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Lecture -1.2
Brief Tour of Wavelet Transforms

Now, one of the key applications of Wavelet Transforms is in detecting discontinuities.
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Scalogram: Example
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Waygfet ¥ansforms have a built-in (duration-bandwidth) trade-off that is suited for signals with short-lived
high*fregilency and long-lived low-frequency components. ‘
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And if you look at this example that we have here on the right it has done that job for
you. We have a sinusoid corrupted with an impulse disturbance, without any user
intervention, it is able to detect the discontinuity as well as sign wave. Whereas, in the
spectrogram all though we did not discusses in detail, one has to adjust this width
effectively to capture both the impulse and sine wave you have do it by trial and error.
Whereas, with wavelets they are it is very nice, it is very ideally suited for these class of

signals.

Because, the impulse is short lived and it is nicely captured by the very high frequency
wavelets. And since impulse any way has a broad spectrum, you do not have to worry
about the frequency localization. And a sine wave at least in this signal exists for a long
period of time and it is f much lower frequency, then any of the frequencies present in

impulse at least the high frequencies.

Therefore, it is nicely captured in time very well. But, the energy has been smeared in the

frequency direction or dimension. Always compare with what you would get with the



spectrum. Because, the Fourier spectrum will give you global features, it is important not
to discard that information, when your performing time frequency analysis. One of the
first steps in time frequency analysis is to perform Fourier analysis get an idea of global
features and then move on to the time frequency analysis. Obviously, when it comes to

capturing the frequency contain, nothing can beat the Fourier analysis for you.

(Refer Slide Time: 02:08)
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Discrete Wavelet Transform (DWT)

It is the CWT evaluated at specific scales and translations, s = 2’,j€ Zand 7 =m2’, m€ 2.
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» Offers a compact (minimal) representation; CWT gives a highly redundant representation
» Specific choice of scales and translations can generate a family of orthogonal wavelets
» When only scales are restricted, a dyadic wavelet transform is generated, (redundant representation)

» Most important property of DWT is the multiresolution approximation capability. Traversing from low to high scales
results in fine to coarse nested approximations

%)
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So, will close this discussion with quick overview of what is known as a discrete wavelet
transform. Until, now we have talk about continuous wavelet transform. In fact, we had
when we gave the definition of the wavelet transform that is the continuous wavelet
transform. What is continues about it? Do not please attribute that to the continuous

nature of the signal.



(Refer Slide Time: 02:33)

The continuous prefix there has got to do with the continuous with these parameters here
tau and s. When, these are continues value, then we call them as continuous wavelet
transform, pretty much like with other transforms. What we are talking about hear is
discrete wavelet transform. Again here, discrete does not refer to the signal,, but refers to
how you choose a tau and s. When, | say discrete wavelet transform it means, that both
tau and s are now going to take one specific values on a grid that 1 will choose unlike in a

continues wavelet transform where tau and s are continuous value.

So, that is the prime difference the continuous and discrete I have got nothing to do with
the signal, in both cases signal is continuous. So, why do we require discrete wavelet
transform? The simple answer to that is, if | look at the continuous wavelet transform |
am going to evaluate the transform at every possible value of tau and s. Of course,
computational that is not possible. But what that means, is | am going to choose a very

fine grid for tau and s to get the picture.

Now, when | do that what happens islet us say | choose scale equals 1 that is | am
looking at the mother wave itself. And | am going to analysis the signal with this mother
wave. Then, | translate with the in very fine steps in time, then what happens is there are
going to be huge overlaps between the signal segments that | am going to analyze. And
that will generate lot of redundant information. Remember we have going from a one
dimensional signal representation to a two dimensional representation. And likewise
scales as well, when I look at too very finally, spaced scales. And that is a analysis a two

finally, space scales again | am going to generate a lot of redundancy. And this is not



good or useful desirable in many applications. And the classic application being signal

compression, where | would like to represent the signal in as few numbers as possible.

So, if you think a think of such an application which is of course,, very widely
encountered then, | would like to choose tau and s in such way, that is the translation and
scaling in such a way are ultimately when I am done with analysis of the signal. This
coefficients that | generate by virtual transform are going to be minimal. That means,
those are the minimum number of coefficients that | will require to represent the signal in
the time frequency plane. And it turns out, that if you choose this particular grid for the
scaling parameter in the tau translation parameter. Then, you have what is known as a
compact representation in the time frequency plane, on the time scale plane. And the
particularly when you choose powers of two, we call is as a dyadic discrete wavelet
transform. But, normally we leave out the dyadic, it is understood by default discrete

wavelet transform always works with dyadic scales.

And you should see here, that the translation parameter is been chosen proportional to
the scale. What this mean is, if | choose a particular wavelet of this width, I should shift |
should march ahead proportional to the width. If I choose a wider wavelet, then | should
march ahead my steps of marching should be longer, larger. Whereas, when | choose a

narrow wavelet, this steps that | take in time for translation should be smaller.

Because, then | would have covered only a small portion of the signal at each value of
the tower. And that is the reason we have the proportionality for tau. That time to gather
the grids for grids spacing for tau and s makes this a very compact representation. And
will talk about the mathematics of it, how is a guaranteed choice of s and tau will
generate a compact are what is a known as a orthogonal family of basis function for

analysing signal.

Otherwise, the original transform is always CWT. DWT is not a new transform, it is very
popular because of the applications, where it is applied. Signal compression, signal
estimation, image analysis and. So, on DWT is very popular. But, please do not think that
DWT is the best technique always, it has its own draw backs and CWT is very good for
example, in feature extraction. Because, it has is redundant information and you can get
very nice features. Whereas, we DWT may not able to get the features very well. And
there are other draw backs such as invariance to features. When a feature shift in signal

in time, DWT cannot detect that shift. So, that is something call shift in variant wavelet



transform and. So, on. So, DWT is the answer for many application, but not for every

application. And CWT also has it own place.

(Refer Slide Time: 07:45)
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DWT Example: Decomposition and Reconstruction

Plot of oiginal signal and wevelet coficients Piet of originad signal and the fhered components
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So, just to give a feel of how DWT looks like, | have an example for you take an from
Mallat’s book. That is signal itself if take an from Mallat’s book, that the figures have
been completely regenerated. So, look at the left figure that we have here on the top I
have what is known as piecewise polynomial signal, it has features such as

discontinuities very sharp, smooth, changes and so, on.

What is typically done in DWT is you would actually break this signal into different
components at different scales exactly what the way you do in CWT. But, the
terminology is what makes it a bit obscure. What you see on the bottom four panels here
are essentially the coefficients. That is after your perform the transform at different
scales. The second panel here consist of what is known as approximation coefficient,
which is the transform taken of the signal at the courses scale. What we mean by
courses? The scale at which the low frequency wavelet exists. And then you have at the
bottom, the bottom most the coefficients computed at the finest scale. That is the

narrowest wavelet, that you are using in your analysis.

Now, what is the use of these coefficients that | have computed. Notice that, the width in
time for this coefficients is different at each scale, that is got to do again with the choice
of tau. We said we will march ahead in time depending on the scale at which | am

computing. Now, what is this coefficients give me? They give me the energy contained



in the signal at this respective scales. Now, predominantly what you see is a low

frequency trend in the signal with occasionally some discontinuities.

Whenever there are discontinuities, you will see them reflected in the finer or the high
frequency scales. That means, values of s less than 1 and the remaining, the most part of
the signal lives in the low frequency domain or high scale. And typically we say trends
are approximations. And that is why we these are call approximation coefficients. Now,
what is you see on the right is again the signal on the top. But, now | have plotted
continuous versions of the signals components what are these exactly. Again with the

signal on the top.

The second one that you see, which is denoted here as a 3. | have how did | generate
this? Well, this simple way to generate this signal here is by zeroing out all the
coefficients d 1, d 2, d 3 on the level. So, | assuming that none of the detail should be
present in the signal. There where there by some mistake and |1 am going to eliminate
them, then I am going to construct the approximation of the signal. So, that is the
coursest approximation of the signal that | am constructing at this scale of my analysis. |

can even construct courses are approximations.

Then, what | have in the remaining three on the right hand side here. The upper case,
notice the difference between the notation use uppercase for the reconstructed
components and lower case for the coefficients. So, for the d 3 also it is a same story.
What I do is in constructing the big d 3? | will retain only the coefficients in small d 3
and then ignore or zero out the coefficients at the remaining scales, the idea is to

reconstruct only that part of the signal, that is the idea.

So, what we are doing is, we are reconstructing the signal at individual scales. And if you
add up all the blue curves that | have they are you should get the red one. That is a
perfect reconstruction property, that the discrete wavelet, the wavelets are use for DWT

should satisfy generally speaking.
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DWT Example: MRA

Plot of original signal and multiresolution approximation
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Now, this is idea that is used in multi resolution approximation. That is very common
and very effectively used in computer based on image analysis where a construct
approximations of images and different scales. In fact, if you were to see in many
modern browsers, you would see if you are viewing an image, the image will be
displayed to you at different approximations, starting from the courses to the finest. That

is a same idea here.

| start again | have the signal on the top, | have the coursest approximation that |
constructed earlier. Now, what | am going to do is? | am going to add this detail big d 3
to approximation and get a better approximation of the signal, and then even the better
approximation, and finally, the signal itself. Because, we said when we add up all the
broken up components | should get, recover the original signal itself. So, this constitute
what constitute what is known as a multi resolution approximation which is very popular

in wavelet theory, we will talk about this in details later on.
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Wavelet Theory - Different perspectives

» Time-Frequency analysis: Representing the given data (signal) in a time-frequency plane such
that the variations of frequency components with time can be clearly illustrated.

» Filtering (Signal Processing): Wavelet transforms are multi-stage or multirate filters for a given
signal such that components of signal localized in different frequency bands are obtained.

» Functional Appraximation: Approximation / projection of a given function into two (orthogonal)
spaces, namely, approximation and detail spaces. Each approximation is then projected onto two
spaces at the next level (scale or resolution) and so on - nested or multiresolution approximation

"-I-- -.
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Now, to conclude let me tell you that whenever you read literature on wavelet theory,
you will find several text book written by different peoples Mathematician, Physicist,
Engineers and Econometric people and so, on. Each one takes a different perspectives
simply because, wavelet have such enormous and diverse set of applications. For
mathematicians wavelets are approximating function, for engineers wavelet are filters

and for physicists is the time frequency analysis tools.

So, depending on the book that you read it may be heavy notation or not and heavy
ingrate symbols or not and. So, on. As engineers, what is important is to know how the
wavelets are applied. Rather than really getting bogged down with all the theorems and.
So, on. Therefore, you should try and read material that are presented to you by
engineers who are able to give you good perspective, particularly the filtering and time

frequency analysis perspective.

What we shall do in this course is, we will start off with the time frequency perspective
and then gradually move on to the filtering perspective. Of course, occasionally will talk
about the approximating part, there is no escape, whichever perspective you take, you
will inevitably be forced, compelled to talk about the other perspectives. But,
predominantly will take the time frequency and the filtering perspective of the wavelet
theory because, those are the most wildly encountered applications in engineering. And
you should always remember that all three are equivalent, it is just that the perspective

and the utility is different.
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Course Objectives & Outline

Objective: To teach fundamental concepts of TFA / time-scale techniques with focus on wavelet transforms for
applications in TFA, feature extraction and signal estimation.

Outline:

Part ' Topics [ Duration
Units 1-3 . Overview; Basic definitions; Review of FTs BT lectures
“Unit 4 [ Essential concepts in TFA; Instantaneous frequency; Ana- ‘ 5 lectures

lytic signals
Unit 5 Short-Time Fourier transform \ 3 lectures
Unit 6 \ Wigner-Ville distributions \ 7 lectures
Units 78 | Wavelets, CWT, DWT, Filtering perspectives, MRA | 18 lectures
Special lecture Empirical mode decomposition 1 lecture

How;éj;?assignments provide opportunities for hands-on experience.
4

Evaluatfon: Final examination.

Arun K. Tangiewts, IIT Madess etroduction n

So, with those words with me close this lecture by of course,, giving you the course
outline as well. And the course outline is fairly straight forward in the sense it is already
given on the course website for you. The course is divided into several units or you can
call them as modules, and each unit as a set of lectures, and | have given the distribution
for you. The final unit talks about the empirical mode decomposition, that is more of a
special topic, we will not go as much as in detail as we do for the other topic such as,

short time Fourier transforms, Wigner-Ville and wavelet transforms.

The empirical mode decomposition is the most recent one, if you look at the historical
developments. As | mention it takes an instantaneous frequency perspective, like the
Wigner-Ville whereas, the spectrogram and the scalogram take the regular frequency
perspective. Of course, there is this time scale perspective that wavelets have take us one.
So, let us go through this course together and enjoy the journey.
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Reference Texts & Software

1. L. Cohen. Time Frequency Analysis: Theory and Applications. Prentice Hall, Upper Saddle River, New
Jersey, USA, 1994,

2. P. Addison. The lllustrated Wavelet Transform Handbook: Introductory Theory and Applications in
Science, Engineering, Medicine and Finance. Institute of Physics, London, UK, 2002

3. S. Mallat. A Wavelet Tour of Signal Processing. Academic Press, San Diego, CA, USA, second edition,
1999.

Lecture material in the form of handouts / slides shall be made available.

Soﬂ;ﬁﬁi MATLAB®: WAVELAB (Stanford University), Time-Frequency Toolbox (TFTB), Wavelet Coherence
Too!hogd MATLAB's Wavelet Toolbox.
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Here are a few reference text for you, that we will follow. Of course, predominantly the
material may be borrowed from this. And as | mention in this previous lecture, there are
going to be notational differences. Please do not get confused between notional
differences. What is important is to be consistent notation that I use this course. If you
find any errors in the consistent you of notations within the course materials is please

feel free to point them out and to bring them to our attention.

The software that will use is primarily mat lab. And in this mat lab platform, there have
been several open source tool boxes that have been developed. Really wonderful tool
boxes and will use them extensively in this course, wave lab, the time frequency tool box
will be use predominantly. And to a certain extent the wavelet coherence tool box which

is also an open source by Grinstead and Moore and others.

And the commercial wavelet tool box, that is supplied by Mathworks to a lesser extent.
So, please be comfortable with mat lab make sure that you are familiar with the basic

syntax on basic working of this software.
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These are list of references for the lecture that we just when through. Of course, some of
these references will run through the entire course. And make sure that you read up the
corresponding chapters to get more details on whatever a lecture you go through. So, will
meet in the next lecture.

Thank you.



