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So, we have talked about this in practice we have only a single realization and hopefully
now you have realized the challenge of realization. That is; we have only a single
realization and we are supposed to draw inferences about the ensemble. So, there are two
questions that will trouble us throughout and of course, you know people have thought
about it and come up with some very nice answers over the last several decades. So, the
first question is how good are the estimates that | draw from a single realization; that is
number one and is a single estimate sufficient, which means that is a single realization
sufficient. We will not answer these questions; | am just posing this question so that you
know these are the questions that will look at, not initially though in the later part of the

course when we talk of estimates, we will try to address this.

(Refer Slide Time: 01:04)

Motivation & Overview

A unifying question
Under what conditions can the inferences drawn from a single record of data be
meaningful and useful?

1. Stationarity: Invariance property of the process w.r.t. time (or space).

2. Ergodicity: Ability to replace ensemble averages with time (or spatial) averages.
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Now, the two related questions can we actually combine into a single unifying question
which basically says or asks under what conditions can the inferences drawn from a
single record of data be meaningful and useful. So, that is exactly that kind of

summarizes what we have been discussing and the question that you have also asked



right and you have also asked the same question, if this thing were to change with time
she has put it in a different way, but the point is if the ensemble average where to be
changing with time, then would the time average will be a good estimate or not. Now
that is where we run the concept of stationarity and nonstationarity, so there are two

related concepts now.

When it comes to drawing inferences about a process from a single realization and the
two related properties are stationarity and ergodicity. Now one often gets confused with
these two concepts, but let us quickly understand and what these concepts are and we
will dwell on these concepts later on in detail when we talk of random processes settling.
So, one concept is stationarity and stationarity is a kind of an invariance property of the
random process itself; that means, whatever process we are talking of here there is got
nothing to do with the measurement process or you can club the measurement process

with the process of interest, whatever it is.

(Refer Slide Time: 03:02)

Essentially the process that you are looking at; remember that here is a process and then
you have a sensor right which introduces. So let us say here this process here is some y k
so that we have things as general as possible. So, instead of the process giving a constant
signal here the process is giving or is producing y k which I am observing with a sensor,
which axis measurement uncertainty w k and the net result is v, this is what | have. | do

not know y, I do not know w alright.



Now stationarity typically is talking about this, but not necessarily only about that. You
can think of this v k itself as coming out of a; you can now define a new process which
clubs. So, you can say just to keep things different I am going to write in caps here, this
is slightly different from the random process in the sense that this includes also the
measurement uncertain, so | do not really distinguish between what the process produces
and what the measurement, the sensor produces; | have clubbed everything and | see the
entire process and the measurement process together as one entity and call that as this
random process of interest, that depends on whether | have a prior knowledge of the

sensor characteristics.

Right now let us forget that there is a sensor, there is a process; there is a random process
which is producing v k and | want to draw inferences about this process from the signal
that | have and stationarity is telling us basically under the conditions under which I can
use the inferences that | draw from a single realization over a period of time. What |
mean by this is; let us go back to this example, the question that the two of you had
asked, if the signal is constant, everything is fine in a sense | can use a time average to
estimate the truth which is c, but if that constant ¢ were to change with time; it is no
longer constant, it is changing with time then there is no question of even thinking of

time averages because the moment | move to a different time, the truth has changed.

Truth is no longer invariant with time, so stationarity is a very important assumption that
we make about the process so that whatever inferences | draw from a single realization
can be used to draw inferences. Now the question is whether the process truly satisfies
this property; that means, whether the truth is actually constant with time or not, can we
determine a priory from data whether the truth is changing with time. Yes and no
depends on the way changes, but by and large we begin by assuming the process is
stationary, if the truth were remain to be invariant with time, the truth may be referring to
the mean, may be referring to the variance, may be referring to some other statistical
property; we are not worried about it, we say that all statistical properties of this random
process that | am dealing with should remain invariant with time, if at all I have to be
able to use this data that | have obtained in time because if the truth keeps changing in

time, then it is going to be a problem.
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Examples
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We saw an example right; the Swiss stock market index had such kind of a behavior. The
averages were increasing with time, maybe some of you have forgotten, but we can
actually go back and again look at that right. So, if you see at the bottom left lot, you see
the Swiss stock market index series and you see there that the truth is changing with
time, it is very glaring. So, can | use whatever methods I learn in this course to handle

such series; yes.

But first we learn to deal with the series that are of the kind that you see in a; of course,
you can argue how do you know that a is coming out of a stationary process. | do not
know neither and not do you know, so the question is now whether you will believe me
or not it is not about that, there are actually statistical tests that will allow us to test for
non stationarity of a particular kind, there is no test out there that will actually tell you
confidently yes the process is stationary; there is no test out that; if you assume that the
non stationarity is of a particular type then there are tests which will tell you whether the
hypothesis holds or has to be rejected.

So, there are non stationarity which can be detected just by visual inspection like in this
Swiss stock market index, there are many others which are hidden there you cannot
simply determined it by looking or by a visual inspection of the signal. We learn all
about that, but the point is we will assume that the statistical properties of the process

will remain invariant with time and it is a very strong assumption; we will slowly look at



relaxed versions of such assumptions, we will not talk about it right now. At the moment
we are saying that the process is strictly stationary, at a later stage; we will talk about
week stationarity or second order stationarity and so on; around which we will build all
the models.

So, the second property that will allow us to use the inferences drawn from a single
realization to say something or the process is ergodicity. So, stationarity is talking about

the process itself whether its statistical properties remain invariant with time; a yes.
Student: (Refer Time: 09:18).

Very good question; well I do not know in what context you are talking of time invariant
systems. So if you are referring to the deterministic world, yes there is a very strong
parallel between a stationary random process and a time invariant deterministic process.
Some of you must have actually gone through courses on linear systems theory, where
people talk about linear time invariant systems, but the notion of the linear time invariant
system is slightly different from the notion of stationarity. You can say that the mapping
of the time invariance property in the deterministic world to the stochastic world is
stationarity.

Essentially, it is saying that the process should remain whatever it is, but it is not a single
realization collectively that is ensemble should be stationary alright. So to answer your
question; yes stationarity is some kind of a time invariant equivalence that you see in the
deterministic world and we will revisit that equivalence later on. So, if coming to
ergodicity quickly; ergodicity is more of a feature of how you measure, there are many
examples that you will see on Wikipedia and many other resources and let us take one

such example that you will see commonly.

Suppose | want to know the park or let us say in modern times theatre; that is visited the
most in a city. Now when | want to do that, a natural way of doing that is to actually
freeze the day or maybe the show that | am looking at and look at the number of people
visiting all theaters in a city right; that is how | should be doing, but suppose | do not
have access to such a measurement process, what | would do is actually maybe appoint a

person to actually do this for me over a period of time.



I have maybe one or few people who would do this for me, but over a period of time now

one way is to freeze time, freeze a show time and then look at all the theaters.

Let us change the (Refer Time: 11:39) to the most frequently visited it is a kind of
indicative of maximum itself. So, if | want to know what is the most frequently visited
then 1 would either follow the first method or the second method where | would now
hopefully have identified a person who goes to theaters quite often and then follow the
pattern over a year or two years and figure out, but there is a very important assumption
underneath when | use a second method, what is that; that assumption is stationarity that
is whomever | am using, whomsoever schedule | am following, pattern | am following to

figure out what is the most frequently visited theater.

First 1 will assume that this person does not change, have a change of mind or develop a
bias over a period of time; will actually visit all the theaters at randomly, there is no
particular bias and that there are other things that will not change the scenario for me. So,
stationarity is the first assumption that | will make. Then comes a second assumption
which is | am hoping that this person actually is a movie buff. Suppose | have selected
the wrong person who does not go to movies at all or who goes only to the theater near to
his place of residence then | have a problem correct, my measurement process has a

problem.

So even if the process is stationary, | can actually run into problems if I do not measure
things properly, that is what ergodicity is all about it is essentially saying that, if I were
to observe or if | were to construct averages in time then given sufficiently long time, 1
would be able to draw say that the time average is a representative of the ensemble

average and that can only happen if the measurement process has no bias, nothing.

So, it is all about your measuring phenomenon rather than a property of the process
itself, but typically we do not know. Suppose | am looking at a sensor and | am recording
the temperature, assume that the process that | am observing is stationary then if | were
to rely on the sensors reading, the implicit assumption first of all is at the process is
stationary; that is important. Then comes the second requirement that if | were to let the
sensor record the temperature in time and use that data then an important assumption for

example is sensor does not develop a drift, it does not have a bias and so on.



So, that kind of constitutes your ergodicity property and ergodicity is a very hard
condition to verify. Theoretically if you look at the definitions of ergodicity, it would
simply say that if your process is such that; when we say process typically it is a
measurement process that does not mentioned. If your process is such that the time
averages that are computed using one realization, as the time goes to infinity, as a
number of observations go to infinity; you will be able to say that this time average is

representative of the ensemble average, then we say the processes ergoding.

Now, there is no mention of how you estimate that time average or anything; I mean
simply just averaging in time, so you can say simple average in time for that matter.
Ergodicity is a property that is very hard to verify in time or even in practice, you simply
assume that the process is ergoding, but if you know something in your measurement
process is going to violate this condition or requirement of ergodicity, then you will have
to fix it up front. Basically you should make sure that there are no biases in your
measurement phenomenon; of course, some part of ergodicity can be clubbed with non
stationarity and so on, but the point to remember is stationarity and ergodicity are
completely different properties and for you to think of even ergodicity stationarity should
hold.

Because ergodicity is answering the question when can | say that? Whatever average a
computing time will be suitable representative of the average in ensemble but for that the
truth itself has to remain invariant with time. Therefore, whenever you examine the
process for ergodicity; implicitly stationarity has to hold, for non stationary processes
you do not even talk of ergodicity. So, that is something to keep in mind; we will revisit
the notion of stationarity. Ergodicity is something that we do not really revisit, it is an
assumption that we will make that whatever | estimate from a single realization will

serve as a good estimate of the average in on some (Refer Time: 16:47).
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Approaches in TSA

Approaches depend on objective:

1. Forecasting: The most prevalent objective of TSA - applies to every field.

» Tests for within-series and across-series predictability - auto-correlation and
cross-correlation functions.

» Develop difference equation models relating present to past - “auto-regressive”
models.

» Imagine the series to be a result of an unpredictable shock wave passing through a
filter - "moving average” models.

» Build mixed models that can also include other effects such as trends, random walk
non-stationarities, etc. - (seasonal) ARIMA models.
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So, very quickly let me tell you what are the typical approaches in time series analysis
and that depends on the objective. As | pointed out on day 1, there are different exercises
one encounters in time series analysis until now we have talked about the core challenge
of time series analysis. Now we will quickly get a glimpse in a couple of minutes as to
what are the typical approaches in time series analysis and that depends on the kind of
analysis that you are doing. | mentioned that forecasting is one of the predominant
exercises that you will run into in time series analysis and when it comes to doing that,
you are going to rely on the history; remember we said the strategy always is to rely on
the history and then make a prediction hopefully that there is something in the history
that will allow us to make a prediction, but it is possible that there is nothing in the

history that will allow us to make a prediction.

So, an important step in forecasting that is in developing models for forecasting is to test
for predictability. We should be able to test for predictability thus the historical data
contain anything at all that will allow me to make a prediction and that is done by what
are known as auto correlation functions or if you looking at bivariate signals that is if
you looking at two signals, you are using one signal to predict the other then you are
looking at cross correlation functions. There we run into concept of autocorrelation,

cross correlation, concepts of white noise and so on.



White noise signal or a white noise process | should say is that process which does not
offer any scope for prediction, even given infinite history. So, we want to make sure that
the process | am dealing with is not white noise. Well ideally |1 would say when your
solving assignments or exams you would hope that it is white noise and then say there is
no score for prediction 1 am done with, but when you are actually sitting there in your
job and you are asked to make a prediction, you are hoping that it is not white; it is
colored and that there is some correlation of the past with the future or the present. So,
that | can build a model, what kind of models do we build; well the kind of models that

we build as you will see later on our difference equation models.

Now difference equations are something that we have seen before in the deterministic
world, 1 am sure we have come across many difference equation models for example,
Fibonacci series is one difference equation model explaining, what is the Fibonacci

series explain. Are you familiar with Fibonacci series?
Student: (Refer Time: 19:44)

So it explains the rapid growth phenomenon correct, it is a difference equation what we
mean by difference equation is same kind of a recursive equation. So, as you will learn
later on, we will build models for random processes that offers scoffer prediction and
these models as they are known as auto regressive or moving average or ar m a; ARIMA
models or you know if you take it to the multivariate case vector autoregressive moving
average models and so on, they are all nothing but difference equation models, you can
think of them as stochastic difference equations, but if I use that term that may scare you,
they essentially difference equation models that will build and what we will learn in this
course and in fact, the core part of this course will teach you how to build ARIMA
models, given time series. What are the steps that you would follow systematically and

eventually help you in your placement alright?

So, that is the thing that we will follow in forecasting. There is yet another branch of
time series analysis | have talked about which is got to do with detection of periodicities
and | did mention at that point in time that this periodicity detection actually makes use

of Fourier analysis.
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Approaches in TSA ...contd.

2. Detection of periodicities: A common goal of many engineering, meteorological,
astronomical and biomedical applications.
» Frequency-domain or spectral representations - extensive use of Fourier
transforms (other transforms are also used in advanced analysis)

» Notion of a “random periodic process”

It is necessary to distinguish between a
periodic deterministic and periodic random process
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So, we move to frequency domain and so on. Here as well one has to worry about the
distinction between a periodic deterministic and a periodic random process. Now on the
face of it this so called periodic random process seems a contradiction, how can a
random process be periodic, if it is periodic; it is no longer random right, but that is if
you are still thinking of a periodic random process on the same lines as a deterministic
process. For deterministic process; when is a deterministic process said to be periodic,
when it repeat itself; if there is a finite time after which you see a repetition, then we say

the deterministic process is periodic.

It is not the same definition that is used to define a periodic random process in fact a
better term that is used for periodic random processes; harmonic processes. So, we will
look at how to actually, what are the definitions of harmonic process and how to detect
periodicities in such harmonic processes. There are different models, we will not worry
about that, so when we move to frequency domain analysis, we will define first what is a
periodic deterministic process, we will learn how to deal with such processes because
many a times | notice that a lot of students are not familiar with even periodic
deterministic processes and how to detect periodicities using tools such as power

spectrum and so on.

So we go through that; that gives us the base to understand how to define a harmonic

process or a periodic random process and then we will study two different models for



periodic harmonic process. There are two different ways in which you can model
harmonic process and how the notion of spectra or spectral densities comes handy in
defining a periodic random process. At that point, we will extend this notion of spectral
densities for harmonic process in fact for harmonic processes, there is no notion of
density; we only talk of spectra, we move from other point in time from periodic
harmonic processes to a periodic random process. So, we generalize we say for general
random process can | do a frequency domain analysis and that is where we run into the
notion of spectral density where we will also run into (Refer Time: 23:29) theorem and

so on, they are very powerful results as much as you may be dreading to think of it.

Those where the cornerstone results and those still remain the cornerstone results for the
entire theory of random processes that we see, we may be by in large developing
ARIMA models and so on, but if you go back to the theory for example, a burning
question that was addressed, that was studied for a long time was for a stationary
process, when can | build in ARIMA model? Under what conditions can | build an
ARIMA model and the answer came out in the form of results in frequency domain and

that result is called a spectral factorization result, we will talk about that later on.

(Refer Slide Time: 24:20)
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Estimation

Estimators are at the heart of TSA. They produce estimates of “unobserved” or
“hidden" quantities / variables from observations.
We shall learn how to:
» Characterize “goodness” of estimators

» Estimate statistical properties / parameters / signals

» Report estimation results and test hypotheses (on random processes)
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So, finally I will conclude with what we will come across in estimation and then spend a
minute on the scope of this course. | have talked about estimation already; I will not

spend too much time on what will come across. | have already said we will go over the



estimation theory which will teach us first of all how to characterize goodness of
estimators, given any method of estimation; how good is that method, you may come up
with some other method tomorrow you should actually again question the same way and
then of course, learn what are the different methods of estimation.

In particularly we will look at least squares maximum likelihood Bayesian estimation
and something called method of moments, these are the four classes of estimators that we
will learn and then of course, look at some fundamental results in estimation theory and
hypothesis testing; hopefully gave you a preview of what we do post estimation. Once
you estimate, you have to actually conduct certain hypothesis tests because the purpose

of estimation is mostly to test hypotheses.

(Refer Slide Time: 25:26)
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Scope of this course

Course deals with largely basic and a few advanced concepts. The objective is to equip |
the learner with foundations of time-series analysis and estimation.

» Linear random processes

» Stationary and non-stationary processes.

» Mostly univariate and to a lesser extent, bivariate analysis

» Time-domain predictive models (ARMA, ARIMA and SARIMA models)
» Frequency-domain (spectral) analysis (deterministic and stochastic)

» Estimation theory (MoM, LS, MLE and Bayesian estimators and their properties)
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So, as far as the scope of this course is concerned we looked at linear random processes,
we looked at stationary processes and to a certain extent non stationary processes as well
and as | said mostly will restrict ourselves to univariate and as | have just said, we will
go over the time domain models including ARIMA and seasonal ARIMA models,
SARIMA models and then also learn how to analyze random processes in frequency
domain, these are called spectral representations and then spend considerable time in

estimation theory.
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A few remarks

» Emphasis is on concepts rather than on the rigour.
» Idea is to introduce and illustrate ideas first through examples.

» Student is expected to take this first-level treatment to a higher level by self-inquiry.

Arun K. Tangirala Applied TSA August 4, 2016 2

And | just want to say that emphasis always some concepts, you will feel that even in the
exams i do not test you on your ability to remember a formula, but I will test you on your
ability to apply a certain concept, you will come to know that even in assignments and of
course, this is a introductory course but gives you all the principles required for
understanding advanced topics and finally, again | want to repeat that time series
analysis requires both the theory and some skill, some art that art comes through practice
and for that practice, you need a computational software which is what | have talked

about earlier.

(Refer Slide Time: 26:39)
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R: Software for TSA

R® is an integrated software package for data manipulation, calculation and graphical
display

» Powerful graphical (plotting) and statistical analysis tools.

» An expression language and like many other languages, case sensitive
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We will use (Refer Time: 26:39) and these are some of the references.
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Next Wednesday onwards we will start writing all the necessary equations and will take

the theoretical developments.

Thank you.



