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Module No. # 07
Lecture No. # 04
Ordinary Differential Equations (Initial Value Problems)
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Hello and welcome to lecture 4 of module 7. In this module, we were considering
numerical methods for solving ordinary differential equations initial value problem. In
the previous lectures, we have covered several numerical methods for solving ODE
problems; specifically we started off with Euler’s method - the Euler’s explicit and
implicit method. And in the previous lecture, we did error analysis of for this Euler’s for
Euler’s explicit method and we found that the Euler’s explicit method had a local
truncation error of the order of x squared, that means, that the error varied with square of

the step size that we choose in order to solve the ODE problem using Euler’s method.

Then we considered Runge-kutta family of methods and it is not just a single method,
but it is a family of methods and we called it nth order Runge-kutta method. And the
second order Runge-kutta method had an accuracy of order of h cubed; r k - 4 had

accuracy of the order h to the power 5; we had derived the error analysis for r k - 2



method, we did not derive it for r k 4 method, we only stated the results for the r k - 4
method.

And then, we also stated that r k - 5, the best r k - 5 that we could get that also has an
error of the order h to the power 5. As a result of this, when we actually go from a fourth
order of an r k - 4 method to an r k 5 method, we do not get an improvement in the local
truncation error and that is the reason why the r k - 4 method is perhaps one of the most
popular methods for solving the ODE initial value problems of what we said was non

non-stiff nature.

So that is what we considered and then, we looked at solving a particular problem for a
plug flow reactor. and So, the physical problem means that there is a tube of a certain
length | and we have the way of certain length | and volume v, and we have species a
flowing through the tube and we said that the flow rate was some va[lue]- some value f,
and there is the rate rate of rate that of reaction that is taking place. There is a reaction
taking place, A going to B with rate of reaction equal to k times C A to the power 1.25
and we solved this particular problem analytically algebraically and we got the solution.

And then in the previous lecture of this module, we looked at Euler’s explicit method.
and to solve the problem And the overall problem that we get problem definition that we
getisd C by d V, where C is concentration of species a at any location in the plug flow
reactor and V is the volume of plug flow reactor. Starting from this end of the reactor
was equal to minus k by f times c to the power 1.2 5 and this was the problem that we
were trying to solve for value of k equal to 1 and value of f equal to 2. As a result, we we
obtained the the ODE that we we had to solve in the form 1 by 2 C to the power 1.25 as
the right hand side for this ODE.

Starting with the concentration C at volume V equal to 0 as 1; so, whenever we have
ODE, we also require the initial conditions. In this case, since there is a single variable
and it is a first order ODE, we require one initial condition. And given this initial
condition, we solve this problem using the Euler’s method. And we solve this problem

for three different values of h for h equal to 1; h equal to 0.5 and h equal to 0.2 5.
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So, what | will do now is, | will go back to Microsoft excel, we will take off from this
particular location and then compare what what the results of Euler’s method are with
results of the r k - 2 method. And the r k - 2 method that we will choose for today is the
midpoint method, and for the midpoint method what we obtained was k 1 equal to f of (y
i,ti)andk 2equaltofofyiplushk1lby2,tiplushby 2, andthe slope S that we said
was just equal to k 2, which resulted iny i plus 1 equal to y i plus h times k 2, where k 2

was nothing but our S.

So, this is the midpoint method. We will also use the midpoint method in order to solve
this problem and finally, we will use the r k - 4 methods as well. So, most of this lecture
will essentially cover the solving the same ODE problem with first with r k - 2 method
and then with the r k - 4 method. And in r k - 4 method, we had k 1 as same f of (y i, t i);
k 2 we computed at f of (y i plus h k 1 by 2, tiplus h by 2); k 3 we computed at f of (y i
plus h k 2 by 2, ti plus h by 2) and k 4 was computed at f at (y i plus h k 3, t i plus h).
And then, S was just the weighted average 1 by 6 multiplied by k 1 plus 2 k 2 plus 2 k 3

plus k 4, and our y i plus 1 was, y i plus h times S.

So, all these derivations we have done in lecture 3 of this particular module; solving the
the Euler’s method using excel also we have covered in the previous module. In this
particular module, we were going to cover the midpoint method and then, we are going

to cover the r k - 4 method.
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So, let us now, go on to Microsoft excel, to try to solve the problem that we are
interested in. So, let us now use our Microsoft excel to solve the problem using the
higher order our more accurate methods and what | have in front of me is just the method
that we had used in the previous module previous lecture sorry of this module. And the
we are trying to solve d C by d V equal to minus C to the power 1. 2 5 divided by 2
starting with C 0 equal to 1. 0 and we had solved it for h equal to 1 for h equal to 0.5, and
for h equal to 0.25.
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So, this is what we had done in in the previous lecture of of this module and this these
were the error values that we that we obtained. So, | will so this is what we had obtained

and for h equal to 1, this is how the error changes.
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As we had seen that the error starts with 0, because at volume equal to 0, we exactly
know what the starting condition is. And as we move away from that particular volume
and as the volume increases, we see that the relative error increases. (Refer Slide Time:

08:58) In this particular example, it increases monotonically, but there is no reason why



this particular error needs to increase monotonically always. The other thing that we also
observe is that the error more or less falls linearly. So, when we go from h equal to 1 to h
equal to half, there is this much big jump in the error - this much big decrease in the
error; when we go from h equal to half to h equal to one-fourth, the decrease in the error
is half of what the original drop in the error was. And we can look at this when we see
the results for volume V equal to 5, there is a 40 percent error for h equal to 1; for h
equal to 0. 5 we get the error almost at 19 percent; and for h equal to 0.5, we get error at

9.5 percent.
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So, we see that the error is approximately decreasing linearly as we are halfing the h
value. Now, what | will do is, I will try to solve this particular problem using the
midpoint method. So, first what | will I will just do is, I will just copy this particular
worksheet at the end and I will just rename it as midpoint method and | will just delete

all this and we will just go for now midpoint method.
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And first, we will use this midpoint method; we will use midpoint method with h equal
to 1, then we will use midpoint method with h equal to half and will show how the error

behavior changes.
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So, | will just delete all the results that we had obtained. | will just move this particular
error graph over here; so what | am to plotting over here. what is what What | have over
here is the volume of the reactor, and the volume of the reactor, we start off with volume
V equal to 0. The initial value for this particular problem is the concentration starts at 1
and so, we have the concentration C i plotted over here. We do not need f anymore; we
need k 1, we need k 2 and we need our slope value S; those are the things that we are
going to require for solving this method using the midpoint method. Keep in mind, the
midpoint method is a second order r k r k method, which means we need k 1 and k 2; for
a 4th order r k method, we will k 1, k 2, k 3 and k 4.



(Refer Slide Time: 12:06)

MID-POINT
TRUE Cli) kl k2 S
. - v
1 1 0.5/=-1/2 * (C6+B53*0D6/2)41.2

fiyli)) fivlil+n*k1/2)

(i) Error
0.5 0
Pt et

So, our k 1 was nothing but f k 1 was f computed at y i; | am not writing t i right now,
because our expression over here in this particular problem, if we compare this this
expression with d y by d t our concentration C is the variable y and our concentration V
is the independent variable t. k 2 was going to be function f computed at y i plus delta
divided by 2 that is the midpoint between tiand ti plus 1. So that is y i plus h multiplied
by k 1 divided by 2 that is where that is the location at which we compute our f for

getting our value k 2.

So, k 2 is going to be negative 1 by 2 multiplied by C i plus h into k 1 by 2 right. So, this
is the overall expression that we are to get. Now, | will replace this C i with the location
of the cell over here. So, I will just go go over here and click; so the location of the cell is
c 6; our h value is the step size. So, | will choose the step size over here and as and if you
recall what we use to do earlier was put the dollar signs, so that when we drag and drop
this in Microsoft excel, this does not change and k 1 we are going to replace with this
quantity.

So, this becomes our f computed at y i plus h times k i k 1 divided by 2; this is y i, that
means the value in this particular cell plus h; this is the value in this cell multiplied by k
1, which is the value in this cell divided by 2 and the whole thing has to be raise to power

of 1. 25 and that is our expression. So, we will just review that expression it is half or



rather its minus half multiplied by C i plus h times k 1 divided by 2 the whole thing to
the power 1.25, this is the exponent 1.25, that we have over here.
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Now, the S value for our midpoint method is equal to O multiplied by k 1 plus 1
multiplied by k 2. So, our S value is nothing but k 2. Now, we have everything that we
need in order to compute our C 1, | will delete these 2 guys over here and our C i plus 1
was nothing but C i plus 1 is nothing but C i plus h multiplied by S and now what I will

dois, I will replace C i h and S with appropriate values.

So, C i is this particular value; our h step size is the value in this cell and our slope is the
value in this cell. And as we have been doing all the time, | will put the dollar signs over
here to represent that as we drag and drop this particular quantity, this h should not
change. So, | will again drag this; down over here; drag my k 2 down and drag my S
down; the true value that we have | will just drag this all throughout. And now what we
need to do, as this is what we have been doing throughout the various modules in this
particular lecture, we can highlight this entire row and drag it until the value of V reaches
5.

So, I am we will just go ahead and check whether for an n any arbitrary point, whether
the our equations or correct or not. We will press f 2 and this is what we see; C i plus 1 is

C i plus h multiplied by S i computed at time i. So, everything depends on the values that



are previously known at time i; everything at i plus 1 depends on values previously
known at time i and therefore, this is an explicit method. We will check our value of k 1;
k 1 should be minus C i to the power 1.25 divided by 2. So, it is minus C i to the power
1.2 5 divided by 2; this is exactly what we get; and k 2 is again minus half multiplied by
C i plus h by 2 multiplied by k 1 whole to the power raise to the power 1.25.

(Refer Slide Time: 16:53)
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So, is minus half multiplied by this is C i plus h multiplied by k 1 divided by 2; this
divided by 2 is because we are computing it at the midpoint and the entire thing to raise
to the power 1.25. So, everything that we have over here is... Now, we are assured that
this is correct and we can now look at the errors and the errors or this these are the errors
that we get. So, the error initially, of course is 0, because there is no error; the value of
concentration- initial concentration is known perfectly and then, the overall error starts
increasing gradually. And at for volume V equal to 5, we have 10 percent error in
computing the numerical value using the midpoint method. If you recall what we had in
Euler’s method, we had | believe 40 percent error. right yes.
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h Euler's Mid-Pt RK-4
1 039433 0.1032 0.0008
0.5 0.15205 0.02006 4.3E-05

0.25 009471 0.004843 2.4E-06
0.125 0.04702 0.00106 1.5E-07

So, we had 39.4 percent error. When we use the Euler’s method and when we are using
the midpoint method, we have 10 percent error. What | have done is, | have also created
another worksheet, where | have just written down all these errors; these are the errors
that | have obtained for the Euler’s method and I have just written them down. This is the
error for midpoint method; we have just calculated 10. 3 2 percent, which | have just put
it put over here. | have also pre-calculated errors of r 4 and error of midpoint method for

different h values.

We will get to that particular slide in a few minutes. What | am going to do is, | am
going to show you, how easy it is to go from this stage to calculating for doing the
calculations from midpoint method for different h for h equal to 0. 5.
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So, | will just delete all these guys that | had developed before. So, these where the
results using midpoint method; we highlight this entire row and we just drag it below

until the value of V reaches 5.
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So, all we had to do was change the value of h over here to 0. 5 and we can just check
the values of C i. So, ciis C i plus 1 is nothing but C i plus h multiplied by S; k 1 should
be minus C to the power 1. 2 5 divided by 2. So that is minus C to the power 1. 2 5
divided by 2; our k - 2 should be minus half multiplied b y C plus h by 2 multiplied by k
1 the whole thing to the power 1. 25.
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So, I will click f 2 and we will able to see the formula. So, C is equal to minus half
multiplied by this C i plus h multiplied by k 1 divided by 2; this whole thing raise to the
power 1. 25.

So, now, what now what we are going to do is just the compare the errors of the two
methods of sorry compare the errors of the midpoint method using h equal to 1 and h
equal to 0. 5. So, with h equal to 0. 5 at volume 5, the error is 2 percent; the error was

about 10 percent when we started with h equal to 1.
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So, now, that we have solved this problem using the midpoint method, what | am going
to do is, we will just compare the midpoint method with the previous Euler’s method.
What we will do is, we will just see we are starting from the same initial volume and the
same initial concentration and we are plotted both the con[centration]- how the
con[centration]- numerical values of the concentration are changing as well as the true
values of concentrations are changing. And here, | have noted down the error between
the true and the computed value, the C i; these are the relative errors not the absolute
errors. And what | am going to do now is, for volume V equal to 5, | will see what the
error we are getting from the midpoint method is, and I will copy this error into a
different worksheet and in this worksheet, | have already | have the errors from the
Euler’s method that | have put over here and on this place, | will just to paste special and
I just want to copy the value, | do not want to copy the formula and the value of the error
using the midpoint method for h equal to 1 was 10. 3 percent; so that is what | have put

over here.
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Now, if we if I want to run this particular problem for a different value of h, for h equal
to 0.5 that is also pretty simple. | just need to change this to 0. 5 and everything is taken
care of over here; I will just take this last line and just drag it down, until | reach volume
V equal to 5. | can delete rest of the stuff and the error that | get for h equal to 0 . 5 is
excuse me the error that i get for h equal to 0. 5 is 2 percent error; again this 2 percent



error | will just copy it and past it in the new worksheet that | have called as comparison;

so this is comparison between errors from various methods.

And then, again | want to calculate this value at 0. 2 5; | just change the value of h since
the value of h is change to 0. 25, the final volume- value of the volume is 2.5, because
we have just computed it ten times. So, | will just drag it ten more times for ten more
roles and | should be able to get volume V equal to 5. And now, the error has decreased
from 2 percent to about 0. 4 percent, 0.4 5 percent to be more precise, and | will paste

this error again over here.

So, the error in midpoint method has gone down from 10 percent to 2 percent from 2
percent to 0. 5 percent approximately, so it is almost the error is decreasing almost one
fifth and again the error has decreased by almost one fourth or one fifth when we go for
when we half the h value. And what | will do is, I will half the h value further and go to 0
.12 5, and for 0. 1 2 5, again this I will have to drag it for twenty more columns and when
I drag it for twenty more columns and twenty more rows sorry | will delete these guys
and now the error is 0.1 percent. So, error is approximately decreasing by one fourth
when the step size is decreasing by one half. So, it looks like what happens is the error is

decreasing by 1 by 2 to the power 2 every time | am halfing the step size.
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So, on this log-log so what | have done over here is for the Euler’s method I have plotted
h, the step size in the y axis- x axis sorry and the error using Euler’s method on the y axis
and | have made them both lo[g]- log-log plot, and on the log-log plot, the error h versus
error becomes a straight line for Euler’s method. Actually the slope of the straight line is

going to be equal to 1 for the Euler’s method what | will do is, I will also plot the

midpoint method.
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So, the way to plot an additional data set of data on this plot is right click and choose
select data, add the data, the series name is going to be midpoint method; the x values are
going to be the step sizes and the y values the original y values I will just delete them and
then, again click on this and I will choose the values in the midpoint column and it is
done.

So, now, what we have is this particular line represents the Euler’s method and this
particular line represents the midpoint method. So, what we see is that the errors in



Euler’s method are greater than the errors in midpoint method. The slope of the Euler’s
method is lower than the slope of the midpoint method. The slope of Euler’s method is
actually slope equal to 1, it does not seem like 1 from this particular graph simply
because the step size goes from 0.1 to 1, whereas the error goes from 0.00 tol and that is
the reason why it does not look as if the slope is 1 and this slope is 2, but actually the
slope of this line is approximately 1; the slope of this line is approximately 2.

So, this was the results using Euler’s method and using the midpoint method. What I will
do next is we will try to use the Runge-kutta method in order to solve this problem.
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So, in order to use Runge-kutta method what | will do is, I will just copy this midpoint
method to a new sheet; | will so i have what | have done, | will just show you again what
I have done is right clicked on this tab, click on move and copy; I click on create a copy,
that means, this particular midpoint method work sheet is going to be copied and | will
choose to copy before the work sheet call comparison.

And now, this midpoint method has now been copied as midpoint method 2; | will
rename this as r k - 4 method. And again for r k — 4, we are trying to use the same same
type of scheme to compute d ¢ by to compute C at various time given d C by d V equal
to minus C to the power 1. 2 5 by 2, and C 0 is 1. 0. And we want to compute with h

equal to 1, I will just go down over here and excuse me and delete all these guys.
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MID-POINT
TRUE Cli) kl k2 Error

0 1 05 0
1 06243 065102 -0.2924 -0.21 - 0.04281
2 0409 043826 -0.1783 - - 0.06997
3 0.27976 0.30408 -0.1129 - 0.08693
4 019753 021674 -0.0739 - - 0.09725
5 014341 015821 00439 - - 0.1032

This error column i will and the slope columns, these two columns | will move it two
positions to the right, one and two and the reason for that is | want to accommodate k 3
andk4.k3and k 4
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And so that everything is visible to you, I will just select this and change the font size to
18, so that everything is clear. Now, for r k (()) -method our k 1 remains the same; k 1 is

just going to be fof y i.



So, k 1 there is no problem; k 2 is going to be f of y i plus h multiplied by k 1 divided by
2; this is our k — 2. Keep in mind that in this particular example, we the function f is just
the function of y, it is not a function of t that is why | am using a short hand notation. If it

was also a function of t, then instead this would have been f of (y i, ti).

So, I am just not writing this t i to simplify the notations at this point of time, because our
function f is just a function of y i. Now, our k 3 that we had is function f of y i plus h
multiplied by k 2 divided by 2, this is our k 3; and k 4 was nothing but f of y i plus h
multiplied by k 3; this was our k - 4.

Remember, geometrically what what we said this means is k 1 means slope computed at
the initial point y i; k 2 means the slope computed at midpoint y i plus half; k 3 means
slope computed at midpoint again y i plus half, but in this case, y is computed using k 2
instead of computing using k 1; and finally, k 4 is the slope computed at the end pointy i

plus 1, sorry rather ti plus 1.

So, these are the various projected slopes that we compute and our S, the actual slope is
going to be one-sixth multiplied by k 1 plus 2 k 2 plus k 3 plus k 4; so | will write that
down over here as well; S equal to 1 by 6 multiplied by k 1 plus 2 multiplied by k 2 plus
2 multiplied by k 3 plus k 4. So, this is our S.

Now that we have all these; we are now ready to do all the computations. I will delete all
these guys from here; the true values | do not need to delete, because true values remain
the same. So, k 1 is the same as we had in the r k - 2 method; k 1 is always going to be f
of y i. So, f of y i is a negative of c to the power 1. 2 5 divided by 2. So, we have this;
this is not a problem. k 2 is now going to be again the same as previous, because in

midpoint method also, we are going to use the the formula computed at the midpoint.

So, again k 2 we do not have to change, but why what I will do is just for our own sake,
we will just copy down or we will rewrite or rewrite this formula for k — 2; 1 will
increase the font size to 18. So, now, k 2 is going to be equal to f of y i plus h multiplied
by k 1 by 2. So, let me just write what h multiplied by k 1 by 2 is; I will write that in
brackets. So, this is h multiplied by k 1 is this guy divided by 2; so that is the value of
our argument of this function. So, y i plus h multiplied by k 1 by 2; so y i is this guy plus
h multiplied by k 1 by 2.



So, in the brackets the term that we have is the argument of the functionf, C6isyi, b3
is our h when we are going to drag and drop, we do not want our h to keep changing, so |
am going to put dollar signs in front of this and then, our d 6 is our k 1. So, our argument
is C1 plus h multiplied by k 1 divided by 2; it is just the h multiplied by k 1, which gets
divided by 2. Now, this is our argument that has to be substituted over here. So, what we
have is negative 1 by 2 multiplied by the argument to the power 1. 2 5; so | will write
that down over here minus 1 divided by 2 multiplied by the argument raise to the power
1. 2 5 and this is our k — 2. So, just for comparison that is the same k 2 that we had

obtained earlier.

So, now, we have k 1; now we have k 2 as well; k 3 has a similar formula, so | am just
going to drag k 2 and drop it to the right hand side. However, there is a problem over
here; so we will just do f 2 and see what that problem is. Now, for k 3 we have minus
half multiplied by the argument to the power 1. 2 5; so minus half multiplied by this

particular argument to the power 1.25, that argument is y i, which is this particular guy.
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So, itis actually y I plus h multiplied by k 2 divided by 2. So, now, our formula is correct
its minus half multiplied by y i plus h multiplied by k 2 divided by 2 plus h multiplied by
k 2 divided by 2 this whole thing to the power 1. 25. I will press enter and we will get the
value of k 3. So, k 4 is going to be equal to negative half minus half multiplied by the
argument the argument is y 1 sorry y i, which is this guy plus h multiplied by k 3; that is



the argument C i plus h k 3 is the argument; for h, we need to put dollar signs so that
when we drag and drop, that thing does not change.

Now, this is our argument; the argument has to be raised to the power 1. 25 to the power
1. 2 5is minus half multiplied by y i plus h k 3 to the power 1.25 that is our k — 4. And
our S is going to be 1 by 6 multiplied by k 1 plus 2 multiplied by k 2 plus 2 multiplied by
k 3 plus k 4 that is going to be our S . So, we now have k 1, k 2, k 3, k 4; now let us look
at computed at time i. Now, let us look at C i plusl; C i plus 1 I will just write that down

Ciplus 1; Ciplus 1is nothing but C of i plus h multiplied by S.
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5 0.14341¢0.14353 -0.0442 -0.0358 -0.0374 -0.0303 -0.0368 0.0008

So, C of i plus 1 that we have over here is | will just rewrite this C of i plus 1 over here is
equal to C of i plus h multiplied by S and for h, we will again put the dollar signs over
here and that is our concentration computed at volume equal to 1. Then what we will do
is, we will take this and we will just drag it to the next row. And now, we have
concentrations and k 1, k 2, k 3, k 4 and S computed on the next row and we can just

copy all of these and just drag them over here and we have the results.
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So, now, what we see is and we need to change it from midpoint method, of course to
Runge-kutta fourth order method, format cells, alignment merge cells, horizontal
alignment will be centered, fourth order Runge-kutta method.

So, now, we have the results for r k - 4 method using h equal to 1, and for h equal to 1
the error is 0. 0 8 percent, which is much lower than the errors that we had obtained
earlier; I will copy this and paste it in our comparison section, paste special and we just
want the values. Now, what | will do is I will just change the format of the numbers,
rather than a general format, | will change it to the scientific format with two decimal
places. So, we get 8 into 10 to the power minus 4 that is the error that we get you with h
equal to 1.
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FOURTH-ORDER RUNGE-KUTTA METHOD
TRUE Cli) kl k2 k3 kd ] Error

0| 1 05 -0.349 -0.3934 -0.2676 -0.3754 0
1 06243 062459 02776 -0.2028 -0.2225 -0.1601 -0.2147 0.00047
2 0409 040988 -0.164 -0.1241 -0.1336 -0.1002 -0.129% 0.00068
3 027976 027998 -0.1018 -0.0792 -0.0841 -0.0651 -0.0823 0.00077
4 019753 0.19769 -0.0659 -0.0525 -0.0552 -0.0438 -0.0542 0.0008
5 0.14341 0.14353 -0.0432 -0.0358 -0.0374 -0.0303 -0.0368 8.05E-04

Now, | do not need all these; so | will just go ahead and delete them and now we want
what we want do... | will just save the file right now yes. Now, what we want to do is re-
compute this for h equal to 0 . 5, and we want to see how the error decreases for h equal
to 0. 5. So, with that, now V has gone from h equal to zero v equal to 0 to v equal to 2. 5

when h is half. So, I will have to just select this last row and just drag it, until we reach 5.

So, now, when we half the overall h what happened is, the error decrease from 0.0 0
eight sorry . eight percent 0. 08 percent to 0.004 percent, which is approximately | would
say eighteen times or twenty times decrea[ses]- reduction. So, if we take the
coef[ficient]... divided this by this guy, we have essentially the error has decreased
almost by a factor of 18.
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So, the error with h equal to 0 . 5 is approximately one eighteenth of the error with O .
o[ne]- sorry with h equal to 1. Now, we repeat this with h equal to 0 . 2 5, again we will
take the last row and just copy downwards and see check the error at volume equal to 5,
and at volume v equal to 5 the error is 2 .44 into10 to the power minus 6. | will do this
copy this and I will paste it over here, again paste special and value and again if we take
the ratio of the two, the ratio of the two would be would lie somewhere around 15 to 20

that range S it does lie in that range, its 17. Actually what we had seen in the earlier class



is error for the local truncation error for the Runge-kutta method is h to the power 5 that
was the local truncation error. This one shows the global truncation error, and global
truncation error is are of the order of h to the power 4, which means every time we are
going to half the h, we are going to increase the accuracy by approximately 16 fold. That
is what we saw earlier; the accuracy was increased by approximately eighteen factor of
18; now the accuracy has increased approximately by a factor of 17 and half.

Let us now again repeat this r k method for h equal to 0. 1 2 5; | will just choose this
particular row and this copy it below and this is the result that we get. So, now, the error
has decreased to 1 .5 E minus seven. | will just paste special, | will just paste the values

and again, | will try take the ratio; this divided by this and this ratio is now 16.7.

So, in all cases the ratio is indeed (()) around 16, that is, when we take the ratio of the
accuracy of r k - 4 method using h eq[ual]- h and using h by 2. So, just recap what we get
is, when we half the h in Euler’s method, the accuracy also the error also half or the
accuracy doubled; when we half the h in midpoint method, the accuracy changed by a
factor of 4; and when we half the r k method, the h in the r k method, the accuracy

changed by a factor of 16.
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These are all what are known as global truncation errors and | will 1 will add another plot

over here, where the name of the plot is going to be r k - 4. The x axis values are going to



be the h values and the y axis value. You have to delete the value 1 over here, before we
choose the row. So, here we have chosen this row sorry not the row the column and we

have the result also over here.

As you can see r k - 4 method is significantly more accurate than than the Euler’s
method. The Euler’s method using h equal to 0 .1 2 5 has an accuracy of about 4 percent,
whereas r k - 4 method using h equal to 1 has an accuracy of 0. 08. Keep in mind that r k
- 4 method uses four computations of the slope. So, the slope is computed at y i at the
midpoint twice and at the end point, whereas Euler’s method is just going to use the

slope computed only once.

So, f for each implementation of Euler’s method the function f of (y, t) is used once,
whereas for each implementation of r k method, y of t is used 4 times. So, a fair
comparison would be when Euler’s method is used with h equal to 0.1 2 5 versus r k - 4
method used for h equal to 1, and even that comparison shows a significant accuracy of

the r k - 4 method over the Euler’s method.

And this is the plot of the log-log plot of how error changes with this step size. And this
particular line is going to have a slope of minus 4 this line has a slope of sorry a slope of
4; this line has a slope of 2 and this line has a slope of 1. Even though, it might not look
this way, because of the range of this ordinate versus the range of the abscissa that we
had over here.
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So, that is essentially what we have with respect to comparison for the various r k
methods with the Euler’s method. What | will do is, I will just recap what we have done
so far in in the 4 lectures, in the previous three lectures in this particular module. The
overview, we are going to consider Runge-kutta family of methods; we have considered
Euler’s method ;we have talked about implicit and explicit method; we have considered
higher order Runge-kutta method; we have done error analysis, what is left to do is this

stability analysis that will be do in the next lecture of this module.
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Now, let us give an overview of r k - 2 methods. We are going to use r k - 2 method as a
weighted average of slope computed at two points between ti and t i plus 1, where k 1 is
the slope computed at t i, and k 2 is the slope computed somewhere between tiand ti
plus 1.

We use Taylor series expansion to get the derivation for r k - 4 method and these were
the results that we got - some of the weights w 1 plus w 2 should be equal to 1; w 2
multiplied by p 2 should be equal to half and w 1 mul[tiplied]- w 2 multiplied by g 2 1

should be equal to half again.

In yesterdays sorry in in the previous lecture of this module, we had used the te[rm]-
term w 2 multiplied by p and w 2 multiplied by q, instead of that | have used the
subscript 2 and subscript 2, 1 in a below p and g, and the reason for this I will be evident

from when we go to extension to higher order r k methods.

And the standard way of writing these weights is in a tabular format of this type, we
draw two lines, one vertical line and one horizontal line. To the left of the vertical line,
we will write p 2 p 3 p 4 and so on for up to p n for r k n method and to below this
horizontal line, we will write the weights w 1 w 2 and so on up to w n and the q values

come over here.



So, for example, let us consider the midpoint method. In midpoint method, the value of p
2 was equal to the value of p 2 that we chose was half, because value of p 2 we chose
was half, the value of g 2 was also half. And the weight that weights that we got were 1
for w 2; and for w 1 it was 0 and this is represented as half half for (Refer Time: 47:00)
the p and q values, and 0 and 1 for the weight values. There is no q 2 term over q 2 2
term in second order r k method; the g 2 2 term would be y i plus g 2 2 1 multiplied by h
k 1 plus g 2 2 multiplied by h k 2.
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But keep in mind, if we had q 2 2 multiplied by h k, we will not have an explicit method
anymore, because k 2 itself will depend on k 2. So, this will become a semi implicit
method, if we were to have this term as non- zero. And then, in Heun’s method, for
Heun’s method what we said was p o[ne]- p 2 p we said was equal to 1; when p was

equal to 1, g also we got equal to 1.
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Runge-Kutta Methods (RK-2)
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Runge-Kutta Methods (RK-n)
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So, p and g are both equal to 1; based on this our w 2 was equal to half, and w 1 was also
equal to half. So, what we have is p and q were both 1 and 1, and w 1 and w 2 are both
half and half, and there is no q 2 2 term and that is essentially the Heun's method. And
finally, we also talked about the Ralston's method, and for Ralston's method our p 2 was
equal to three fourths g 2 q q 2 1 was three fourths, and the weights were 1 by 3, and 2

by 3 that is about the r k - 2 method. We can then go on to discuss about a general r k n



method, and the general r k n method will be written as a weighted sum of slopes k 1, k
2,k3uptokmkn.

So, its h multiplied by w 1 k 1 plus w 2 k 2 and so on up to w n k n k 1 is of course, as
before computed as f of (y i, t i) and k m is com[puted]- is a slope computed at some
points within that particular rectangle that we had shown in the geometric interpretation.
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Runge-Kutta Methods (RK-4)
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So, its computed at t i plus some quantity p m multiplied by h, and y i is h multiplied by
again a weighted sum of k 1, k 2, k 3 up to k m minus 1 that is how the r k n method will
look like. And for r k - 4 method, we will have k 1 and then, this expression for k — 2. k 2
will consider g 2 1 and p 2; k 3 will consideredto g3 1 g3 2and p 3; and k 4 will have q
41q42q43andp4.

So, the particular table in case of r k - 4 method willhavep2p3p4,q21931q41,q
32942,q43,under weightsw 1w 2w 3 w 4. So, as long as this table is given to you
and | tell you that this is going to be the r k - 4 method, we can then use these particular

values in order to solve the ODE using r k - 4 method.

So that is where we will end this lecture of module 7. In the next lecture, we will start of
again considering the r k — 4 method, we will again look at the geometric interpretation
of r k - 4 once for one final time before proceeding on to the predictor corrector methods
Thanks.



