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Welcome back to the third lecture now. In the previous lecture, we introduced the concept
of uniform and nonuniform flow. Steady state flow is a type of flow where the velocity or
the linear velocity at a particular location is not a function of time. We also talked about

an interesting concept of ‘acceleration’.

So, if we have an incompressible fluid (which means density is constant) flowing through
a tube of uniform cross section at both locations let us say L1 and L where the velocities
are V1 and V2. And now so, basically V1 is equal to V2 and both are time independent. then

this will be the steady uniform flow.

At Location 1 (L1), V1= Ag
1

At location 2 (L), V2= Ai = Ag = Vi,
2 1

Therefore V1= Vo# f(t) — steady uniform flow

However, if we consider the flow of an incompressible fluid through a conduit or a tube
of varying cross section such that the upstream cross-sectional area is larger than the
downstream cross-sectional area. Therefore, A2 < Arand since the same amount of fluid

has to flow, then V2 is going to be greater than V.



At Cross sectional area A1, V1= Ai
1

At cross sectional area Ay, V2= Ai
2

Since Ax< Ag, therefore Vi>V2
Therefore V1= Vo# f(t)

Here V1 and V: are also time independent. Even though, it is not an unsteady flow;
however, there is an increase in velocity or change in velocity. Because of the change in
the velocity, there is a non-zero acceleration. For a fluid, the velocity may not change with

time, but still, you can have acceleration.

Now, let us try to understand this concept better with a bit of mathematics and investigate
the concept of substantial derivative or material derivative. Consider a fluid particle in the
flow field which is initially at position (x, y, z) at time t and its components of velocity are

ux,y,zt),v(xy,ztyandw(x,Yy, zt).

After time t = t+At, the particle from its initial position moved to its new location (Xx+AX,

y+Ay, z+Az). At this point, the velocity components are u+Au , v+Av ,w+Aw.

U+AU = U (X+AX, Y+AY, Z+Az, t+At)
V+AV = v (X+AX, y+AyY, z+Az, t+At)

W+AW =W (X+AX, Y+AY, Z+Az, t+At)



The only assumption considering here is that At should be infinitesimal. Consider the
Taylor series expansion of the first equation approximated up to the first term (neglecting

the higher order terms).

U+AU = U (X+AX, y+Ay, z+Az, t+At)
- O A 0% Ay 4 08 gy U
utAu=u(x,y,zt)+ P AX+ 3 Ay + aZ.Az+ at'At

Rearranging the terms,

Au u Ax+6u Ay+6u Az+6u

At ox At dy At 0z At at
The particle from the initial location (X, y, z) is moving to its new location at (x+AX, y+Ay,
z+Az). Therefore, over a time of At, the amount of distance by which particle has moved

in x direction is uAt.
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This term is known as the material or substantial derivative with respect to time in a

convective flow field. It has two terms.
Term 1 — Temporal derivative and Term 2 — Spatial derivative

So, we can understand that a particle in a flow field can have temporal as well as spatial
acceleration. Next, let us look into the condition of how exactly the particle undergoes a
motion or a deformation in a flow field where the velocities are itself dependent on the

spatial coordinates. Let us take a 2D flow field so that you understand it well.



Let us consider a rectangular particle whose sides are Ax and Ay and let’s mark the particle
as ABCD. Let’s consider a particular case where the fluid particle ABCD is in a 2D flow
field with u and v are both constant.

J 1 W= Constant .L)v{ — 7“ “
v = (onslent 1 '

u#(x,y,zt)
vV£(X,Y,27t)

since u and v are both constant, all points over this particle move with the same x
component and y component velocity. After time t =t + At, the particle moved into a new
location. since all the points have the same x component and y component velocity,
A1B1=AB

A has moved by certain amount in the x and y direction, B has also moved by that exact
same amount in the x and y direction. So, there is no change in their relative orientation as

well as the distance between them.
Ix = AAllx: UAX
Iy = AAlly: VAX

There is also no change in the angle of each sides of the particle w.r.t the x or y direction.
So, if A B was horizontal before movement, A 1 B 1 will also be horizontal at the new

location.



This motion is simple translation with no deformation. The motion or movement of this
fluid particle resembles a solid object when u and v are constant. Let’s consider a cuboidal
fluid element in a 3D flow field and its velocity components are u, v and w. Here the
cuboidal element will keep on moving in the flow field with time without any change in

shape or distortion.

Next, we are discussing the translation motion of a fluid particle with continuous linear
deformation. Consider the rectangular fluid element ABCD in a flow field, where u is a
function of x only and v is a function of y only. In this case, x component velocity of point

A and x component velocity of point B are different.
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Let us for the sake of simplicity assume that from A to B it is a function of x and as in the
positive direction of x the velocity increases (or changes). At point A, the x component

velocity is u and at the point B, the x component velocity becomes (u +‘;—’; Ax)At.

Since the fluid particle is very small, Ax and Ay are infinite decimal. So, it is quite logical
to assume that since A and B are very close to each other, the variation can be linear. So,

we can consider the Taylor series approximation and neglected the higher order terms.

since v # f(x), all points over line AB move with the same velocity in y direction. and
consequently, line segment AB elongates in the x direction. Since all the points are moving



with the same velocity in the y direction, therefore line AB was initially horizontal the line

segment A:B: also remains horizontal even after elongation.

So, essentially within the flow field, the particle has moved and undergone a linear
deformation, and this happens for a situation where u is a function of x only v is a function

of y only and of course, for steady state flow and incompressible fluids.

So, after time At, the point A has moved by an amount (u.At). Because the velocity of point

A was u. And, point B has moved by an amount, (u + Z_Z' Ax)At.

So, the consequence will be A1B1 >AB.

The additional distance,

BoB1= A1B1- AB = (U+ 2. Ax)At —u. At = 2. Ax. At
ox ox

So, the line AB has dilated to a length A:B1.

Strain in the x direction is the change in the length divided by the original length.
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strain rate is the strain in the x direction per unit time.

So, these are the important take home messages here. | would like to highlight that since
v is not a function of x, all points along the line A B move at the same velocity in the y

direction and as a consequence this line segment A B is elongating in the x direction. All



the points are moving with the same velocity in the y direction. and therefore, if the line A
B was initially horizontal, the line segment AiB1 even after elongation remains also
horizontal. So, there is no change in its orientation. So, the what is the type of the

deformation? So, here you see two cases.

So, we now have looked into the nature of the deformation or the motion of the fluid
particle in flow field. So, in the first case what we discussed is that when the velocities
were constant, the motion of the fluid particle is like simple translation and there is no

deformation of the fluid particle or the fluid element.

In the second case, what was the difference? The difference was u is a function of x and v
is a function of y right. So, essentially there are some spatial dependence of velocity, but
it’s very special as u varies only in the x direction and as a consequence of that what we
observe is translation with linear deformation. Obviously, what is the most general case

for a 2 D fluid element is going to be when u and v are both functions of x and y.

And that is the most general case and most interesting also and that is what are we are

going to take up in the next class.

Thank you very much.



