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Lecture - 50
Response Surface Methodology - B
We will be continuing with our discussion on response surface methodology. We will be
doing a new example. In the previous example, we saw how to construct a preliminary design
based on 2 power 2 factorial with center points. We also checked whether the curvature
effects would be important and we did not find evidence of curvature effects in the first

example and then we also identified the path of the steepest ascent.

In the second example, we are going to find the optimum solution after going through the part
of fastest progress and the part of fastest progress may be either steepest ascent or steepest
descent depending upon the nature of the problem. So now let us look at the problem
statement for the second example.
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~EXAMPLE PROBLEM : Il ORDER MODEL

An exploratory study is conducted in a pilot plant using the
CCD strategy and the following results are obtained. Find
a. The second order model parameters

b. The sequential and adjusted sum of squares

~§he complete ANOVA table

So we are having an exploratory study conducted in a pilot plant using a CCD or central
composite design strategy and the results are obtained as shown in the following table. So
you are asked to find the second order model parameters, the sequential and adjusted sum of
squares, the complete ANOVA table.
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—EXAMPLE PROBLEM : Il ORDER MODEL

d. The significance of the parameters

e. The nature of the response surface i.e. type of optimum
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The significance of the parameters and the nature of the response surface.
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EXAMPLE PROBLEM : DATA
A B Y

-1 67.01
1 68.74
-1 65.71
1 68.1

1414 0 65.8

1414 0 69.6

0 1414 67.25
0 1414 65.85
0 0 65

0 0 64.5
0 0 65.5
0 0 66

0 0 65.25

So the data is presented here, it is a straightforward central composite design where you have

the factorial points at the beginning. These are the responses and then you have the axial

points given in the second set. This corresponds to the location of the alpha values —root 2,

+root 2, this is —root 2, +root 2 corresponding to the axis for factor B. These are the responses

and then we are also given the repeats at the center.

You can see that there are 5 repeats. You have 4+4 8, 8+1 9 independent settings. The total

number of experiments is 13, you have 9 independent settings because in addition to the 8

runs you are also having one independent setting corresponding to a center.
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~EXAMPLE PROBLEM : Il ORDER MODEL
a. The second order model parameters
Using the regression approach the parameters are easily

found as

Bo=6525 By =11868B,=—-049 By, = 0.165

B,y = 12912 B,, = 07163

So first we have to estimate the second order model parameters. There are a couple of ways
of doing it. The simplest would be to go for the regression method. It is very convenient and
straightforward especially in the matrix form and the regression method also helps you to
quickly find the sequential sum of squares and the adjusted sum of squares. So the 6

parameters are found and are listed here.

Beta hat 0 is 65.25, it is the intercept estimate, beta hat 1 is the regression coefficient
corresponding to factor 1 or factor A and that value is 1.1868 and beta hat 2 is -0.49 which is
the regression coefficient corresponding to factor 2 or factor B, beta hat 12 is only 0.165 and
that corresponds to the interaction between the factors A and B, beta hat 11 is the regression
coefficient corresponding to the pure quadratic term for factor 1, X1 squared so square of the

level of factor A.

So beta hat 22 is the regression coefficient corresponding to the quadratic term involving the
second factor given by factor B squared or X2 squared and the 2 values for the quadratic
terms or the quadratic coefficients are 1.2912 and 0.7163.
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1.0000 -1.0000 -1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 -1.0000 -1.0000 1.0000 1.0000
1.0000 -1.0000 1.0000 -1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

1.0000 14142 0 O 20000 0
1.0000 14142 0 O 20000 O
10000 0 14142 0 0 2.0000
1.0000 0 14142 0 0 2.0000
1.0000 0 0 0 0 0
1.0000 0 0 0 0 0
1.0000 0 0 ©0 0 0
1.0000 0 0 0 0 0
1.0000 0 0 0 0 0

So we constructed the X matrix, the first column is the matrix of ones and then you had
corresponding to factor A, factor B. This would be the interaction between factors A and B
and this would correspond to the quadratic term concerned with factor A and that i1s X1
squared. So you have all these numbers squared, -root 2 squared would be a 2, +root 2
squared will also be 2. Similarly, this is for factor B all the terms in the column are squared.
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X'X=

13.0000 0 0 0 80000 8.0000

0 80000 0 O 0 O

0 0 80000 0 0 0

0 0 0 40000 0 0
80000 0 O 0 12.0000 4.0000
80000 0 O 0 4.0000 12.0000

0
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So it would be a simple thing to take X prime X, X prime is the transpose of the X matrix I
showed in the previous slide and you can see that the X prime X matrix is not a diagonal
matrix. There are also certain terms in the off-diagonals but you can also see that many terms
are 0. You just make a small modification to the slide so you have the X prime X matrix and

you can see that the off-diagonal terms also exist.



But it is a sparse matrix because not all the positions in the matrix are filled. There are many
0Os in this matrix but the main thing to note here is it is not a purely diagonal matrix.

(Refer Slide Time: 06:30)

Courer F,r/-/-f"—”‘
XXy =
XY=
020000 0 0 0 -0.1000 -0.1000
00125 0 0 0 0 864.31
0 00125 0 0 0 9.4940
0 0 00250 0 O -3.92
01000 0 0 0 0.1438 00188 0.66
01000 0 0 0 0.0188 0.1438 540.36
53576

B = (XX)'(X'Y)=[652500 1.1868 -0.4900 0.1650 12912 0.7163]"

e

And when we take the X prime X inverse, we get the result as shown here. The most
important thing is we do not get a singular matrix and then you have X prime Y and the
values are given here and we can estimate the parameters beta hat as X prime X inverse, X
prime Y and this is what we get. This is the intercept beta hat 1, beta hat 2, beta hat 12, beta
hat 11, beta hat 22.
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~~EXAMPLE PROBLEM : Il ORDER MODEL
b. The sequential and adjusted sum of squares
In sequential sum of squares, the model parameters are

added in the sequence By, B, P12, P11, Baa-

The sequential sum of squares values are given below

So now we have to go to the next part of the exercise, which is to find the sequential and

adjusted sum of squares. I personally like finding out the sequential and adjusted sum of



squares. It always fascinates me to see for the orthogonal design, the sequential and adjusted

sum of squares are the same whereas for a non-orthogonal design the two are different.

And it shows the power of the orthogonality where the contribution of each factor and the
interaction between the factors are clearly delineated and so one does not interfere with the
other. In such a situation, it does not really matter whether you bring the factor 1 first or
factor 2 first or even the interaction between the 2 factors can be brought in first so the

sequence does not really matter.

Whereas in a non-orthogonal design, the sequence in which the model is built has its
influence on the estimated model parameters. So again the regression approach is used to find
the regression sum of squares. The concept is very simple in the sequential sum of squares.
What you do is you build a model as the name suggest sequentially beta hat O+beta hat 1
X1+beta hat 2 X2+beta hat 12 X1 X2+beta hat 11 X1 squared+beta hat 22 X2 squared.

So this is the sequential method of model development and using the regression analysis, the
regression sum of squares may be computed and so you have a full model and then you have
the model without a particular parameter being present. The difference between the two
regression sum of squares would give you the sequential sum of squares. So I would suggest

that you revise the portions in linear regression.

So that what we are telling here would be immediately evident to you.
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—EXAMPLE PROBLEM : Il ORDER MODEL

b. The sequential and adjusted sum of squares
In sequential sum of squares, the model parameters are
added in the sequence By, B, B12, B11, B2a.

The sequential sum of squares values are given below

S




As far as the adjusted sum of squares is concerned, it is very interesting you take a particular
parameter of interest to you and that particular parameter you introduced last in your model.
For example, if I am particularly interested in factor 2, what I would do is I will first develop
a model involving the intercept, the factor 1 and then the interaction between factors 1 and 2

so that would be my preliminary or original model.

And then I will add in the factor 2 at the very end. So I will have a preliminary model, I will
find the regression sum of squares and then I will also have the full model in which factor 2 is
added last. I will find the regression sum of squares, the difference between the two would
give me the extra sum of squares or the adjusted extra sum of squares due to the second

parameter.

So the example I have chosen I have done all the calculations and given both the sequential
and adjusted sum of squares. I request you to do the problem on your own and see whether
your results are matching with mine.

(Refer Slide Time: 10:54)
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B: =B, +B.X, 66.40 1.187
B ¥ = By + B 66.49 1.187 -0.49
i ¥ =y + BiXy B X *BraXoX 66.4854 1.1868
049 0.165
By 9= B + BiXi+BaXa#BiaX Xo#Bu X, 657483 1.1868
049 0165 1.1978
T = By + BiXitBaXotBioX Kot By X, 65.2500 1.1868
X2 -0.49 0165 1.2912 0.7163

Right so let us now look at the different model parameters that may be added to the gradually
developed model. The model form after the addition of the parameter would be Y hat=beta
hat O+beta hat 1 X1 and this is the model and then the parameters are 66.4 and 1.187
corresponding to beta hat 1 and then when you add the second parameter, the model is as

shown here and that comes to 66.49 1.187 -0.49.



Beta hat 12 to the interaction term is added last after adding the intercept factor 1 and factor 2
and when you do that the estimated parameters are 66.4854 1.1868 -0.49 0.165. It can be seen
that when the model is being built the parameter beta 1, parameter beta 2 are unchanged in all
these 3 models. For example, beta hat 1 is unchanged in all these 3 models and beta hat 2 is

unchanged in the two models in second and third rows.

And then when you add the quadratic term corresponding to X1 squared, we get the same
values of beta hat 1, beta hat 2, beta hat 12 and then you have the additional contribution
from the quadratic term 1.1978 and then when you finally add the last quadratic term X2
squared, the regression coefficient corresponding to that would be denoted by beta hat 22 and

that is what is present here in the model and that value is 0.7163.

And when you add the last parameter beta hat 22, it can be seen that beta hat 11 changes. This
is a very important difference. Here you did not have beta hat 2, but you had 1.187 for beta
hat 1. Now when you added beta hat 2 parameter, the value of beta hat 1 remained at 1.187
and then you add at the interaction term, the values of the main parameters beta hat 1 and

beta hat 2 remained at 1.1868 and -0.49 and then you added 0.165 as the interaction term.

But when you do the same thing for the quadratic terms, you find that beta hat 11 initially
was 1.1978 when it was alone present in the model and when you added beta hat 22, the
value of beta hat 11 changed from 1.1978 to 1.2912. On the other hand, the main factors in
the interaction factor A, factor B and factor AB interaction remained at 1.1868 -0.49 and

0.165.

This is very interesting because the model is having the factorial contribution and which is
orthogonal in nature and that is why the main factors and the interactions did not change even
though the model was gradually developed. On the other hand, the non-orthogonal
component was created by the quadratic terms and so the values changed when additional
parameters were included in the model.
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1 By T =, +BiX 11.267

2 B, ¥ =By + BXo+BoXe 19207
3 Bz = By + BuXy+BoXo*BroX X, 0.1089
4 By V= Bo + Xy tBoXotBiaX Ko tBy X2 10.1539
5 [ T =By + PuXyBoXo B X Koty X2 3.5688

%%7 +ByX;?
"\l}\d Sum of Squares calculate the appropriate B',.X'pY = B/ XY

So the sequential sum of squares for each model is listed in this table. So the sum of squares
due to beta hat 1 is 11.267 and the extra sum of squares due to sequential addition of the
second factor is given by 1.9207 and then for the interaction the sequential sum of squares is
0.1089 and for the quadratic term addition the extra sum of squares is 10.1539 and then you
can see that beta hat 22 is adding 3.5688.

So while looking at the sum of squares addition, we can also gauge the relative importance of
the particular parameter. So you may expect that when compared to beta hat 2, beta hat 1 is
having more effect whereas the extra sum of squares brought in by beta hat 12 is only 0.11

and so you may expect the contribution from beta hat 12 to be small.

Between the two quadratic terms you would expect beta hat 11 to have a greater say in the
model response because the extra sum of squares due to beta hat 11 is about 3 times more
than the extra sum of squares brought in by beta hat 22. So to calculate the sequential sum of
squares you use the regression approach and then you take the fully developed model
regression sum of squares and subtract from it the regression sum of squares for the model
which did not have that particular parameter.
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'Adjuste d Sum of Squares Calculation

B, T = Bo*BoXotBroX Xy #BisX 2 65.2500 -0.4900 0.1650

Bk, 2 4 Biky 12912 0.7163 1.1868

i, T = BotBoX o+ BuoX X+ BuX 2 65.2500 1.1868 0.1650

X2 + B,X, 12912 0.7163 -0.4900

f""‘z ¥ = ot BuX +BoXo Bk, 65.2500 1.1868 -0.4900

Q% X2 4 Bk X, 12912 07163 0.1650
x

I request you to carry out the calculations yourself and check whether the results are correct.
The calculations are not very difficult especially if you do it with some standard software like
MATLAB or Scilab and next we move on to the adjusted sum of squares calculation and here
the important thing is we are adding the particular parameter of interest last after having

added all the other parameters.

So you can see that beta hat 1 X1 is added last. The important thing to note here is the
coefficient values are the same as before. This is the intercept. The intercept of course is not
changing and in this case you can see that factor 1, factor 2. This is factor 2, this is the
interaction between first factor and second factor. This is the quadratic contribution from

factor 1 and quadratic contribution from factor 2.

And you can see that it is 1.1868 for beta hat 1 and then you want to add beta hat 2 the last, it
is -0.49 which is the same value that was present in the earlier models as well and when you
add the interaction term the last you have 0.1650. Other parameters are the same.
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Model Parameter Model Form Parameters i
P added last

B =By +BiXi+BoXo Pk XotBok’ 652500 1.1868 -0.4900
Pk 0.1650 07162 12912

L]

[ V= By + Xy tBoXothooX Kot X2 652500 1.1868 -0.4900
ok 0.1650 1.2912 0.7163

®

NPTEL

And then you had the quadratic term beta hat 11 the last, you get 1.2912 and then beta hat 22
you get 0.7163.
(Refer Slide Time: 18:11)

| Adjusted Sum of Squares Calculation

Model Parameter Model Form Adj. Sum of Squares (Seq.
added last Sum of Squares)

B ¥ = Bo*BuXo*BroX Kot B 2 11.267 (11.267)
+BoaX? +BiXy

B, ¥ = BotB X +BoX Xp B X 2 1.9207 (1.9207)
+BrX, 4 BXo

i, T = By, oK 2 0.1089 (0.1089)
‘% E % X +PioXiXs

So the adjusted sum of squares are given in the table below and you can see for the
orthogonal components involving the main factors in the interaction, the adjusted and the
sequential sum of squares are the same. The sequential sum of squares are given in the
brackets next to the adjusted sum of squares. You can see that the adjusted and sequential sum
of squares are the same for the two main factors and the interaction between them.
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Bus V=B + BuX tBoXo#BiaX Xo#BooX L e
+B] IXZZ

Bzz ¥=Bo + BiXtBoXotBoX Xo*Bu X, 3.5688 (3.5688)
+ByaXy?

And in this slide you can see that the quadratic term beta hat 11, the adjusted sum of squares
is different from the sequential sum of squares. So which the parameter beta hat 22 is added
last, the adjusted and sequential sum of squares for this particular parameter is the same.

(Refer Slide Time: 18:56)
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Some Important Points

+The coefficients and the sequential as well as adjusted
sum of squares were obtained by the regression

analysis in matrix form

«Extra sum of squares principle was used to obtain the

sequential and adjusted sum of squares

So to summarize some of the important points, the coefficients and the sequential as well as
the adjusted sum of squares were obtained very quickly and rapidly from the regression
technique. Extra sum of squares principle was used to obtain the sequential and adjusted sum
of squares okay.
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Some Important Points tc; _Note

The coefficients for A, B and AB enjoyed orthogonal
properties and their sum of squares could be estimated
independent of other coefficients. However, the adjusted

~and sequential squares of the coefficients By, (esp.) was

VAL,
5

w

‘i;\%@erent and estimated using the general approach

Some more additional points to note are the fact that factors A, B and AB could be seen as
members of the Elite club the orthogonal design club and their values did not really change
when they were estimated in a different order. On the other hand, the beta hat 11 and beta hat
22 were seem to be dependent on one another. For example, beta hat 11 took a certain value

when it was the only parameter that was being estimated.

And when beta hat 22 was included in the model, the value of beta hat 11 also got changed
whereas irrespective of whether the orthogonal design parameters were there or not, for
example beta hat 1 did not really depend upon the presence or absence of beta hat 2 and
another interesting thing is irrespective of whether beta hat 11 and beta hat 22 were included
in the model or not, the parameters beta hat 1, beta hat 2 and beta hat 12 took upon the same

values.

So these are some finer points to understand in this kind of designs and we also found for the
orthogonal components the adjusted and sequential sum of squares were the same whereas
for the non-orthogonal components, the sequential and adjusted sum of squares were
different.
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——— Some Important Points to Note

<In MINITAB® the mean square is based on the adjusted

sum of squares.

“For the coefficients of A, B and AB, both sequential and

adjusted sum of squares are the same.

S5

When we report the squares and apply them in the ANOVA table, we use the adjusted sum of

gy,

squares. MINITAB uses the adjusted sum of squares in the analysis of variance table and this
could be important. For orthogonal designs, it does not really matter because the sequential

and adjusted sum of squares values are the same.

However, when you go for the non-orthogonal component of a design or even completely
non-orthogonal designs, sequential and adjusted sum of squares can be different and we have
to be clear on which one we use for our F value calculations. So here we are looking at the
adjusted sum of squares.

(Refer Slide Time: 22:05)
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However for the quadratic term, the mean and adjusted
sum of squares is not the same, provided it is not added

last in the model.
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c. ANOVA

A 11.267 1 11.267 497 .
B 1
1.9207 1.9207 847 0.023
A'B 1
0.1089 0.1089 048 0511
A? 10.1539 1
11.5988 51.16 0.000
3.5688 1 35688 15.74 0.005

1.5872 n-p = 13-6=7 0.2267

So finally we have the ANOVA table and you can see that the values are given here. I will
just check one thing right. So even though the sequential sum of squares are written here, we
are using the adjusted mean squares for A, B and AB does not really matter because the
adjusted and sequential sum of squares are the same; however, for A squared even though the

sequential sum of squares is 10.1539, the adjusted sum of squares is 11.5988.

And when you divide by 1 degree of freedom, the adjusted mean squares comes to 11.5988.
So for B squared since it is the last parameter being added, the sequential and adjusted sum of
square values are the same and you get the adjusted mean squares as 3.5688. Please

remember an important issue here.

Here the pure errors is based on the center points whereas the residual sum of squares is
obtained from formula Y prime Y-beta hat prime X prime Y that is the sum of squares not
accounted by the regression model. So Y prime Y is the total sum of squares and beta hat
prime X prime Y is the regression sum of squares and the difference between the two gives

you the residual sum of squares.

And as we know by now, the residual sum of squares is split into lack-of-fit sum of squares
and the pure error sum of squares. The pure error sum of squares is obtained from the center
points. So here we are talking about the residual sum of squares and the degrees of freedom is
an interesting concept here. So that is given as n-p where n is a total number of experimental

settings, which is 13 in number.



So you have 4+4 8 for the factorial points and the axial points and then you have 5 repeats
that is 13 runs and then you have 6 parameters, which we saw 1, 2, 3, 4, 5 and then the
intercept beta hat 0. So that makes it 6 parameters and so you have n-p as 7 and that
contributes to the residual degrees of freedom. So we divide the residual sum of squares by

the degrees of freedom for the residual sum of squares and we get 0.2267.

The ratio of the adjusted mean squares with the error mean square gives you the F value and
you can see that the F values are reported in the second last column and these values are
pretty high indicating that many of the parameters are significant. AB is very small, FO values
also 0.48 and the corresponding P values have been also computed and alpha=0.05 that is the

level of significance.

And we can see that except for the interaction between A and B, all other terms are
significant.

(Refer Slide Time: 25:55)
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Source of Degrees of Mean

Sum of
Variation Freedom Squares
Squares

Error 1.6872  N-p=136=7 0.2267

LOF 0.3372 n-p=9-6=3 0.1124 0.3597 0.786

i%e Error 125 N-n=13-9=4 0.3125

NPTEL

We take a closer look at the residual sum of squares and it has composed of lack-of-fit sum of
squares and pure error sum of squares and here I will just make a small correction okay. I
think this should be capital N right.
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c. ANOVA

Source of Seq Sum Degrees of Adj. Mean
Variation s Freedom Squares
quares

11.267 11.267
B 1.9207 1 1.9207 847 0.023
A'B 0.1089 1 0.1089 0.48 0511
A2 10.1539 1
11,5988 61488 oo

1 3.5688 1574  0.005
15872 Nep=13-6=7 0.2267

NPTEL

So please note that correction here. We have the residual sum of squares are the error sum of
squares and that is given by 7 degrees of freedom total number of experimental runs is 13
which is capital N, p is the number of parameter which is 6 and so we have 13-6=7.

(Refer Slide Time: 26:46)

Source of Degrees of

Variation Freedom Squares
Squares

Error 16872 N-p=136=7 0.2267

0.3372 n-p=9-6=3 0.1124 0.3597 0.786

{%ﬂimr 125 Nhg139=4 03125

NPTEL

Taking closer look at the residual sum of squares, it has split into lack-of-fit sum of squares
and the pure error sum of squares. So we have 7 degrees of freedom for the residual sum of
squares and that is split into 3 degrees of freedom for lack-of-fit and 4 degrees of freedom for
pure error. You can easily find the degrees of freedom for the pure error because you had 5

center points, 5 repeats at the center.

And so we have 4 degrees of freedom for the center and since the residual sum of squares is

having 7 degrees of freedom, the remaining 3 degrees of freedom is assigned to the lack-of-fit



and so we can calculate the mean squares here and another important thing we do here is we
want to see whether the lack-of-fit is significant and for that purpose we take the ratio of

lack-of-fit sum of squares to the pure error sum of squares.

And when we see that, we see that the lack-of-fit sum of squares is insignificant because the p
value is quite high. The F value is obtained by taking the ratio of 0.1124 for lack-of-fit sum of
squares to 0.3125 the pure error sum of squares.

(Refer Slide Time: 28:07)
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~EXAMPLE PROBLEM : Il ORDER MODEL
d. The significance of the parameters
« From the ANOVA table, it may be seen that the main

factors and the quadratic terms are significant.

D)

R <

The interaction term is not significant.

:,}e Lack of fit is insignificant as well.

%

o 554’2@“

x

So the significance of the parameters we found from the ANOVA table except for the
interaction term all other parameters were significant. The main effects A and B and the
quadratic terms corresponding to A squared and B squared were all found to be significant
and we also found the model we have developed is adequate because the lack-of-fit turned
out to be insignificant.
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~EXAMPLE PROBLEM : Il ORDER MODEL

e. The nature of the response surface i.e. type of optimum
The response shows a minimum and has to be analyzed

mathematically.

And so we have to see the nature of the response surface. We have to identify the optimum

point and characterize the optimum point.
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=z Surface Plot of Y vs B, A

From MINITAB®
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So MINITAB provides nice pictures 3D plots, this is the response and this is the factor A and
factor B. You can see that there is a nice depression at the center so we have to do some

mathematical analysis to confirm that we have really hit up on the optimum minimum

solution.
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Degrees of Freedom Analysis
Total number of points in CCD:  F(=2%)+2k+n,
2242°245=13

Number of parameters in the model considered so far: 6

. i

How do we go and do that? First let us now look at the degrees of freedom analysis. We have
13 runs, 4 factorial runs, 4 axial runs and 5 repeat points and so we have 13 points and or 13
settings and out of which we have determined 6 parameters.
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Degrees of Freedom Analysis
4 (independent factorial conditions) + 4 (axial points) +

only 1independent center point viz. 9

Hence, the number of parameters that may be further

termed as¥ack of Fit

9-6=3

And so we have 7 degrees of freedom and the number of independent settings for our run are
4 factorial conditions, which are all independent of each other, 4 axial points which are all
independent of each other and the 5 center points correspond to only one independent setting
because you are repeating the 5 data points, you have only one independent setting and so we

have totally 9 independent settings.

And we have estimated 6 parameters and so the lack-of-fit would be 3. So this is another way

of looking at it. The 6 parameters we estimated are including the intercept beta hat 0, beta hat



1, beta hat 2, beta hat 11, beta hat 22 and beta hat 12. So you are having 6 parameters
estimated okay.

(Refer Slide Time: 30:40)
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Location of Stationary Point
To identify the optimum coordinates where the maximum

occurs we need to use the second order model given

below.

a~

Y= Bo +B1X1 +Bzx2 +szxixj +B11X12+622X§

Now going on to the location of the stationary point, we have the full model given here Y
hat=beta hat O+beta hat 1 X1+beta hat 2 X2+beta hat 12 Xi Xj, which in our cases beta hat 12
X1 X2 I will just make that correction okay. So now we have the next task of finding the
stationary point and identify the nature of the stationary coordinates. How the surface is

shaped or behaving at the stationary point identified?

So this is the model we are going to work with. This is the second order model as we have
been discussing so far.

(Refer Slide Time: 31:37)
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Location of St;ion_ary Po_ih_t
The partial derivatives of the predicted response with
respect to the variables X, and X, must be must be set to
zero and solving the resulting equations, the coordinates of

the stationary point may be identified.




So to find the stationary point coordinate, we need to take partial derivatives of this Y hat
with respect to X1 and then with respect to X2 and we said the partial derivatives to 0, we
solve for the X1 X2 to identify the stationary point coordinate. That is one way of doing it.
(Refer Slide Time: 31:58)
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Location of Stationary Point
However we cannot conclude without further analysis that

we have reached the maximum (or minimum)

And by just locating the stationary point we cannot really say whether we have reached the

maximum or minimum.

(Refer Slide Time: 32:05)

e
i —

“Matrix Notation of the General Model involving
k factors

Let there be k variables (X;,X,,Xs,...X, Yi), i=1,2,... k and

the developed prediction model given by

a ~ ~ ~

Y= A 1X1+Bzxz+B12Xixj+611xwz+ﬁzzxi

There is another elegant way of doing it and that would be the matrix approach and so given
the second order model we can construct the matrices as shown in the following slides.

(Refer Slide Time: 32:19)
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~Matrix Notation of the General Model involving
k factors

In matrix notation the general model may be expressed

as

Y= B, +X'b+XBX

We can represent the second order model which is given here in a matrix form where Y hat in
the vector containing all the predicted values of Y is expressed as a sum of beta hat 0 which is
a scalar+X prime b+X prime BX where X is the usual X matrix and we are having two new
matrices here, small b column vector and capital B matrix. Let us see the shape of these two

matrices.

The general model may be expressed. What is the model? We are having a second order
model as given here and we express this model in matrix notation in the following way. Y
hat=beta hat 0+X prime b+X prime BX. I will define the different matrices in the next slide.
Y hat is the column vector of the predicted responses, beta hat 0 is scalar quantity. What are

X and small b and capital B matrices?

Please note that this X matrix is different from the earlier X matric we applied in linear

regression.
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Matrix Notation Explained

X1 Bl] B_; %k [?l
X, - b,
IR )
B= b=

X o c ----ﬁkk, -

So here we have X=X1 X2 so on to Xk the independent settings, the factors. This can be
factor A, factor B, next you can have the interactions and then you can have the quadratic
terms and so on and then you also have the B matrix, which is given by beta hat 11, beta hat
22, and beta hat kk along the diagonals. So the quadratic terms are present along the

diagonals.

This is very interesting. The off-diagonal terms are interesting. These are the interaction
between the different factors/2 because you have beta hat 12 and you can also have beta hat
21 so beta hat 12 represents the interaction between factor A and factor B or factor 1 and
factor 2 and beta hat 21 would also represent the interaction between factors 2 and 1. So

interaction between factors 1 and 2 will be=the interaction between factors 2 and 1.

So you can say that the capital B matrix is the symmetric matrix where the beta hat 12 is=beta
hat 21 and so that contribution is then split as beta hat 12/2 and then when you have the
second row first column that would be again beta hat 12/2 and similarly if this is the beta hat
1k/2 then the last element here would also be beta hat 1k/2. So these correspond to the

interaction terms.

The off-diagonal terms in the capital B matrix refer to one half of the interaction, regression,
parameters and then the B matrix on the other hand is pretty straightforward. These are the

regression coefficients are associated with the main factors.
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~Matrix Notation of the General Model involving
k factors

Note: B is a symmetric matrix of order (k x k) whose main
diagonal elements are the pure quadratic coefficients f;; and

whose off diagonal elements are one-half the mixed quadratic

coefficients By i#] .

So B is a symmetric matrix as I told in the previous slide of order k by k. Remember we have
in addition to the intercept beta hat 0, we have k regression parameters and B is a symmetric
matrix of order k by k whose main diagonal elements of the pure quadratic coefficients beta
hat ii and the off-diagonal elements are one half the mixed quadratic coefficients beta hat ij
the interaction terms where i is !=j.
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~ Matrix Notation of the General Model involving
k factors

The vector b is (k x 1) dimensioned, first order regression
coefficients.
B is a (k x k) dimensioned matrix which is also symmetric

.e. B;=Bjor

J% Bij = Bji, i#]
OF

And the vector b is having dimensions of k rows and 1 column. It is a vector of first order

regression coefficients corresponding to the main factors and the dimensions for B as I said is
k by k.
(Refer Slide Time: 37:05)



LI} =
e

—_— R

~ Location of Stationary Point in Matrix Notation

Expressing the second order relation in matrix notation as
Y=0,+X'b+X'BX

The stationary point is the solution to the equation

§ a‘I{—b-i-ZBX—O

Now we are having the second order model represented in the matrix form as shown here. We

also saw this form in one of the earlier slides. So we differentiate Y hat with respect to X and
we get the following equation in matrix form b+2BX.

(Refer Slide Time: 37:33)
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" tocation of Stationary Point in Matrix Notation
Solving the above equation we get
- _1pa
Xs=-3B t;

The predicted value of Y at this stationary point is

1,
YS=BU+§XSb

And when you solve for X you get -1/2B inverse b and this directly gives us the stationary
point coordinate and the predicted value at this stationary point is Y hat S=beta hat 0+1/2 of
Xs prime*b where Xs is obtained from this equation.
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Results
For the present problem we have

B =(XX)(X'Y)=[65.2500 1.1868 -0.4900 0.1650 1.2912 0.7163]'

Bo = 65.25 P, =1.1868 B, =—0.49 B, = 0.165

By = 12912 Ezz‘z 0.7163

So for the present problem we have beta hat we saw this earlier, so these are the values of the
beta hat vector and you can see that these are the main factors corresponding to the B matrix
and beta hat 12/2 would be the off-diagonal term in the capital B matrix and beta hat 11 and
beta hat 22 would be the diagonal terms in the capital B matrix.

(Refer Slide Time: 38:31)

----'é'_r.zgw 0.0825] 11868
"1 0.0825 07163 b=

X‘=—lB"b
Rt

_ 1]0.7802 -0.0899 | | 1.1868 | |-0.4350
2(-0.0899 1.4064 || -0.490 0.3979

And so that is what you have 1.2912 0.7163 are the quadratic terms. They are present as such
and the you have beta hat 12 as 0.165 and so when you take half of that it becomes 0.0825 in
the two off-diagonal locations and then in b you have the main factors 1.1868 and -0.49 and
Xs=-1/2 of B inverse of b. So I will just make a small correction here. So we can easily find

the location of the stationary point by taking —half of B inverse of b.



We take B inverse here, B is this matrix and then you have b the main factors 1.1868 -0.49 so
when we take inverse of this and then multiply with B and then you take the resulting product
and divide it by -2 we get the stationary point as -0.4850 0.3979, so this is very interesting.
You could have done it in other way also. You can take in the partial derivatives of the
response equation and set it to 0 and then solve for it to get the two values.

(Refer Slide Time: 40:03)

The B Matrix
The eigenvalues A, and 1, are the roots of the characteristic
B-l|=0
1.2912-A 0.0825
00825 0.7163-N
Which reduces to 22- 2.0075) + 0.91808=0

equation

The roots of this characteristic equation are A= 0.7047 and

They would have been exactly same as -0.4850 and 0.3979. So in order to identify whether
the optimum we have obtained is maximum or a minimum, we have to do a bit more analysis,
we take the Eigen value of the B matrix and the Eigen value’s definition goes as follows, it is
a determinant of B-lambda I where I is the identity matrix of the same order as the B matrix.
So when you do that, you find you get the following determinant 1.2912 —lambda 0.0825,
0.825, 0.7163-lamda.

And so we said this is=0 and when we solve for it, we get lambda 1 as 0.7047 and lambda 2
is 1.3028. Both the Eigen values are positive, which means that the obtained solution is a
minimum and that is what the response surface also seem to indicate.
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Nature of the Optimum Solution
Since both the eigenvalues are positive, and the

stationary point is within the region of exploration, the

stationary point is a minimum.

P

So we come to the conclusion of the response surface methodology approach by using two
examples. We have seen how to handle central composite design structures, how to find the
direction of steepest ascent, how to identify the optimum point and then characterize the
optimum point. A similar approach can also be done using the Box-Behnken design. There

are several problems available in the standard text books.

I would recommend you to use a regression approach to estimate the parameters for the
different design strategies we have covered so far. So this is an important chapter of
tremendous implications in the industry. I request you to actually do experiments using this

approach and you can see the power of this approach. So thanks for your attention.



