two data, one data in 30 minute we are getting 25 meter cube of volume and in 60 minute we 

are getting 35 meter cube of volume, when the filtration was ultimately stopped.  

So, estimate the washing time in minutes, if 10 meter cube of wash water has to be used or 

filtration has to be done. The resistance of the cloth can be neglected. Here remember, the 

resistance of the cloth can be neglected and a constant pressure is used. So, two things are 

there, pressure is constant and the Rm that means, the Rm has been neglected. So, in this 

particular equation, if you go previously the equation was this.  

So, we can use the same equation but Rm has been dropped. So, the equation will become 

like this. So, if we just remember the previous equation we can like delta P is equal to from 

here sorry from here mu f A, this mu f A and then alpha V by A, so, this is another term 

which is there and then another V and into delta V by delta t, so, this is the equation. Now, 

we can modify this equation, so, dV by dt is equal to this and this all terms have been 

modified a little bit A square is there, so, and all have been clubbed together in one. So, this 

has been done.  
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So, we can get this equation. Now, delta V by delta t is equal to M by 2 V and if we actually 

integrate this is capital M. So, if we integrate it will be V square is equal to k t. So, this is the 

basic equation that we will be getting and from this basic equation for we can use the data 

which is already being given.  

So, for t is equal to 30 minute V has been given as 25 meter cube. So, this is the first data, so, 

we can use in this particular equation to find out, that now, we have to cross check what is the 

value of M so, which is the constant so, we get the m to be 625, this is 25 divided by 30. So, 

this is the M value.  

Similarly, in the 60 minutes we have 35, so, under that condition, if we solve it, it will be like 

this, we can easily solve it and overall we can if we can solve it will be 0.298 meter cube per 

minute. Now, for plate and frame filter press, the rate of washing is equal to 0.25 into final 



rate of filtration, because remember we have to find out the rate of washing, not filtration, 

estimate the washing time in minutes, if only 10 meter cube of wash water has to be used.  

So, under that condition, we are assuming that the rate of washing is around one fourth of the 

final rate filtration, so, final rate of filtration is this much meter cube per minute. So, it is 

0.25, so, this will be the meter cube per minute will be the rate of washing. So, overall 

volume of wash water which has to be used is 10 and rate of washing is 0.0745. So, if we 

divide we will be finding that, we require approximately 135 minutes for washing this filter 

press.  

So, from here we get an idea that washing time is large. And so, that means, as for 

sedimentation basin, we always here also generally we can have two or more filtration units 

in parallel. So, if three are working one maybe in washing mode. So, this way, we can always 

have continuous filtration which is going on, because out of the few units one has to be 

washed. So, this is also another design criteria that has to be taken care of whenever we are 

designing any filtration unit. So, washing time is larger.  

So, that is why if suppose four filtration units are operating in parallel, so that means three 

will be actually be working and one will be in the washing mode. So, after some time, this 

will become now operational. So, it will become operational and another filtration unit which 

may have been operating earlier that may go into the washing mode. So, this is how it is 

planned.  
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Carman Kozeny equation as follows: 
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h/l is the head loss per unit depth of bed 

    = porosity of bed 

S is the particle shape factor (S=1 for sphere and for sand grains it is 0.70 to 0.90) 

v = Filtration rate, m/s 

E = [150(1 - F)/R] + 1.75 

R = Reynold's Number = (dv/) 

 = Kinematic viscosity of fluid 

 

Now, further going ahead earlier already we have defined this Kozeny equation and all the 

parameters were gained. So, based upon this we have already derived this equation also. So, 

we can use these equations to find out the pressure drop across the porous bed and this is very 

very important that how much is the head loss which is happening, and determination of head 

loss with respect to velocity and all other parameters in the filter bed is very, very important. 

And through this we can find out, most often the velocity is fixed because we have the same 

amount of water which can be taken.  

So, what we can do is that we can still adjust the superficial velocity by adjusting the 

diameter of the bed, length of the bed, the type of material that we are going to use in the bed. 



So, we can modify all those things, so that we can keep the pressure drop lowest possible. So, 

this is there.  
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So, this is another question which is given here. A filter bed is composed of 800 millimeter of 

unit-size spherical sand, and like the bed is of 800 millimeter which is having sand of 0.5 

millimeter diameter and overall the bed is having a porosity of 45 percent. Calculate the head 

loss when the clean bed is operated at a rate of 145 meter per day, so, that is velocity is given 

then the kinematic viscosity of the water is given at 20 degrees centigrade and which is 

already 1 into 10 to minus 6 meter square per second.  

So, we have to find out the head loss when that clean bed is to be updated. Remember in the 

previous slides, we gave that we have three equations which are known to us one is that under 

what zone this bed is going to be operated. So we have to cross-check that means we should 

find out the Reynolds number. So, that is first, we should cross-check what is the Reynolds 

number in which range it is operation, whether it is laminar or turbulent or transition? So, 

once it is known, we can calculate in the second step fb or fb dash, so these any of these can 

be found out. So, these already we know the equation for any of the zones and once this is 

known, we can use the superficial velocity equation to find out the pressure drop. So, this is 

how it is done.  
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So, filtration rate in this case is 145 meter per day which is already given. So, we solve it in 

meter per second for our easiness. So, this has been given here, now, bed Reynolds number 

was earlier defined by this. So, in this case the filtration rate is already known, this is the 

diameter, which is already given to be 0.5 millimeter. So, that means, it is 0.5 into 10 raised 

to 4 meter.  

One more thing that we should always use, while solving any problem the units must always 

be taken care of, here I have not given but they may be taken care of. So, like 1.68 this is 

meter per second, we should always write the units also along with the other numeric values. 

Similarly, for superficial velocity already the unit has been given for Dp we are taking the 



meter and already the overall kinematic, since, we are directly using the kinematic viscosity, 

so, its unit is meter square per second which is already given.  

 

So, this gives the idea that these units are cutting each other. So, if it is dimensionless and 

here 0.5, 0.45 is the porosity of the bed. So, 1 minus epsilon because 0.55 and if you solve it, 

it will come out as 1.51, the Reynolds number. Now, this Reynolds number is less than 10. 

So, this is there. So, that means, we can use the, for the laminar flow zone this we can find 

out the fb dash.  
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So, since the Blake-Kozeny equation is valid and since Reynolds number is less than 10 and 

epsilon is also less than 0.5 therefore, laminar zone is applicable here, we have find out the 

modified frictional factor which is given by 150 by Reb and Reb has already found out 1.51, 

we can easily solve it and we can use the earlier equation also the earlier equations which are 

given like delta P by with respect to definitions which are given, so, we can solve it.  

So, delta P by L can be given by this particular equation. So, everything has taken care of 

only Reb is given if Reb is known, we can directly use this equation if we know that we can 

substitute the values or Reb here also, we can this equation also and indirectly, we can 

substitute all the parameters in this equation to get the value of pressure drop which is there.  
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So, head loss per unit depth will be coming out to be 0.35, so, this is per unit depth when L is 

taken as 1. Now, for 800 millimeter deep bed, the value will be coming out to be 0.28 meter. 

So, this is the head loss that we will be finding when we will be using this condition.  
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So, we can cross check whether it is suitable for us or not otherwise, we have to modify some 

parameters, but if we are using the sand itself, so, E will be epsilon will be fixed, we can 

modify the superficial velocity a little bit, this is the only parameter that we have. So, through 

this we can modify the cross sectional area. So, we can vary the diameter of the bed etc that 

will become a design condition.  

So, through this we can solve it. So, in today's lecture, we tried to understand two basic things 

One was that we can apply the theory of flow through porous packed bed and use the 

equation to find out the pressure drop and other design parameters with respect to that.  

Then the second equation which is very important n number of problems can be solved, 

because of the for this filtration equation which has been given it has lot of uses and along 



with the filter cake, this compressible cake, so, here alpha is there, so, this equation, I call it 

like A and along with this equation alpha is equal to alpha 0 minus delta P raised to s.  

Both combined together can be used in a number of cases and they can be used combined 

together and we can solve and this delta p itself can be given by these equations which we 

have solved. So, we can solve by number of methods and through this combining all these 

three the delta P using flow through the porous bed, we can combine all through and design 

the proper filtration units.  

So, all these three are very, very important equations and they can be used together to solve n 

number of problems. Now, in the next lecture, we will try to understand details of some of the 

filtration types of beds which are commonly used in the water and wastewater treatment. So, 

we will go ahead and understand those in the next lecture.  
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For today, we will close this lecture, these are some of the differences which have been used 

for these equations, so you can refer to them these books and other things. So, thank you very 

much.  

 


