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Lecture - 4.3
Instantaneous Frequency and Analytic Signals

Hello friends, welcome to lecture 4.3, this is the third module in the fourth unit, where
we are learning fundamental concepts related to time-frequency analysis. And | hope you
have had a serious viewing of the previous two modules. The topics are at least one of
the topics, which is instantaneous frequency is in continuation of what we learnt in the

process of deriving the band-with equation.

(Refer Slide Time: 00:50)

Lecture 4.3

Topics

To learn fundamental concepts of TFA, namely:

» Instantaneous frequency: Recap and Limitations

» Analytic signals
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So, we are going to do a recap of the instantaneous frequency and also discuss certain
limitations towards the end of this lecture. We shall particularly discuss what are known
as analytic signals; we have view, we have encountered this term earlier in the context of
looking at mean, frequency, and so on. These analytic signals are essentially complex

representations of real-valued signals.
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Instantaneous frequency

Begin with the definition of mean frequency,
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» The second term on the right is zero (intuitively this must be true since the LHS is a real-valued
quantity). Therefore,
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Thus; 3@ is in some sense an instantaneous quantity with units of frequency!
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So, let us begin with a recap of instantaneous frequency. Why? This particular term is
called instantaneous frequency, whatever definition we have and so on. So, again
recalling these equations that we have seen in the previous module, we begin with the
expression for the average frequency as you can see in equation 1. As usual this is a
definition of the mean frequency. And using the trick for rewriting this expression in
frequency domain in terms of the time-domain representation as was given in the
previous module. We just rewrite this entire integral in terms of time-domain
representations. And then eventually introducing the complex representation that we had

for x of t, which is A of t times e to the j phi of t, we have this expression here.

Now, as we argued in the previous module, the left-hand side is a real-valued number;
which is a mean frequency, and the right-hand side is an integral of a complex number.
Naturally, if you want both sides to match, then the imaginary portion on the right-hand
side should go to 0, and it does go to 0, because it is a perfect integrand. So, we are left
with this integral here in equation 3 for the calculation of the mean frequency. Now, all |
have done is | have rewritten A square of t as mod of x of t square rightfully, because x
of t is simply A of t times e to the j phi of t. Now, any average quantity when written in
terms of the moments of a density function, it is a first moment of the density function.
But here the peculiarity of this integral is the left-hand side is as units of frequency;
whereas the right-hand side here is an integral in terms of the time-domain

representations.



Whatever may be the case, whether | use mod of x of t squared dt or mod of x of omega
square d omega, the energy is preserved due to Parseval’s relation. Therefore, this phi
dot of t has to have the units of frequency. And it has to be a local quantity, because
average quantities are local quantities weighed by some probability and so on if you are
talking of random variables; and recalling the analogy that we had between the energy
density and the probability density functions, you can think of phi dot of t as a local
quantity, which has units of frequency. And because it is a function of time t, we call this
as an instantaneous frequency; that is the argument that is presented to derived phi dot of
t; it is not straight away that it falls out of some expression; but we are using some
qualitative and meaningful arguments to come up with the mathematical expression for

instantaneous frequency.

So, let me again reiterate here; instantaneous frequency is a physical concept; it is
something that we can think of when look at the changing colors of a leaf or a flower in
the morning. You can see that the colors change with time; and because each color is
typically associated with a frequency or a frequency band, you can say that, the
frequencies are changing with time; and instantaneous frequency will give me an idea of
what is the frequency of a given signal at that time. In that perspective, instantaneous
frequency is actually a physical concept. What we are trying to arrive here at is a

mathematical definition.

(Refer Slide Time: 05:16)
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Instantaneous frequency ...contd.

Motivated by previous derivations, the instantaneous frequency is defined as

v d
) = 27

L

Note: The phase ¢(t) is the one that appears in the complex representation!

» The instantaneous frequency (IF) is a physical concept first and then a mathematical definition

» Whether equation (4) always provides a meaningful result remains to be seen

The instantaneous frequency w;(t) has naturally a time-varying'dependency built into its definition
) "\5 unlike the Fourier frequency w.
VY

For a sffe wave, we should expect the IF and Fourier frequency to coincide.
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So, the instantaneous frequency or the local frequency — both these terms are used
interchangeably in the literature, is the derivative of the phase of the signal. Now, again,
this phase comes from the complex representation of the signal that we have seen earlier
as well. So, the question that remains to be seen is whether this expression —
mathematical expression provides a meaningful result; that means whether the
mathematical value that | get by differentiating the phase indeed matches what | have in
the signal as a physical property of that signal. And that we will see towards the end of
this lecture; we will find that, this definition has certain limitations.

Now, obviously, this instantaneous frequency is a very useful quantity in time-frequency
analysis, because that is what; | want to know what frequency is present at what point in
time; that, it is a very useful and beautiful quantity to work with. And naturally, for a
sine wave, we should expect that, the instantaneous frequency and Fourier frequency
coincides. So, now, you have to get used to these two notions of frequency: 1 is a
frequency, which is the Fourier frequency, which exists forever, because the Fourier
frequency comes from the Fourier-basis functions — sines and cosines, which have this
frequency. And it has a same frequency at all times; whereas, instantaneous frequency is
changing with time. Only for a sine wave, these two should naturally coincide, because
at any point in time, the instantaneous frequency for a sine wave should be fixed. Now,
the question is whether | can achieve this identity for the sine waves just by working
with the sine waves or do | have to re-represent the sine wave in some other form to
establish this; expected coincidence between instantaneous frequency and Fourier

frequency.
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Instantaneous frequency: Examples

Let us study two signals

1. Complex sinusoid: z(t) = A(t)e’“o*
The instantaneous frequency is a constant w; = wy; thus, the entire bandwidth is only due to

2 [™ [Alt) !‘.‘,
B 7/x (M) A2(t) dt

Notice that when A(t) approaches a constant, the bandwidth shrinks to zero.

amplitude modulation.

V) 3
2. Signal with AM and linear FM: z(t) = ((_') ™o (261 (B [24wot)
The IF is w; = wq + B (linear FM). Further, it can be shown that
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So, let us look at a couple of examples; when | have a complex sine wave, | have this
representation; naturally, the signal has complex representations; 1 do not have to put in
much effort; A of t is amplitude. Again, | would like to caution on the term amplitude
that we use here. Amplitude in this case is a magnitude of the signal; but in general, if
you think of amplitude for a sine wave as we discussed in unit 2, it more or less
represents the peak value. But, the nice thing about this complex representation is
amplitude and a magnitude of the signal, are one and the same. And that is one of the
beauties of working with a complex representation. So, you do not have any confusion
between amplitude and magnitude of the signal; otherwise, if you had A of t sine omega
t, then the amplitude A of t would be different from the magnitude of the signal, because
a magnitude of the signal at any time is amplitude multiplied by sine omega t. So, you
should therefore, appreciate the complex representation much better now.

Clearly, the instantaneous frequency is a constant both from a physical view point,
because it is a complex sinusoid of fixed frequency. A of t only contributes to the
amplitude modulation or changing amplitude. And also, when | use the definition of
instantaneous frequency as | have from equation 4, phi of t for this example is omega
naught t; its derivative is omega naught. And therefore, the mathematical expression and
the physical feature of the signal coincide; and now what happens is because the
frequency is fixed; suppose A of t was 1; that means it did not change with time. Then,

how would the energy spectral density theoretically look like? It would look like as a



peak — exactly a peak at omega naught. So, the bandwidth is O; there is no spread. But,
since A of t is not necessarily a constant and is a function of time, whatever spread that
you see in the energy spectral density, that is, the bandwidth that you see for x of t,
would be slowly coming from amplitude modulation. And as A of t approaches a
constant, you can see that, the bandwidth shrinks to 0. Bandwidth — O means that,
essentially, that is the single frequency in that signal. So, this is now consistent with all

the analyses that have been doing.

But, suppose | have a signal, which has both amplitude modulation and linear frequency
modulation; the amplitude modulation part comes from this factor here — alpha by pi
raise to 1 over 4 times e to the minus alpha t square by 2; whereas, the frequency
modulation comes from the fact that, this phase phi of t here is a quadratic function of
time t. Notice with the... Compare with the previous example; the phase was a linear
function of time t. And therefore, its derivative is going to be fixed. Therefore, there is
no frequency modulation at all. So, whenever the phase is a linear function of time t,
there is no frequency modulation. But, when the phase is a function of higher powers of
t, then you should expect frequency modulation. Here the phase is a quadratic function of

time t.

And naturally, now, the instantaneous frequency is omega naught plus dt; where, we
have used this definition in equation 4. So, that is why we call this signal having linear
frequency modulation, because the instantaneous frequency is a linear function of time t.
Of course, there is an omega naught; and the frequency modulation is therefore, over and
top above this omega naught. When beta is 0, again, it will take you back to the no
frequency modulation case. In this case, using the expressions that we had derived for
the bandwidth, we can easily show that, the amplitude modulation contribution is this.
And the frequency modulation contribution is this. As you can see here, the frequency
modulation part also has this term alpha. Of course, amplitude modulation is not affected
by beta; but whatever may be the case, they both add up, that is, the b am and b fm
squares of that add up to give you the total bandwidth.

So, once again, alpha and beta will contribute to the overall bandwidth. But, you will not
be able to figure out exactly how much is amplitude modulation, how much is coming
from frequency modulation by solely looking at b square. So, given a signal, | would not

be able to say; if | only given measurement of x of t, I would not able to say how much



contribution is coming from amplitude modulation, how much contribution is coming

from frequency modulation; that is the again limitation of using spectral densities alone.
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IF of a real sine wave

The instantaneous frequency of a real sine wave z(t) = Asin(wgt) is zero! (Why?)

One way to resolve this enigma is to provide a complex representation 2(t) for the sine wave such that
R(2(t)) = z(t) and force the phase such that the IF coincides with the regular frequency wy

» This takes us to the topic of analytic signals

NPTEL
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Now, the instantaneous frequency of a real sine wave; so, if | just have A sine omega
naught t, it is... If I look at that, it is 0. Why is this? Because if you compare this x of t
that | have with the general complex representation that | have for x of t; let me show

you this.

(Refer Slide Time: 12:42)




So, | have this signal x of t as A sine omega naught t; whereas, the representation that |
use to compute the instantaneous frequency is A of t e to the j phi of t. So, this is the
representation that I work with to compute instantaneous frequency. And I have this
signal. So, when | cast x of t in the complex form just as is; then clearly, this entire thing
goes into A of t, because this is a real-valued signal. And by comparing, it is clear that,
there should be no complex portion or imaginary portion at all. As a result of which, |
have phi of t being 0. And therefore, the instantaneous frequency is also 0. Now, this is
observed, because we know that, the instantaneous frequency of a sine wave physically
should be fixed at omega naught. Why is this anomaly occurring? The anomaly is
occurring because | am directly working with a real-valued signal; 1 am working with a

real representation itself.

If somehow | find a suitable phi such that | say — so, instead of working with x of t now,
I will create a z of t corresponding to x of t; and then say that, the real part of z of t
should be x of t and somehow choose phi that everything else make sense. Remember we
had this anomaly also in determining the mean frequency. If you recall the example that
we had in module 4.1, the mean frequency of a real sine wave; if | just use expression as
is, this turns out to be 0, because the spectral density is actually symmetric for this signal.
So, we had a similar situation in the computation of mean frequency. There again we
pointed out that, this anomaly is occurring because |1 am working with directly the real-
valued representation of x of t. Therefore, we suggested that, a complex representation

be used.

So, now, we have two reasons to work with complex representation. One is that, | want
the mean frequency to make sense. Two — | want the instantaneous frequency calculation
to come out meaningfully. And 3 — of course, which is a good side effect, which is that,
the amplitude of the signal, that is, a complex associate — analytic associate as we call,
will be the same as the amplitude of the signal itself. So, with this, we will now turn to
the discussion on analytic signals. So, the idea now, are the objective now is to come up
with the complex representation such that we will force a real part of this complex
representation to be the signal itself. But, we are free to choose the imaginary portion.

And alternatively, we are saying is that, | am free to choose the phase.
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Analytic signals

Motivation: Moments of energy density (mean and spread) in frequency and the definition of instanta-
neous frequency should be meaningful.

» Main drawback of real-valued representation is that spectral density is symmetric about the origin.

» A solution is to zero-out the spectral density at negative frequencies, i.e., Prz(w) =0, w <0.

Idea: Construct a new signal z(t) such that it contains only the non-negative spectrum of (). Moments
of P,.(w) will then correctly correspond to the mean frequency and the bandwidth.

The signal z(t) has to be complex-valued. Why?
(%)

S
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So, let us look at the main motivation as | said main drawback of real-value
representation is that, spectral density is symmetric. That is the key point or the key
property of the spectral density for real-valued signals, which gives me this observed
result that, the mean frequency is 0. Somehow, if | can ignore the negative part of the
spectral density and only work with the positive side of the spectral density; then the
mean frequency calculation will come out all right. So, again recall the example that we
have seen. So, a solution; there are many possible solutions, but a simple solution is to
say | am going to construct a new signal out of the given signal such that, the spectral
density of the new signal at negative frequency is 0. In fact, this is what you will find as
a definition of analytic signal in many texts; all analytic signals will have zero spectral
density at negative frequencies. So, the idea is now to construct a new signal z of t such
that it only contains non-negative spectrum of x of t. And moreover...

And, what happens is now, the spectral density. | have P here; you should read it as s z z;
it is essentially the spectral density — energy spectral density. When | force z of t to be
having this property, we will show that, the mean frequency calculations and the
instantaneous frequency calculations will come out all right. The question is why should
z of t be complex value? The answer is fairly obvious when | have real-valued signals,
the spectral density is symmetric whenever | have an asymmetric Fourier transform.
Why | have an asymmetric situation here? Because | want the spectral density of z of t,

which is the new representation of x of t; | want it to be 0 over negative frequencies. And



to be whatever is that of the original signal for the non-negative frequency. So, the
energy spectral density now of z of t is asymmetric. Naturally, its Fourier transform is
also going to be asymmetric. And whenever | have asymmetric Fourier transforms; that
means in time domain, the signal representation is complex or signal is complex valued.

So, it is clear that, this new representation that | want has to be complex valued.

(Refer Slide Time: 18:32)
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Analytic signal: Derivation

Determine z(t) such that

2X(w), w>0
Z(w) = (5)
0, w<0
Note: The factor of two above ensures that the real part of z(t) is the signal z(t)

Solution: z(t) 2)1_/ X(w)e™ dw = - / / Jer“lt=t) gt duy
“nJo 0
After some algebraic manipulations, we have the aﬂa|VtIC signal
Ala(t)] = =(t) + H[a(1)]| (6)

where #{z(t)} is the Hilbert transform of z(t),

7
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P Hlz(t)] Ar./,,!"- T dt (principal value) (n
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Now, with this, we will now determine the z of t by requiring that, z of omega, that is, its
Fourier transform be 2 times x of omega for positive frequencies and 0 for non-negative
frequency. | am also forcing the dc component go to zero. There is a reason for that. But,
the main question or the key question that you should ask is why do | have factor of 2?
Because I only want the spectral density... I want the spectral density of z to match the
spectral density of x for non-negative frequency. So, why do I have this factor of 2? You
will see that shortly. If | do not have... because I want the real part of z to correspond to
the signal itself. And here this point will be clear in the derivation here. So, the solution
to this is | begin by taking the inverse Fourier transform of z. So, z of t is an inverse
Fourier transform. And | am only integrating from 0 to infinity here. And the reason...

because the reason is z of omega is 0 for negative frequencies.

And then | have here 1 over pi 0 to infinity minus infinity to infinity x of t prime e to j
omega t minus t prime d t prime d omega. Where did | get this from? | have substituted

the expression for x of omega as a Fourier transform itself. This 1 over 2 pi comes from



the fact that, we are working with — angular frequencies. If I am working with cyclic
frequencies, this 1 over 2 pi would not come into picture. Remember — we are dealing
with continuous time signals here. Therefore, the frequencies will run from — ideally
from minus infinity to infinity, but z of omega is 0 for negative frequencies or including
zero. And therefore, I only restrict the integral from 0 to infinity.

Now, | can actually work through some algebraic manipulations, where we have this;
then we arrive at this analytic signal. What is the algebraic manipulation? | use an
important property of the integral e to the j omega X. This simple expression is given in
Cohen’s book; | would suggest that you refer to the Cohen’s book. It is an expression for
the integral of 0 to infinity e to the j omega x dx. It involves two things: one — it involves
the direct delta function; and the other — involves j over t minus t prime. So, let me just
right that expression for you.

(Refer Slide Time: 21:18)

So, the integral 0 to infinity e to the j omega x dx is given by 1 over pi delta x plus j over
X. This is the expression that one obtains; there is no 1 over pi here. So, delta x plus j
over X. Now, you apply this result to the given integral. What you do is — if you look at
the expression here that | have; | have x of t prime times e to the j omega t minus t prime
dt prime d omega. First, I am going to evaluate the integral O to infinity e to the j omega t
minus t prime d omega; and | apply this result. And then I evaluate the inner integral
minus infinity to infinity dt prime. When | do that, | have an integral of x of t times delta



of t minus t prime. Remember on the board, we have x; but in the integral, we have t
minus t prime. Therefore, what | would end up with after using the result is the first term
being minus infinity to infinity x of t prime times delta of t minus t prime dt prime. So,
let me write that expression for you.

So, the first term would come out to be minus infinity to infinity x of t prime times delta
of t minus t prime dt prime. Now, using the sampling prosperity of the direct delta
function, whenever | have an integral of this form; by definition, this will yield me the
value of x at time t. This is the fundamental property of a direct delta function. Then, |
have a second term; where, | have j times x of t prime over t minus t prime dt prime. So,
that constitutes the second term that you see on the slide. And that is given here by 1
over pi integral x of t prime by t minus t prime dt prime. The j term being factored out
here. This integral here — 1 over pi integral x of t prime by t minus t prime dt prime is

known as the Hilbert transform of the signal.

Now, there is a subscript p here; that indicates that, | am evaluating the principal value of
this integral. What this means is that, when | evaluate this integral, | will run into a
singularity at whenever t prime runs from t; whenever t prime equals t. Remember the
limits for t prime is minus infinity to infinity. So, at some point, t prime will hit t; at that
point, you will run into singularity. So, to avoid that singularity, there is a special way of
evaluating this integral. And that is known as the Cauchy principal value; the resulting
integral. So, in evaluating the Hilbert transform of x of t, | evaluate this integral, but
using a principal value . So, the analytic representation of a signal is x of t is a complex
number, whose real part is the signal itself; and the imaginary part is the Hilbert

transform. This is a very beautiful result.

Now, in matlab, you have this command Hilbert; but you have to be careful; it returns
not just the Hilbert transform, but the analytic signal representation itself. So, keep that

in mind when you use the Hilbert routine in matlab.
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Hilbert transform

The Hilbert transform has some interesting and useful properties (apart from linearity):

Slgnal / operation | Hilbert transform H)

— e e
Tim&shifting.:r(f - to) it - to)
Scilng S{at) sen(a)i(at)
Convolution in time, 2y(t) x za(t) (1) * Ea(t)
Derivativerif(tl | :111 Hia(t)

[FHOH0] = (1)

»_.The Hilbert transform essentially exchanges the real and imaginary parts of X(f).

? HE s energy preserving
R
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So, these are some useful properties of the Hilbert transform. There are some
interesting... These are quite interesting and actually useful. So, for example, the Hilbert
transform of a constant is 0. What this means is when | take the inverse Hilbert transform
of a signal, there is always going to be an ambiguity of a constant. And that can actually
cause problems, which we will talk about in the next module. And then | have this
property when | have time shifting in time. The Hilbert transform also shifts in time.
Remember — unlike the Fourier transform, Hilbert transform is also function of time t.
So, you are not taken to any new domain. So, there are several other properties such as
the Hilbert transform of the derivative, is a derivative of the Hilbert transform itself. So,

you can use this to derive Hilbert transform of other signals.

And, this particular result that | have shown in the box is useful to understand what
Hilbert transform does in the Fourier domain. So, the Fourier transform of the Hilbert
transform is nothing but minus j times sine of f times x of f. So, what Hilbert transform is
actually doing is if you work out the math here, it essentially exchanges a real and
imaginary parts, because you have this multiplication of j in front of x of f. It does not
really alter the Fourier transform of the signal. What it does is it exchanges the real and
imaginary portions of the Fourier transform and also changes a sign depending on in
which frequency you are operating. Most importantly, Hilbert transform is energy
preserving. What this means is the energy of the analytic representation of the signal will

be twice the energy of the real signal, because the energy of the signal is going to be mod



z of t square. That is going to be mod x of t square plus modulus of the Hilbert transform
square. But, because Hilbert transform is energy preserving, modulus of Hilbert
transform square is going to be the same as the energy of the signal itself. Therefore, the
energy of the analytic signal is twice that of the signal itself.

(Refer Slide Time: 27:36)
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Properties of analytic signals

» An analytic signal necessarily has zero spectrum at negative frequencies

» Energy of the analytic signal is twice that of the original signal
Eye=2E (8)

» For an analytic signal z(t), Afz(t)] = 2z(t).
» Analytic signal of a derivative is the derivative of the analytic signal

dz] d® s
A[ dt } =g @)

» Convolution of an analytic signal with an arbitrary function yields an analytic signal

> !?.m{:ct of real-valued signals

;
{3 )
\ j Al!xf;»} - 1’1/1{.1'2!. if 4\'1(.‘)] =0, |w 2wy, \g(w) =0, ‘w‘ <w (10)
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There are some useful properties of analytic signals. The one that you see is the second
one is what we have just discussed. And most of these properties follow suit from the
property of Hilbert transform. And the last property particularly that 1 have listed here;
the analytic representation of a product of real-valued signals is nothing but x 1 times the
analytic representation of x 2 provided x 1 is band limited in this frequency range minus
omega 1 to omega 1. And x 2 is band limited in this frequency range. This is useful in

evaluating the analytic representations of a product of signals.
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Examples
1. Complex exponential: z(f) = ¢’',w > 0. Applying the property of analytic signal (o its definition),
Alz(t) = 2%, w>0 (11)

Note: For complex exponentials (with w > 0), the analytic signal is thus constructed by multiplying it with two, If

w < 0, the result is simply zero.

o

Cosine: z(t) = cos(wt),w > 0. Re-writing z(t) = 3 (™' + ¢77*"), and applying the above result we have

Alz(t)) = & (verify this result by applying the definition (6)) (12)

w

Product of cosines: z(t) = cos(w;t) cos(wyt), 0 < w; < wy.

Re-writing z(t) = §(e?“at«1)t 4 g/Wamwnlt g gmilwnten)t 4 p=ilea=wi)t) and applying the previous result,
Jebave

(3

\ j A{J‘(!) = (‘(L\’(,jll)r“‘( (13)
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So, I will just want to conclude with a few examples that will show me how to compute
the analytic representations and also point out the limitations of instantaneous
frequencies. Now, when | have a complex exponential, which says omega greater than 0,
it is already... This particular signal is already analytic, because it is not defined for
negative frequencies; however, still if I go ahead and choose an analytic representation
of this, I get twice of e to the j omega t. And this is a property that we use in deriving the
analytic property of the cosine. 1 am going to leave that derivation of the analytic
representation of cosine to you. It is fairly obvious to use this property here. And also
you can use this expression, that is, the first result here to derive the analytic expression

or the analytic representation of the product of cosines.

Again, we use the same property; we use Euler’s expansion for cosines; and then use
analytic expressions here. Something that you should observe; which is a very important
point here. The analytic representation of the signal here is cosine omega 1 t times e to
the j omega 2 t. That is very interesting. So, | begin with the product of cosines, where
omega 1 is less than omega 2. What the analytic representation has done is it has taken
the lower frequencies and lumped that into the amplitude. If I compare with the complex
representation, then A of t is cosine omega 1 t and c of t is omega 2 t. So, the phase has
higher frequency content than the amplitude. This is always the case with analytic
representation. This gives us a nice insight into — physical insight into what the analytic

signal is doing; it is taking the lower frequencies; putting it into the amplitude and then



taking the higher frequencies and putting it into the phase. So, that

remember.

(Refer Slide Time: 30:24)
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MATLAB Example: Complex linear chirp

Analytic signals and instantaneous frequencies can be computed using the TFTB.

o
Lo

o
o

(10
(10
o

[TH
o

E I I I
Time

18ig = folin(128,0.1,0.2); % Modulated chirp
2 plot(real(sig)) % Plot the signal

» (instf ,t] = instfreq(sig);
aplot(t,instf,’rx’) ¥ Plot the IF

ssig f = fft(sig);

e E_sig = abs(fftshift(sig.f))."2;

7plot((-0.5:1/128:0.5-1/128) ,E_sig/sum(E_sig));
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And again, we have now matlab example. So, what | am doing here is | have a complex

linear chirp; I am only showing the real value; | use the time-frequency tool box to

generate the signal as well as to compute the instantaneous frequencies. The instfreq

routine in the time-frequency tool box allows you to compute the instantaneous

frequencies. Now, the instantaneous frequency versus time is shown here. Because | say

it is a linear chirp, what this means is linear frequency modulation. You will see a linear

plot here of instantaneous frequency versus time; it is beautiful. So, | have now directly

the time-frequency analysis of this signal; I know how the frequency is changing with

time very nicely. So, it is very nicely resolved. So, the instantaneous frequency seems to

be a very nice concept to analyze time-frequency analysis.
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Lecture 4.3 Hal

MATLAB Example: Short-duration real-valued chirp
Instantaneous frequency definition has its limitations.
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L8 0

® m W W ) w oW m
o | 18ig = fmlin(128,0.1,0.2);
i,, axk = [zeros(64,1) ; real(sig) ; zeros(64,1)]
»xka = hilbert(xk); [instf,t] = instfreq(xka);

LU
g {-’ #\ aplot(t,instf,’rx’) % Plot the IF
j”’\'j sxkf = ££6(xk); Ex = abs(fftshift(xkf)).2;
" o plot ((-0.5:1/266:0.5-1/256) ,E_sig/sum(Ex))
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However, it has certain limitations as we will see in the next example. This example is
again to show you how useful instantaneous frequencies are. In this case, | am
deliberately generating a real-valued signal to show you that, to compute instantaneous
frequencies, you have to work with the analytic representations. So, this is the signal of
interest to me — 0; this is similar to what we have seen earlier, and then a sinusoid; and
then followed by zeroes. So, | generate the analytic representation and compute the
instantaneous frequency. You can see the plot here. It says that, in this period, there is no
frequency while it is 0 or 0.5, which are more or less the same. And then during this
portion, | have a linear frequency modulation. So, | have taken. Remember | am
generating a linear chirp, but | am taking the real part and then taking the Hilbert
transform. Therefore, it is able to correctly determine the frequency modulation. And
after this time, again the instantaneous frequency goes back to 0. So, it has actually done

a very good job of detecting the frequency variations in time.
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I.F. of sum of sinusoids

The L.F. of two added complex sines is not meaningful either! Consider
z(t) = A @ 4 At

Then, it is analytic representation is z(t) = A(t)e’*"), where

; X Ay sin(wt) 4 Az sin(wat)
AX(t) = A + A3 4 2A1 Az cos(u - wi)t, f(t) = arctan [ ———- b
(t) = Ay + A; 2008(wp — wi) ¢(t) = arctan o)+ ds sl
| ) 2 |
[ . 1 1, A3 - A}
Thus, the LF. is: |w; = ¢(t) = = (w2 +wy) + = (w2 = wy) ==
‘ o(t) ,2( I)'.zl 1) A1) |
i 1vs = 100; % Sampling frequency
ot avl = 10; w2 = 20;
| 3 xk = 2¢fmconst (128 ,w1/ws) + fmconst...
o (128,w2/vs) ;
g,,é\‘f&: 4 [instf,t] = instfreq(xk);

s plot(t,instf,’b-’,¢t, instf, 'rx’)
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However, when | have a sum of sinusoids like this, then the analytic representation of
this sum of sinusoids is fairly complicated; which is given by this expression here — A
and phi given here. | think you should take it as an exercise and show that, indeed A of t
and phi of t are this for this complex sine wave. Then, to compute the instantaneous
frequency, | take the derivative of the phase; and it is fairly complicated. Look at what is
happening; the instantaneous frequency does not give me omega 2 and omega 1
separately. It cannot because | have two frequencies at any given time. So, which
frequency will it pick? It picks the average and then some product of the difference with
this amplitude modulation. So, it is a fairly complicated thing. So, it is not able to tell me
that there are two frequencies only; it is actually giving me a function of those two
frequencies. This is the fundamental limitation of working with instantaneous frequency
as we have defined.

Whenever | have a mono component signal; which means | have a single frequency at
any given time; then the instantaneous frequency definition will match with what is
happening in the signal. But, when | have more than one frequency at any given time, it
is called a multi-component signal. Then, the instantaneous frequency calculations will
give me some kind of meaningless results. Now, there is a way out for this; which is
given in the form of empirical mode decomposition; which we will talk about it in the

next module. But, this is what is the main message of this example.
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So, here is again couple of references for your perusal. And hope you enjoyed the

lecture.

Thank you.



