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Lecture - 24
Hypothesis Testing - Part C
Welcome back, we will continue on hypothesis testing. We were looking at an example on type 1

error, and we were looking at the judge passing this decision on the hiring practices of the firm.

(Refer Slide Time: 00:41)

~ llustrative Problem on formulating
Hypothesis

a. H,: Firm is fair in it's hiring practices

b. H,: Firm is unfairin it's hiring practices

g"‘ f.. Walpole, R. E., Myers, R. H., Myers, S.L. K. Ye, Probability and
istics for Engineers and Scientists. 8th ed. London: Pearson
X

)
7N S
-@cational, 2007.

~
NPTEL

The reference for this example is the book written by Walpole, Myers, Myers and Ye, Probability
and Statistics for Engineers and Scientists, 8th edition published by Pearson Educational in 2007.
It has a large number of illustrative examples, there are also several other books which you may
want to refer, and do the problems which you are comfortable with.
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lllustration

Usually the critical value is set so that the probability is

0.05.

This implies that the sample mean has to have an
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Coming back to the illustration, the other illustration where we were looking at the mean
impurity obtained from the samples. We want to set the critical value at an impurity level such
that the probability is 0.05, this means that the sample mean has to have an impurity of 0.2233
ppm or higher for the shipment to be rejected.

(Refer Slide Time: 01:56)

Distribution Plot
Normal, Mean=0.2, StDev=0.0141412
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Next, we come to the normal distribution plot generated with the help of MINITAB, this is the

normal distribution for the sampling distributions of the means, the mean value of this
distribution is 0.2 ppm, this mean value is also the mean of the population. And the acceptance

region and the rejection regions are shown in this diagram, it can be seen that the region below



0.2233 ppm is the acceptance region, and the region above 0.2233 ppm is the rejection region,

0.2233 ppm is the critical value.

It is important to note that the area under the curve beyond the critical value of 0.2233 ppm is
0.05, so this is a low probability, and only when this value is exceeded when this value of 0.2233
ppm is exceeded we reject the null hypothesis, we are claiming that the samples are coming from
a population of mean impurity 0.2 ppm.

(Refer Slide Time: 03:21)

Two-Tailed Test

» We have seen the one-sided or right tailed test. When
do we perform the two-tailed test?

» We may restate the query in the following manner.
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We have seen the one-sided or right tailed test, when do we perform the two-tailed test? we may

restate the query in the following manner.
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= Two-Tailed Test

Instead of asking what is the probability that the sample
taken from the shipment with mean impurity of 0.2 ppm
could actually have a mean impurity of 0.215 ppm or

Wer we rephrase the statement.
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Instead of asking what is the probability to the sample taken from the shipment with mean
impurity of 0.2 ppm, could actually have a mean impurity of 0.215 ppm or higher, we rephrase
the statement in the following manner. Actually, what we are trying to say is in the first sampling
exercise, we are getting a sample mean of 0.215 ppm, perhaps this 0.215 ppm is deviating from
the stated mean value of 0.2 ppm by a certain value, obviously it is 0.015 ppm, this is a positive

deviation.

We can also have a negative deviation of -0.015 ppm, so if we are giving chances for both
positive deviation and negative deviation to occur, then we have to conduct a two-tailed test. Let
us see how to do it.
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Two Tailed Test

*+ The observed difference from the population mean is

0.215-0.2 = 0.015 ppm.

* Hence, we may ask what is the probability that the sample

&

s4aken from the population varies from the population
LAY

%ﬂan by as much as 0.015 ppm or higher.
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So the question we rephrase is, what is the probability that the sample taken from the population
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varies from the population mean by as much as 0.015 ppm or higher?
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Two Tailed Test

+ What is the probability that the sample taken from the

population varies from the population mean by as much as

0.015 ppm or higher?
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This means the sample can have a mean impurity of 0.185 ppm or lower or 0.215 ppm or higher,
so when we take the sample we have to see what is the probability that the mean impurity maybe

0.215 ppm or higher or 0.185 ppm or lower. So we have to find what is the probability of the

sample mean being >=0.215 ppm or <=0.185 ppm.
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" TwoTailed Test
* The sample mean may be 0.185 ppm or lower or 0.215
ppm or higher.
 The probability of these two occurrences is twice the
qﬁp;r\:bability of the occurrence of one of the occurrences by
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Because of the symmetry of the normal distribution curve the probability of the random sample
mean exceeding 0.215 ppm is also equal to the probability of the random sample mean in falling

below 0.185 ppm. So it is enough if you find one of these 2 probabilities, and the resulting value

is multiplied by 2.
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So here we have the normal distribution, again this represents the distribution of the sample
means which is centered around the population mean value of 0.2 ppm, remember the population
mean value is also equal to the random sampling distribution mean value. Here, we saw using the

right tailed test the probability to be 0.1444, so the probability of x bar falling below 0.185 ppm



is also 0.1444. Since we are now accounting for negative deviation and also positive deviation

we have to add this 2 probabilities and that would come to about 0.29.

When we make a two-tailed test please remember that the alternate hypothesis is stated as HI mu
'=mu 0, mu 0 is 0.2 ppm, so we are accounting for either mu >mu 0 or mu < mu 0, HO was
mu=mu 0, HI is mu !=mu 0. In which case we are accounting for the mean being actually >the
proposed mean of 0.2 ppm or being lower than the proposed mean of 0.2 ppm, >mu 0 or mu <
mu 0. So we generalized by saying mu !=mu 0.
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== Errors in Decision Making

“ Even after defining the critical and acceptance
regions, we may go wrong by incorrectly rejecting
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So even after defining the critical and acceptance region, we may go wrong by incorrectly
rejecting HO. What is the error associated with this eventuality? Incorrectly rejecting HO is the

type 1 error.
(Refer Slide Time: 08:44)



= Errors in Decision Making

 The probability levels associated with the shaded
region of the sampling distribution beyond the

critical values are related to the type | error.
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The probability levels associated with the shaded region of the sampling distribution beyond the
critical values are related to be type 1 error, simply type 1 error corresponds to the shaded region
here. Since this is 0.1444, this is also 0.1444, the alpha value will be about 0.29, 0.2888 okay, so
it will be about 0.29 that is a rather high value of type 1 error. So we can also interpret this
shaded region as alpha/2, this shaded region may also be interpreted as a probability value of

alpha/2.

In the case of the one-tailed test, we have written alpha=0.05 that is also the type 1 error, the
error in wrongly rejecting the null hypothesis.

(Refer Slide Time: 10:11)
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= Errors in Decision Making

« The probability of making the type 1 error is termed
[
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 The probability of type 1 error is also variously

termed as significance level or the a error or the
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size of the test.
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So restating the probability of making the type 1 error is termed as alpha, alpha is denoted by
various names. It is termed as the significance level or the alpha error or the size of the test, I feel
more comfortable with the term significance level. What is the relation between confidence
interval and hypothesis testing? The confidence interval we may recall is the identification of the

bounds for the population parameter mu in this case.

The hypothesis testing speculates on a certain value of the population mean, both the confidence
intervals and the hypothesis testing approach based their results on the random sample taken,
only 1 random sample is taken, and usually the sample mean and the sample variances are
calculated.
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"/IRéiétionship between Cl and Hypothesis
Testing Approaches

|t stands to reason that the confidence interval and
hypothesis testing approaches will come to identical

conclusions when confronted with the same sample
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Let us now continue with the discussion on the relationship between confidence interval and
hypothesis testing approaches, only one random sample is taken, and we have one value of the
random sample mean and the random sample variance or standard deviation. We are using the
same sample to construct the confidence interval, and also carry out the hypothesis testing

approaches.

Hence, the conclusion given by the confidence interval should match with the conclusion made
from the hypothesis testing. So I will show the calculations in the following slides, but before we
get to that it is important to qualitatively see what is meant by a confidence bound, and what can
be the decision that can be taken based on the confidence bound.
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So just going to the board, I have sketched the different samples and their bounds, the null
hypothesis HO mu=mu 0 which is 0.2 ppm that is the postulated speculated or hypothesized
population parameter value. The alternate hypothesis is mu>mu 0, we got a sample of 0.215
ppm, and whenever we get sample which is having a value of higher than the population mean

value, we construct lower bound on mu.

We are not constructing a lower bound x bar, we are constructing a lower bound on mu. How do
you find the lower bound on mu? x bar-z alpha sigma/root n, alpha is the chosen level of
significance, sigma is the assumed to be known standard deviation, n is the sample size, x bar is
the sample mean we have taken, in this particular case it is 0.215 ppm. So when we fix the lower
bound on mu, we write it as mu>=0.1917 ppm, this 0.1917 ppm came from this calculation, x bar

was 0.215, and z alpha is 1.645, sigma was given, root n is also known.

So we get mu>=0.1917 ppm, so it can be seen that the 0.2 ppm is falling within the bound, or
since mu>=0.1917 ppm, it includes the population parameter mu of 0.2 ppm. So we can indeed
say that this random sample was taken from a population with the mean impurity of 0.2 ppm. On
the other hand, if we had chosen a random sample and the value we cannot choose a random

sample in fact we have to take a random sample.



So if we had taken a random sample of 0.3 ppm mean, and we construct a lower bound on mu,
then value would have been here, and you can see that this interval does not encompass or
include the population parameter of 0.2 ppm. Then we can say that this random sample could not
have come from a population with mean impurity of 0.2 ppm. Let us say what would have

happened if we had sample mean which was lower than 0.2 ppm.

Then we could have stated the alternate hypothesis as mu< mu 0, then what we have to do is
reverse of what we did earlier. We have to now find the upper bound on mu okay, so mu should
be <=the upper bound, we are only constructing the one-sided confidence bounds on mu, so x
bar is falling here, and then we construct the upper bound on mu using the relation x bar +z alpha
sigma/root n, and then we see whether this upper bound on mu is such that it includes the

population parameter 0.2 ppm.

For this case this confidence bound is including the population parameter, so we can say that this
sample mean could have ended come from a population of mean 0.2 ppm. On the other hand, if
we had chosen if we had not choose we cannot choose. I again want to repeat if we had taken a
random sample such that the mean value was pretty low, and then we construct the upper bound

on mu, and that does not include the population parameter of 0.2 ppm.

Then we can say that this random sample could not have come from a population with mean
impurity level of 0.2 ppm, so now what we have seen is how to relate the hypothesis testing and
the confidence interval procedures.
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As I discussed on the board we can put the lower bound on mu as x bar-z alpha sigma/root n, and

then the mean value mu will be >=0.215-1.6449*sigma/root n, and we get mean mu value of

0.1917 ppm that is what I showed on the board a few minutes ago.

~—Relationship between Cl and Hypothesis
Testing Approaches

(Refer Slide Time: 18:01)
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this interval includes the population mean of 0.2 ppm.
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Since mu>=0.1917 ppm, then we have the speculated population mean value of 0.2 ppm, and this
is included in this interval, so we can accept the null hypothesis or we can also say that this
sample has indeed come from a population of mean impurity 0.2 ppm.
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95% Confidence Interval

We need to establish the lower bound on p for the

95% confidence interval
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e 95% cOnfiden(;é_l.nterval

The correct interpretation is the interval headed by the

sample mean must have the population mean within its

lower bound i.e. the end of the interval must be below the

hypothesized population value for
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So when we are looking at a 95% confidence interval or confidence bound, the correct
interpretation is the interval headed by the sample mean must have the population mean within
its lower bound, that is the end of the interval must be below the hypothesized population value
for mu, x bar-z alpha sigma/root n should be <=the speculated mean value. The lower bound
should be such that it includes the population parameter mu 0.

(Refer Slide Time: 19:19)



Confidence Interval Approach

0.215 - 1.644854*(0.04472/10°%) = 0.1917

Hence the sample taken does have within the lower

bound the required population mean of 0.2.
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We got the answer as 0.1917, and so it is falling below the required population mean value of

0.2. So hence population mean of 0.2 ppm is included in the confidence bound. There are

different types of hypothesis testing.
(Refer Slide Time: 19:48)
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One Sided and Two Sided Tests
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The alternate hypothesis may be specified as either
greater than or less than the population mean.

Examples of Hy: p > g, may be the chemical impurity
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We can see that the alternate hypothesis as mu>mu 0, just as we did in the previous illustration.

(Refer Slide Time: 19:53)
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One Sided and Two Sided Tests

Saying that p # y, in a two-tailed test, which is
equivalent to saying that the impurity levels may be

greater than or less than the population mean value.
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If we want to play it safe and also to be fair, we can always question that assumption that the
random samples picked from the lot will always be exceeding the required mean impurity. There
may be some random samples which may also fall below the mean impurity which is good, so
we have to account for the case where the mean impurity may be >mu 0 or <mu 0. So we then go

for the two sided test, where the H1 is given as mu !=mu 0.

It also depends upon the problem we are really not interested in looking at samples which are
having mean impurities lower than the stipulated mean value of 0.2 ppm. If it is so then it is well
and good, we are more worried about cases where the mean impurity exceeds 0.2 ppm, then we
have to check. So it is better in such critical cases to going for the alternate hypothesis mu>mu 0.

(Refer Slide Time: 21:28)
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Single Tailed or Two Tailed?

So we need to set a lower bound on p and see if the
postulated mean is included within it or test as the
alternate hypothesis the sample belongs to a higher
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If you are going through the confidence interval approach, then set the lower bound one sided

lower abound on mu.
(Refer Slide Time: 21:33)
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If a new process claims smaller impurity levels due to
improvements, then the hypotheses that may be

framed for testing the subsequent samples are

Ho: BL=H,
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Suppose we are not happy with the manufacturer, who is consistently sending mean impurity
levels of greater than the stipulated mean, and so either the same manufacturer or another
manufacturer claims because of process improvements, he can send specimens which will come

from a population of lower mean impurity. So we take the new set of shipments and take a

random sample and find the average impurity.



If the average impurity is only slightly lower than 0.2 ppm, we are rather skeptical, if the mean
impurity is coming to be only slightly lower than the stipulated setting of 0.2 ppm we are a bit
skeptical. And then we have to make the hypothesis statement as mu=mu 0 for HO, and for H1
mu< mu 0, the new shipment is coming from a population of mean impurity levels lower than
0.2 ppm. So this is how we state the hypothesis problem and draw meaningful conclusions.

(Refer Slide Time: 23:11)
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The engineer tests specimens of metal for their mean
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As an exercise, the engineer in a particular company is testing specimens of metals for their
mean tensile strength okay. Will he be interested on the lower or upper bound of the tensile

strength to avoid failure?

(Refer Slide Time: 23:33)
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The environment protection agency is concerned
whether a plant is dumping harmful effluents into the
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Another example is, the environmental protection agency is concerned whether a plant is
dumping harmful effluents into the river. Will it be interested in postulating that as an alternative
hypothesis Hl mu< mu 0 or mu>mu 0 where mu 0 is the acceptable norm for mean effluent
levels? In this case mu !=mu 0 does not make any sense okay, you have to then see which of the
2 Hl mu< mu 0 or mu>mu 0 is the correct alternate hypothesis to be considered by the

environmental protection agency.

Of course it will be doing samples, and then analyzing the samples to find the concentration of
the harmful effluents, if it finds the effluents to be above the stipulated production limit mu>mu
0 would be the correct alternate hypothesis. The company will say that this is only a random
fluctuation, our company is following all the measures required to minimize the pollutants

concentrations and effluents, so it is only a minor aberration.

But the environmental protection agency is saying no. We are not convinced the mean impurity
levels in your effluents are above the stipulated norm. So you have to decide whether you will go
for mu>mu 0 or mu< mu 0 for your alternate hypothesis.

(Refer Slide Time: 25:25)

SUMMARY

If sample mean is greater than postulated population
mean (y,) find the lower bound on population mean
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To summarize, if the sample mean is greater than the postulated population mean mu 0, find

lower bound on population mean based on sample data, and see if it includes mu at the specified

confidence level.
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In such cases if you are going in for a one-tailed hypothesis testing, choose Hl mu>mu 0. The
critical region will be on the right hand side tail of the probability distribution.

(Refer Slide Time: 26:00)
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If sample mean is lower than postulated population
mean (W,) find the upper bound on population mean
based oh sample data and see if includes p at the
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If the sample mean is lower than the postulated population mean mu 0, find the upper bound on

population mean based on sample data, and see if it includes mu at the specified confidence

level.
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SUMMARY

* If going for a one-tailed hypothesis testing, choose
Hy i iy < W
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