Statistics for Experimentalists
Prof. Kannan. A
Department of Chemical Engineering
Indian Institute of Technology - Madras

Lecture — 43
Regression Analysis: Example Set 8 Continued.

Welcome back. We will continue with our lecture. So we were discussing the uncoded case in
which the experimental data were not converted to -1, +1 and so on. The numbers are taken as
they are and linear regression model is fitted.
(Refer Slide Time: 00:40)
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Variance-Covariance Matrix

¢. Present the variance-covariance matrix (V).
29341 —0.0571 -0.0952 ]

Vye = [-0.0571  0.0014 0 |o?
00952 0 0.0159

So here we have the so-called variance-covariance matrix V and we can see that the diagonal
terms or the variances and the off diagonal terms are the covariances and based on the residual
sum of squares, we have the sigma hat square as 382.56 and we can also see that the variance-
covariance matrix is symmetric in the sense that if you convert the rows into columns and
columns into rows, we can retrieve the original matrix itself.

(Refer Slide Time: 01:19)



I
Variance-Covariance Matrix

c. Present the variance-covariance matrix (V).

29341 —0.0571 -0.0952
Vye =|-0.0571 0.0014 0 382.56
—0.0952 0 0.0159

V(Buco) = 11225 V(Bycy) = 0.5465 V(Bucz) = 6.072

e

62 =2382.56

|
So the variance of beta hat uncoded 0, the intercept and the uncoded model is 1122.5 that would
be 2.9341%382.56, variance of a beta hat uncoded 1 is 0.5465 and the variance of beta hat
uncoded 2 is 6.072.
(Refer Slide Time: 01:52)

~Standard Errors of the Coefficients

¢. Standard Errors for the regression coefficients

V(Bo) = 11225 SE(B,) = 335 350 977
V() =05465  SE(R) =074 P { g w
V(B;) = 6.072 SE(B,) = 2.46

The standard errors for the regression coefficients we take the square root of the variance of the
various regression parameters and the standard error for beta hat 0 is 33.5, for beta hat 1 is 0.74
and for beta hat 2 is 2.46. Now we may compare these numbers against the estimated parameters.
The estimated parameters are 352.277 -0.6 and -23.5. So it can be seen that in the uncoded form

of the regression analysis, we are only considering the effect of the main factors.



We are not considering the interactions yet. So if you compare standard error of beta hat 1 which
is 0.74 that is of the same order as beta hat uncoded 1. So this is not quite good, whereas for the
other cases, the intercept as well as for the beta hat 2, the standard errors are much smaller than
the actual parameter values, okay.

(Refer Slide Time: 03:10)
Analysis of Variance
d. Construct the ANOVA table explaining the different
calculations.
For constructing the ANOVA table we need the total

__.sum of squares, regression sum of squares and the

r sum of squares.

|
The next step in our analysis is to construct the ANOVA table explaining the different

calculations. So as we all know by now to construct the ANOVA table, we need the total sum of
squares, regression sum of squares and the error sum of squares.
(Refer Slide Time: 03:26)

Total Suﬁ_of_s_quarés_

d. Total sum of squares:

n
SS70tal = Z(Yi = ﬂz
i=1

13

SSroral = Z(Yi —187.277)?

i=1

The total sum of squares is given by sigma I=1 to n Yi-Y bar whole squared and Y bar from the




given experimental data is 187.277 and we have 13 data points.

(Refer Slide Time: 03:44)
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Total S&r}l_of_s_quare_s; -

d. Total sum of squares:

n
SStotal = Z(Yi - ?)2
1=1

n oyl
SStota =YY — —(El_lll k

This may also be written as Y prime Y-i=1 to n Yi whole squared/n. I will just make a small
correction here. So Y prime Y is the transpose of the column vector of the responses and then Y
is the actual vector of the column responses. So when you do Y prime Y, we will get sigma i=1 to
n Yi squared and then we also get this nY bar squared term or the sum of all the observations
squared/the total number of observations. This we have covered in one of the previous lectures.

(Refer Slide Time: 04:27)
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Total Sum of Squares
d. Total sum, of squares (excluding the effect of {3, ):

(Tieg Y)?

SSrotal = Y'Y — .

2434 .6

SSioral = 494813.7 — = 38869.34

So when you plug-in the numbers, again one small typo, okay. So we have the total sum of

squares after correcting for the intercept beta hat 0 is 38869.34 and please note this value, the



total sum of squares for the main effects regression model is 494813.7. It would be a good idea at

the stage for you to do these calculations on your own and see if your numbers match with mine.
(Refer Slide Time: 05:01)
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Regression S_un; of Sqﬁérés

(i W?
n

. _ f'viy _
egression = P X ¥

4346
S eeression = 490988.14 — ikl

|
And the regression sum of squares as we all know by now is beta hat prime X prime Y-sigma i=1
to n Yi whole squared/n and that we get as 35043.74. Please note that we are doing the uncoded
case here and I have removed the subscript uncoded UC for convenience but we will put at the
later stage, okay. So all these things refer to the uncoded case and the regression sum of squares
without removing the effect of beta hat 0 is 490988.14 and then now you have the n Y bar
squared term here. So the regression sum of squares is 35043.74.
(Refer Slide Time: 05:52)
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Analysis of Variance

Regression 35043.7/ 17521.87
Residual 3825.59 10 382,56

Total 38869.33 12




So we have the ANOVA table and we have the different sources of variations, the regression,
residual and total and that the sum of squares are given as shown here. Obviously the regression
sum of squares has been corrected for the intercept beta hat 0, okay. That is why you have
35043.74. The residual sum of squares we know how to calculate and that is 3825.59. You have

the model predictions.

You have the responses. You take the difference and then square and then add them up, you will
get the residual sum of squares. So the total sum of squares is given by 38869.33 and that we saw
earlier as well. The total sum of squares after excluding the effect of beta hat 0 is 38869.34 here
and I will just put 33, okay. Small difference may arise when you do the calculation from

different ways.

So you have the degrees of freedom 2 for the regression sum of squares. In fact, you have 3
parameters beta hat 0, beta hat 1 and beta hat 2 but since we are not considering beta hat 0, we
have only 2 degrees of freedom and we have 10 degrees of freedom for the residual sum of
squares. We have 13 data points and then we have 3 parameters beta hat 0, beta hat 1, beta hat 2.
(Refer Slide Time: 07:15)

I"=5|dLaIs i Y YIY _ﬁ| X'Y

_m_ E'XIY(\Z:J

S
SSpesiduals = 494813.7 — 490988.14= 3825.56

So the residual sum of squares as I said earlier in the previous slide is i=1 to n Yi-Y predicted for
the ith observation squared, okay and that is expressed as Y prime Y-beta hat prime X prime Y

and if we do not consider this because they cancel out, you can see that 494813.7-490988.14,



that we get as 3825.56 which is what was reported here.
(Refer Slide Time: 07:50)
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Analysis of Variance

Regression  35043.74 17521.87 17591.87

382.56
Residual 3825.56 10 382.56
=45.80

{5 foopa00 i€ 4103 P-value is 2.42e-6 .= Hence regression is significant
|
Now we have to see whether the regression parameters are significant or not. So we compare the
mean square for the regression with the mean square for the residual and we get the
corresponding F value. By just looking at the F value itself, we can see that the regression is
significant because the F value is so high, the p value is likely to be very small. In fact, it is 10
power -6.
(Refer Slide Time: 08:15)
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Analysis of Variance

Regression  35043.74 17521.87 1752187
382.56

Residual 382556 10 362.56
N =45.80

12 g 05200 1.8 4.103 ; P-value is 2. 42e-6 — Hence regression is significant
So as an exercise, show that the first regressor variables, temperature is not significant in the

present model.



(Refer Slide Time: 08:22)
|

Adjusted _R?-:

e. Explain how you obtained R?, adjusted R?
RZ =1 — SSeesiduais/n-p
adj S8rqta) /M—1

=1 - 3B2556/0s9 _ 51191 - 0.882
38H6Y.33 /(13-1)

Next we move on to adjusted R squared. We know that the adjusted R squared is a more realistic
estimate of the quality of the regression fit, okay. It is not enough our if we match the model to
all the experimental data points. We have to see whether the parameters we have used in the
model are really contributing to the model bringing in value addition, okay. So we have R square

adjusted as 1-sum of squares of residuals/n-p/total sum of squares/n-1.

So the residual sum of squares is a quantity which tries to reduce the R squared adjusted and we
are making it larger by dividing it by n-p and if p increases n-p will decrease and this term in the
numerator will start to increase and once it increases, the R square adjusted will start to decrease,
okay. So that is very important and thus n-p is sort of penalty for trying to over fit the model. So
in this particular case, we have 13-3. We are only fitting 3 parameters and so we get R square
adjusted as 0.882 which is not too bad.

(Refer Slide Time: 09:44)



Regression Parameters

Coefficient of Determination (R<) 3504374
3886533 =0.9016

Adjusted R? 0.882

The actual regression parameter R squared is the regression sum of squares/total sum of squares
and that comes to 0.9016 and the adjusted R square is pretty close to the actual R squared value
at 0.882.

(Refer Slide Time: 10:02)

Sequential Sum of Squares
It is the regression sum of squares, added to that due to
BUCU, from individual regression terms in sequence. The

sequence considered for illustration is 1. effect of adding

_the temperature factor (T), 2. effect of mass (M), 3. the

ect of interaction between the two i.e. T and M.

Next we move on to the sequential sum of squares, okay. What is meant by the sequential sum of
squares? It is a regression sum of squares added to that due to beta hat uncoded 0, okay, the so-
called intercept, from individual regression terms in sequence. The sequence considered for
illustration is effect of adding the temperature factor T, the effect of the mass of the powder M
and the effect of interaction between the 2 that is temperature and mass.

(Refer Slide Time: 10:32)



Effect of Adding Byci2(T*M)
h. E = !l-:'l.l.'ii'l + I[J|{'|[ HE |J1|[ 2 M +Elm12T* M
To see the effect of the interaction term we simply add the

column vector of T*"M. We then simply treat it as a new

model involving T*M and re estimate ALL the regression

So we have the model which is given as a beta hat UCO+beta hat UC1T+beta hat UC2M+beta
hat UC12T*M, okay. So we are again carrying out the matrix approach to linear regression and
to account for the temperature*M term, what we need to do here is to simply multiply the
column temperature with the column corresponding to mass. In this column multiplication, we

do term by term multiplication of the values of temperature and mass, okay.

So we simply treat it as a new model involving T*M and we re-estimate all the regression
coefficients. Now we are doing in the uncoded manner. This is not an orthogonal design. So we
cannot see the effect of T*M separately as we did for the coded case. It was an orthogonal design
and it permitted us to do in that fashion but here we cannot take that shortcut because this is no

longer an orthogonal design.

It is an uncoded case and so what we have to do is, we have to re-estimate all the parameters for
the new model. We have to again estimate beta hat uncoded 0, beta hat uncoded 1, beta hat
uncoded 2 and then beta hat uncoded 12 corresponding to the interaction between temperature
and mass of the powder.

(Refer Slide Time: 12:12)



" Effect of Adding By (T *M)

h. E = ..':':.l.':i'l + !;'.::ll:{.]'ll" |’l|| 2 M +Blm12T* M

Since the design is no longer orthogonal, we cannot

simply see the effect of adding the additional interaction

_=derm by modeling it uniquely.

ere is covariance between the regression parameters.

So the design is no longer orthogonal. We cannot simply see the effect of adding additional

traction by modelling it uniquely. So we also notice that there was a covariance between the

regression parameters. The parameters, they are not independent of each other.

(Refer Slide Time: 12:26)

Seq uential Sum of SQUérbg"
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120
150
180
24
300
270
360
450

202.5
157.5
337.5

262,51

Euc=[

FIICINT =

-0.60

352277 }
-23.5

112277
5.4
16.5
-1.0

So now we have this XUC, UC mean uncoded and then INT refers to interaction. Let me make a

small change here. So X uncoded interaction is given by the column of ones, the temperature

given here 30 40 50 and so on. Then you have the mass of the powder given here and the

interaction term involving temperature and mass of the powder is simply found by multiplying

30%3 you get 90, 40*3 you get 120, 50%3 you get 150, 30*6 you get 180 and so on.



So for the case where we did not consider the interaction, we noted the parameters to be 352.277
for beta hat 0 uncoded, beta hat 1 was -0.6 and beta hat 2 was -23.5. Now we are considering the
interaction term and we are re-estimating the model parameters. If this had been an orthogonal
design, then these parameters would not have changed. We would have simply got the

contribution from the interaction term, okay.

Or we would have got the parameter associated with the interaction term but on the other hand,
when we look at the model where we have beta hat UC interaction, the set of parameters are now
completely different. The beta hat 0 uncoded for the new model considering the interaction
between T and M is 112.277. The new beta hat 0 uncoded is 112.277. The new beta hat 1

corresponding to the temperature regressor variable is 5.4.

For beta hat uncoded mass of the powder, it is 16.5 and then the interaction term is -1.0. So the

interaction term is quite small when compared to the other parameters we have estimated.
(Refer Slide Time: 14:55)
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——Extra Sum of Sﬁt]z;r;as_dﬁe to Trit_é;;ction

Term
g. We have the previous and the full model available to us
Full Model: € = Byco + Buct T+ BucaM + Buci2T* M
Previous Model: € = Byce + Bucy T + Puc:M

The common coefficients in the two models are NOT the same

Now we have to find the extra sum of squares due to the interaction term. So the full model is the
one which is including the interaction beta hat uncoded 0+beta hat uncoded 1T+beta hat uncoded
2M+beta hat uncoded 12T*M. So this is the model which is accounting for the interaction
between the 2 main factors. Now you also have the previous model, the simple model which we

started doing at the very beginning of the uncoded analysis.



We have beta hat uncoded 0+beta hat uncoded 1T+beta hat uncoded 2M. Now it is important to
remember that the parameters beta hat uncoded 0 in the full model and the beta hat uncoded 0 in
the previous model or the original model, there values are not necessarily the same. They may
not be the same in most cases, okay. Beta hat uncoded 1 will not be equal to beta hat uncoded 1
for the original model and beta hat uncoded 2 for the full model will not be same as beta hat

uncoded 2 for the original model.

Here we are estimating beta hat uncoded 12 for the first time, okay.

(Refer Slide Time: 16:17)
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~— Extra Sum of Squares due to Interaction

Full Model including pyco:

SSRegression = Buant Xuawr'Y = 49481315

SSregression( Buciz|Buco, Buct, Bucz)

0 ' ! a9 I
BIICII\'T X[ICINT Y- ‘;UC XIIC Y

= 494813.15- 490988.15 = 3825
.

Now we are looking at extra sum of squares due to interaction. What we do is first we consider
the regression sum of squares brought by the full model and that is given by beta hat uncoded
interaction model prime X uncoded interaction prime Y. We are including the effect of the
intercept beta UCO, okay. So this is the full regression sum of squares and that comes out to be

494813.15.

Next we have the sum of squares of regression brought in by the additional parameter, the
interaction parameter beta hat uncoded 12 in the full model, okay. We wanted to consider the
effect of the interaction and so we now want to see what is the additional contribution to the

regression sum of squares by the freshly introduced parameter beta hat uncoded 12. So that is



what we refer to here.

Sum of squares of regression, beta hat uncoded 12 given that beta hat uncoded 0 beta hat
uncoded 1 and beta hat uncoded 2 are already present in the model. So this was the original
model or the old model which we had considered at the beginning and now to that model, we are
adding the interaction term and so what is the additional sum of squares brought in by the

interaction term addition.

So for that we have to take the total regression sum of squares for the full model which is
including the interaction term that is why we have beta hat uncoded interaction term considered
prime X uncoded interaction term considered Y-beta hat uncoded prime X uncoded prime Y,
okay and we have these values as 494813.15-490988.15. So rather than only listening to the
lecture, I would suggest that you please carry out the calculations on your own and then listen to
the lecture, so that or again listen to the lecture so that you can follow the thread and also make

sure that the calculations have been done correctly.

So if you recall, we have 494813.15. Let us see whether this number matches with the one we
had estimated earlier for the full model and that is here 494813.15 that can be verified by simple
calculations but now let us look at the regression sum of squares including the intercept term for
the case where the interaction term was not present that is the old model. So let us see that. It is
490988.15. So we have 490988.14, okay. So pretty much the same, right. So I am just telling
where we picked up this number from, okay and that value comes out to be 3825

(Refer Slide Time: 20:05)



.
~—Residual Sum of Squares with Interaction
Residual Sum of Squares (SS¢) = -

o r i
BUE]NT xUC[NT Y

= 494813.74

(E[JtllN’l‘IXlII‘.INT]Y) = 49481 3 1 5

Hence SS¢ = 0.59

And the residual sum of squares with interaction, no big deal, we know how to do that. It is Y
prime Y-beta hat uncoded interaction term considered prime X uncoded interaction term
considered prime Y. Y prime Y is 494813.74. We have seen this thing earlier as well and the total
regression sum of squares is 494813.15, that we found in the previous slide. You can see the
numbers here and also here and then when we subtract it to, we get the sum of squares of the
error as small 0.59.

(Refer Slide Time: 20:47)
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Sequential Sl_]m of Squ_:in}'és

H,: Pucez = 0 may be tested by the statistic

SSkegression (Pucazl Buco. Puc, ﬁucz)/L

F,= [2= = 58347
: MSETrm‘ U.59‘f9 ; f

So now what we can do is carry out the F test as before and see whether the interaction term is
important or not and since the error mean square has considerably reduced, it was actually 0.59

for the sum of squares and when you further divide it by 9, we get even smaller number. So the



interaction term would be quite significant. The F values is 58347. The mean square error

previously was 10 because we had considered only 3 parameters out of the 13 data points.

So we had n-p as 10 but now we are considering 4 parameters, the intercept, the main factor 1,
main factor 2 that makes 3 and then the new interaction term which is the fourth parameter. So n-
p is 13-4 which is 9 and that is why you get the degrees of freedom for mean, for the mean
square error term is 9 and so we have 0.59 as the residual sum of squares/9 as the degrees of
freedom and so we get the mean square error as 0.59/9. So we get the F value as 58347 which is
pretty high and so it is obvious that the interaction term is quite significant.

(Refer Slide Time: 22:22)

I
Sequential Sum of Squares

SSRegression(ﬁnmz Buco: Bucr. Bucs) /
11 _ sa347

];0 - MSError
P-value is pretty much close to zero and hence the null
hypothesis may be rejected.

nce the variable T*M creates a significant contribution

=0 the process.
.

So the P value is pretty much close to 0 and hence the null hypothesis may be rejected. So the

variable T*M, the regressor variable T*M the interaction between temperature and mass of the

powder creates a significant contribution to the process.

(Refer Slide Time: 22:37)



I
Adjusted Sum of Squares

Now we demonstrate the effect of adding the variable T
last after considering the variables for some reason M
and T™M first,

=40 other words, the variable T is added to the model last

r considering the main factor M and interaction T*M.

So now we move on to another important and interesting concept called as the adjusted sum of
squares. Let me sort of add a note of caution here. For those of you who are very much interested
in knowing the depth and breadth of regression analysis, which is very fascinating, you may
continue from this point onwards; otherwise, you may stop at this particular sequential sum of
squares calculation concept, okay but I would suggest that you give it a shot and see the adjusted

sum of squares concept also.

It is quite interesting and informative, okay but for instructors who are going for tight time
schedule and time-bound completion of the syllabus, this adjusted sum of squares concept may
be skipped. We are looking at adjusted sum of squares. We want to demonstrate the effect of
adding the variable T last after considering the variables for some reason M and T*M first. In
other words, the variable T is added to the model last after considering the main factor M and the
interaction T*M, okay.

(Refer Slide Time: 23:58)



~Adjusted Sum of Squares due to
Temperature
We have the first new and the full models as
First new model : € = Pyco + PucaM + Buci, TM
Full Model: € = BUCU + GUCZM + BUCHTM + BUClT

The common ceefficients in the two models are NOT the same

So we have the first new model, okay. We will call it as the first new model which is beta hat
uncoded 0 the intercept beta hat uncoded 2 which is corresponding to the regressor variable M
and then beta hat uncoded 12T*M, okay. Here the regressor variable T is absent, okay. So we are
having the first new model whereas the full model is beta hat uncoded O+beta hat uncoded

2M-+beta hat uncoded 12T*M same as the first new model so far.

And then you are having the beta hat uncoded 1T which is added last. So this is the full model
and as before, the common coefficients in the 2 models are not the same. Beta hat uncoded 0 is
not equal to this beta hat uncoded 0. Beta hat uncoded 2 is not equal to this value and this value
would not be equal to this value and this is the one, we are going to estimate newly.

(Refer Slide Time: 25:16)



—Adjusted Sum of Squares of First Factor
[l 3 90

; ; M 3 90 30
13 120 1 3 120 40
13 150 1 3 150 50
16 180 1 6 180 30
1 6 240 1 6 240 40
1 & 300 1 6 300 50

Xoemew=|1 9 270 Xen=[1 9 270 30
1 9 360 1 9 360 40
1 9 450 e Bl
1 45 2025 ol L
b g 1 ol -
1 45 1575 1 75 1378 4%
75 3375 FE s
175 l1 75 2625 351
1 75 2625

So we have the first new model. Let me refer to the first new model. It is having only M and
T*M, okay. It is having the matrix X uncoded 1 new in the following form. The usual vector of
ones and this is the mass of the powder and then we have M*T, okay. We do not have the T at all
in the first new model. We have only M*T which is 30 for temperature. So 30*3 is, 3*30 is 90;

3*4(0 temperature in degree Centigrade is 120 and so on.

And you have the full model which is comprising of the vector of ones, the column vector of the
mass of the powder same as this and then you have the T*M and then you have the temperature
coming in at the very end and you can also confirm that 3*30 1s 90, 3*40 is 120, 3*50 1s 150 and
so on. So please see the arrangement of the various column vectors in the 2 matrices.
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" Adjusted Sum of Squares dueto T
First New Model including intercept B4 ,ewuco:

Ssnegr“"i“" - ﬁUC'lnuw!xUEInewa = 49212319

Full Model: SSgegression(Buci [Buco. Bucz: Buciz) =

] ' ' o ' '
Bll[full xII(!fuIl A= GI]Clnew xllmnew Y

= 494813.15- 492123.19 = 2690
.

So we have the adjusted sum of squares due to temperature, we find in the following way. First
new model including interceptor beta 1 new uncoded 0 is given by the sum of squares of
regression is given by beta hat uncoded 1 new prime X uncoded 1 new prime Y and that turns out
to be 492123.19. This is only for the first new model which was not having the effect of

temperature for some reason.

Then you have the full model sum of squares of regression beta hat uncoded 1 given that beta hat
uncoded 0 beta hat uncoded 2 and beta hat uncoded 12 were already present in the model, okay.
So we have to find the value addition due to adding the temperature effect at the very last, okay.
So what is that value addition to the regression sum of squares when beta hat uncoded 0 beta hat

uncoded 2 and beta hat uncoded 12 were already present in the model, okay.

So we have beta hat uncoded full prime X uncoded full prime Y-beta hat uncoded 1 new prime X
uncoded 1 new prime Y, okay. So this is for the full model and this is for the first new model, the
regression sum of squares, when we subtract from the full regression sum of squares the
regression sum of squares due to the first new model, we get the adjusted sum of squares brought
in by the addition of the temperature variable at the very end, towards the very end. So we get
494813.15-492123.19, we get the value to be 2690.
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~— Adjusted Sum of Squares due to Mass

g. We have the second new and the full models as
Second new model: C = Bycy + Buca T+ PucizT™
Full Model: C = BUCU ats BUCIT = EUClETM + EUCZM

The common coefficients in the two models are not the same

Now let us show what will happen when we add mass at the very end. I hope you had followed
the discussion regarding temperature. Temperature was added at the very end and now we want
to add the mass at the very end. So we have the second new model as beta hat uncoded O-+beta
hat uncoded 1T-+beta hat uncoded 12TM. So for some reason, mass is considered to be not there

in the second new model.

We have only T and TM and then the full model of course will have beta hat uncoded 0+beta hat
uncoded 1T+beta hat uncoded 12TM+beta hat uncoded 2M, okay. So the values of the regression
parameters are not the same in the 2 models, okay.
(Refer Slide Time: 29:22)
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~— Adjusted Sum of Squares due to Mass

Second New Model including intercept B2 evwuco:

SSREgressiun . Bucznew!xucmew"" = 494186.1

SSgegression(Buczrun| Buco, Buet, Buctz) =

o ] ' ] I |
BU{Jtull XUCl'ull Y= BUL‘chw xuczncw Y

=494813.15- 494186.1 = 627.1
-



Now we do the same manner, sum of squares of regression to the second new model is given by
beta hat uncoded 2 new prime X uncoded 2 new prime Y. Of course this includes the effect of the
intercept beta for the second new model UCO0, okay, the intercept and so we get that value as

494186.1.

The sum of squares of regression beta hat uncoded, the second parameter for the full model
given that beta hat 0 uncoded, beta hat uncoded 1, beta hat uncoded 12, that is given by beta hat
uncoded full prime X uncoded full prime Y-beta hat uncoded second new model prime X
uncoded second new model prime Y, okay and that turns out to be 494813.15-494186.1 which is
627.1, okay. So this looks a bit difficult but in fact, it is quite simple.
(Refer Slide Time: 30:49)
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"""""A'djusted Sum-o} _Sﬁuér_es due t_c_:;__Mass

g. We have the second new and the full models as
Second new model: C = fycy + Puci T+ PucizTM
FU]] MUdel:C = BUC{] + BUCIT + BUClETM + BUCZM

The common coefficients in the two models are not the same

The full model is given as given here okay and we want to see the effect of the addition of mass
and for the mass, the regression coefficient is beta hat uncoded 2. So we want to see the effect of
bringing in this regression parameter, beta hat uncoded 2. So we want to see the sum of squares
brought in by this beta hat uncoded 2. For that, we take the regression sum of squares for the full
model and we take the regression sum of squares to the second new model and we take the

difference.

Obviously we have to subtract the regression sum of squares of the second new model from the

full model and that is what we are doing here. We are having the full model regression sum of



squares and then the second new model regression sum of squares and the difference between the
2 would be the contribution due to beta hat uncoded 2 which is the mass and that comes out to be
627.1, right.

(Refer Slide Time: 31:57)
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——""Confidence Intervals on the Régﬁe_ssion
Coefficients

100(1-a)% confidence interval for the regression

coefficient f;, j=0,1,2,....k in the multiple linear regression

model is given by

Next we move on to the confidence intervals on the regression coefficients. We have the 100*1-
alpha% confidence interval for the regression coefficient beta j in the multiple linear regression
model, that is given by this formula beta hat-t alpha/2n-p standard error for the corresponding
regression parameter beta hat less than or equal to beta less than or equal to beta hat+t alpha/2 n-
p standard error for beta hat. The standard error for beta hat is obtained from the variance-
covariance matrix main diagonal.

(Refer Slide Time: 32:31)



~—95% Confidence Interval for Full Model

The model parameters and the variance matrix are

112277

= | 54

BUCIN'I’ - 16.5

-1.0
11857 —00286 -0.1717 0.0041
Voo |~00286 00007 0.0041  -00001
UENT ™ 101717 0.0041 00286 —0.0007
0.0041 —0.0001 —0.0007 0.00002

So the model parameters for the full model are 112.277 5.4 16.5 and -1 and the variance-

covariance matrix is given as shown here.
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———""Confidence Intervals on the Regression
Coefficients

B - toossiz-ase(B) £ B < B+ toozs13-45e(B)
Orp-2262se(B) < B <P+2.262se(B)
Clforf, = 112.267 + 2.262 ++/1.1857 = {109.81, 114.74}
Cl for B, = 5.4 £ 2.262 « v/0.0007 = {5.34, 5.46}

| for B, = 16.5 + 2.262  y/0.0286 = {16.12, 16.88}
Cl for B, = —1 + 2.262 %+/0.00002 = {-1.01, -0.99}
-
So when you plug in the values in the formula, we get the confidence intervals as given here. So
for beta hat 0, it is 109.81 as the lower limit and 114.74 as the upper limit. So these are the
boundaries for the 95% confidence interval and this is quite narrow. The parameters estimated to
be within this 2 numbers and for the beta hat 1, it is 5.34 and 5.46 as the lower and upper limits
of the 95% confidence interval and then you also have the confidence interval for beta hat 2 as

between 16.12 and 16.88 and for beta hat 3 is -1.01 and -0.99.



There is nothing wrong if both the upper and lower limits are negative, okay. You may think that
there is a problem if the lower and upper limits are negative. It just means that the parameter
itself is negative, okay. There would be a problem only if the lower limit is negative and the

upper limit is positive and then you are saying that the parameter itself is insignificant.

So a simple clue to see whether a parameter is significant or not in the regression model is to
identify the 95% confidence intervals for the different parameters and if the parameters are
having the lower and upper limits to be of the same sign, then the parameter is significant. If on
the other hand, the lower and upper limits of the parameters are having opposite signs, then the
parameter is insignificant. It is pretty much seen that the parameter value is 0.

(Refer Slide Time: 34:36)

FULL €= Byco +BuctT + BuczM + Pucia™  112.28, 54,165, -1
M_T1 C = Byco + Buc:T 21128, 0.6

M,_,M1 C = BUCU i ﬁjch 32828, -23.5

%MZ € = Buco + BucsT + BucsM 352.28, -0.6,-23.5

Now we sort of summarise. We have the full model beta hat uncoded 0 beta hat uncoded 1T beta
hat uncoded 2M and beta hat uncoded 12TM, okay. For that the parameters are 112.28 5.4 16.5
-1. This we had seen earlier. Now when you look at the model (()) (34:58) temperature was
added first, we have C hat=Dbeta hat 0 or rather beta hat uncoded 0+beta hat uncoded 1T. So the

parameters are 211.28 and -0.6 and these values are not same as 112.28 and 5.4, okay.

So temperature is considered first in the model and remember all these models are dealing with
uncoded numbers, okay. And so the parameters are different and then you consider the mass first

so that the model is C hat=beta hat uncoded O+beta hat uncoded 2M, then again the parameters



change, 328.28 -23.5. So this -23.5 is different from this beta hat uncoded 2M, okay.

And then when you consider the model in which you add temperature first and then mass of the
powder second, this is the only main effects model, we had already seen this previously and the
parameters are352.28 -0.6 -23.5
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|
‘Summary
Regression

Model ID Error Sequential SSQ
Incl. By

FULL 494813.15 0.5931 ﬁlJCFlJI,I,IIXF[ILI.IY - nY*=38868.75
M T1 456196.4 38617.3 ﬁmmfxm.;v —n¥i =252

1 49073615 40776 Bye KoY — n¥% =34791.75

M2 49098815 38256  Bycurimz KoY — n¥2= 3504375
|

And we can also correspondingly find regression sum of squares including beta 0, the intercept
and for the full model, we have the regression sum of squares as 494813.15. The error sum of
squares is 0.5931 and then we subtract the effect of the intercept that is why we are moving nY

bar squared and we get this value.

Similarly, we do it for the other models and we get the corresponding regression sum of squares
and the sum of squares after removing the effect of the intercept beta 0, okay and so this is the
effect of adding temperature, this is the effect of adding mass, okay and so we get these values
and then the regression sum of squares including beta 0 for the main effects model alone is
490988.15 and if you remove the effect of beta 0, you get 35043.75.
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‘Summary
Adj(R?
Model ID RZx100
x100
FULL 99.99 99.99
M_T1 0.64 -
M M1 89.51 88.56
M_T1+M2 90.16 88.19

And the regression is quantified by the coefficient of determination R squared and the adjusted R
squared and these values are given here and it can be seen that the adjuster R squared is pretty
close to the R squared value. Of course when you add the full model, the R squared is 99.99 and
then we have these numbers. So I request you to go through these calculations and get these

values yourself and that concludes our discussion on the regression analysis.

It has been a very interesting experience in understanding the various complexities and the
intricacies of regression analysis. By having a deeper insight into this concept, it will be useful
for us to compare various regression models and choose the one which is compact, has a highly
adjusted R squared value and less number of terms in the equation so that it is easy to use in

further applications involving the same variables. Thank you for your attention.



