Optimization in Chemical Engineering
Prof. Debasis Sarkar
Department of Chemical Engineering
Indian Institute of Technology, Kharagpur

Lecture — 54
Applications of Optimization
(Contd.)

Welcome to lecture 54. In this week 11, we are talking about various Applications of
Optimization. In today’s lecture, we will talk about 2 different applications; the first
application is taken from chemical reaction engineering and we will talk about a CSTR
problem. In the next example we will talk about a Transportation Problem. So, let us start

with first problem.
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Example-1

Optimization of a Continuous Stirred Tank Reactor
(CSTR)

For a given product specification, what should be the volume, feed-
rate, and reactor concentration so that the total operating cost is
minimized?
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So, for the CSTR problem, the problem is as follows. For a given product specification,
what should be the volume feed rate and the reactor concentration so that the total
operating cost is minimized? So, you are going to solve an optimization problem related
to continuous stirred tank reactor. So, there is a reaction taking place for a given product
specification, what should be the volume feed rate and the reactor concentration so that
the total operating cost is minimized? Of course, we will be given some components of

the operating cost.
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Optimization of a CSTR: Problem Statement

A feed stream carrying only reactant A with concentration C,, mol/m?* enters a CSTR with
volumetric feed-rate F m*/h and undergoes a first order reaction A = B.

The rate of formation of B is given as 1, =4C,
——
where k= 0.1 h is the reaction rate constant.
e —
We wish to produce 10 mol/h of B and cost of this operation per hour (C; Rs/h) can be

expressed as sum of two cost components: cost of feed A and cost of utility that depends

—

on CSTR volume (V m?), as follows:
G =5C F+03

If the initial concentration of A, C,, = 0.04 mol/m?, find the minimum cost of operation.
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So, let us now define the problem in more details. A feed stream carrying only reactant A
with concentration C A 0 mole per meter cube enters a CSTR with volumetric feed rate F
meter cube per hour and undergoes the first order reaction such as A to B. The rate of
formation of B is given as r B equal to k into C A, where r B is the rate of formation of
B; k is the reaction rate constant and the value of the reaction rate constant k is given as
0.1 hour inverse and C A is the concentration of A in the reactor in the unit of mole per

meter cube. We want to produce 10 moles per hour of B.

So, this is the product specification. We want to produce 10 mole per hour of B and the
cost of this operation per hour can be expressed as a sum of 2 cost components cost of
feed A and cost of utility that depends on the CSTR volume. And, the expression is the

total operating cost in say rupees per hour is 5 into C A 0 into F plus 0.3 into V.

So, the first part 5 in to C A 0 into F is the component corresponding to cost of feed rate
and the next part corresponds to the cost of utility and it depends on the CSTR volume.
So, the cost depends on the feed rate the volume of the reactor and of course, the initial
concentration of A in the feed stream. Note that C A 0 into F is basically moles of A that
is entering per hour. So, with the initial concentration of A is given as C A 0 equal to 0.4

mole per meter cube, we have to find the minimum cost of operation.

So, how do we solve this problem? So, the problem is that you have a CSTR; where a

simple first order reaction such as A to B takes place the reaction rate constraint is given



this 0.1 hour inverse. We want to produce 10 moles per hour of B. So, the total operating
cost is the cost of feed plus utility cost that depends on volume. So, if we fix the initial
concentration of A in the feed stream as 0.04 moles per meter cube; what will be the

minimum cost of operation?
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Optimization of a CSTR: How to Solve?

In order to minimize the cost of operation, we need to determine the optimal values of
reactor volume (V), feed rate (F), and concentration of A in the reactor (C,). Formulate a
constrained optimization problem to determine optimal V, F and C,. Use mass balance
equations on A and B to formulate these constraints. Use method of Lagrange multipliers to

derive the expressions for optimal V, F, and C,.

Material Balance: Accumulation = Input - Output
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So, in order to minimize the cost of operation, we need to determine the optimal values
of reactor volume V, the feed rate F and the concentration of A in the reactor that is C A
which is this. Note that this is CSTR so; the concentration of A in the reactor is same as
the concentration of A in the exit stream. Formulate a constrained optimization problem
to determine optimal values of V. There is volume of reactor F, the feed rate and C A the

concentration of A in the reactor or in the exit stream.

So, to define or formulate the constrained optimization problem, we have to use mass
balance equations on A and B to formulate these constraints. See if we apply mass
balance equations on A and B will be able to formulate this constraint. Note that in the
CSTR episteme containing only A with the specified concentration comes in, a reaction

takes place and the exit steam has the same flow rate as the inlet steam.

So, the volume remains constant. So, you can write down the mass balance equation on
A and mass balance equation on B; we have a constrained on the product specification.
So, considering this, we will have 2 mass balance equations which will correspond to the

2 constraints. Then, we will write down or formulate the objective function and these 2



constraints will lead to a constrained optimization problem which can be solved using

say Lagrange Multipliers method. So, let us see how we formulate the problem first.
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Optimization of a CSTR: Formulation I \

Material Balance: Accumulation = Input - Qutput .S\‘lc.‘- 7 S

Matefﬂ_halance 32_ A FC F,Cy G
Y
0=CF —(JjII" +11 ‘.!)
=(Co=C,)F-01CJ =0
Note: 7, =kC, where k=0.1 h* v
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Mass balance is nothing but a statement such as accumulation equal to input minus
output. So, the mass balance on A will be accumulation of A which is 0 because it is a
CSTR; we consider steady state operation. So, accumulation is 0 so, then input. Input is
the amount of A that is coming into the reactor. So, that is C A 0 into F minus output. So,

there are 2 terms; one is A goes to B.

So, that causes depletion in A and also A goes out with the exit steam. So, the depletion
of A due to reaction will be r A into V. Note that r A will be same as r B which will be
equal to k into C A and the amount of A that goes out with the exits steam is flow rate
into concentration; so, F into C A. So, you are able to write this first equation which can
be rearranged to this. So, this gives me the mass balance equation on A; similarly you

can write the mass balance equation on B.
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Optimization of a CSTR: Formulation

Material Balance: Accumulation = Input - Output

Material balance on A Material balance on B FC EC
0= (‘.mF _(r.lr +H ..l) —»0= rﬂ'r =/ '!l' é—-__
(Co-C,)F-01C) =0 SR

(Because we want to produce 10 mol/h of B)

Note: ; =kC, where k=0.1h? v

——
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Again, the accumulation of B is 0; then, input of B is same as formation of B. So, that is
r B V because B is being form from A due to the reaction A to B and then, B goes out
with the exits stream. So, that will be F the volumetric flow rate into the concentration.
So, r B V minus F C B is the mass balance equation for component B. So, for r B let us
put k into C A or 0.1 into C A. So, I get this term and F C B is the amount of B that is

going out with the exit stream. Let us look at the unit.

So, F is volumetric flow rate. So, meter cube per hour and concentration is mole per
meter cube. So, F C B is mole per hour. So, F into C B moles per hour is basically will
set it to 10 because we want to produce 10 moles per hour of B. So, that is why FCB is
being set as 10 to meet the product specification. So, this leads to this equation for mass
balance on B. So, we now have 2 mass balance equations on A and B respectively. So,

these are 2 constraints.
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Optimization of a CSTR: Formulation

Material Balance: Accumulation = Input - Output

Material balance on A Material balance on B FC EC.C
ROE 7 1 “hn B
0=C F-(rV+FC) 0=rV -FG;
(Co-C)F-01C Y =0 =0ICF-10=0
' : . (Because we want to produce 10 mol/h of B)
Note: r; =kC, where k=0.1h? v
iigize C.=5C F+07 &
Optimization Problem l\\)lfrglz(igr E sl
Formulation: i Ry -~
ormulation Subjccl 0] (( - ( _4]!' ~0.1C _.ri( =0 é___ﬂ

0.1C V-10=0 —
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So, let us now formulate the optimization problem formally. First the objective function,
we want to minimize the total hourly cost of operation which is given as 5 C A 0 into F
plus 0.3 V subject to the mass balance equation on A mass balance equation on B and
what are the decision variables? The decision variables are V, F and C A. So, this is the
optimization problem that you have to solve. So, basically you have an optimization

problem with 2 equality constraints.
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Optimization of a CSIR

The Lagrangian Function

L=[SC, F+030 ]+ A[(C,y~C,)F ~0.1C, T+ 4, [0.1C 1 - 10]

/ ol Ay
f_=5(‘.|0+;‘1[(.w_(.r]=“ \/ L

aF .\_:((.Jn'(llll'._n'“.dy:0
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1

aL v
./-:u.s-n.l C,+014C, =0 A
ov ACHOIAC, \/ i—f'=n_|('_{l=-|n=0

04,

j & AF-017+0147 =0

=
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So, I can formulate the Lagrangian function. The objective function, then Lagrangian
multiplier into the first constraint and then another Lagrangian multiplier into the second
constraint; so, we have the Lagrangian function. So, let us now apply the first order
necessary condition for optimality which is the derivative of the Lagrangian with respect

to all the state variables and the Lagrange multipliers will be equal to 0.

So, del L del F will be equal to 0; del L del V will be equal to 0; del L del C A will be
equal to 0 and also del L del lambda 1 equal to 0 del L del lambda equal to lambda 2
equal to 0. So, then I get 5 equations. These conditions gives me a set of 5 equation
which needs to be solved simultaneously to find out volume flow rate concentration and

of course, you will also get lambda 1 and lambda 2.
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Optimization of a CSTR
The Lagrangian Function L =[5, F +0.3 ]+ 4[(C,,=C,)F=0.1C,V|+ 4 [0.1C ¥ -10]
%}‘.:S(I.lu"';ﬂ(('m_('l':ﬂ 1-—-‘
al. ’ )
—=03-0.14C, +0.14C, =0
ET]
al. LT Solve these equations simultaneously using
N el MATLAB function fso1ve
l‘j.
P
—=(C,=C,)F-01CV =0
r.._)1 ( 10 I] 4 _ﬂ,l'}=0 A_____.-r
a_ Ve e
E:“-K.;I -10=0 __..Jj [®, fval] = fsolve(fun,x0,options)
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So, we have now 5 equations. These are simultaneous equations which we can solve
using the MATLAB function f solve; you know that f solve solves an equation such as f
x equal to 0 f x equal to O represents a set of simultaneous equations which may be non-
linear equations and you are now familiar with the syntax for f solve. You have to define
a function, where you will write down all this simultaneous equations. You will supply
the initial guess and you can also supply options as a argument to give specific

instructions to the solver f solve.
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Optimization of a CSTR: Solution

function L = CSTR_Lagrangian(X) X_guess = [1000 1000 0.04 0 0); % initial
CAO = 0.04; e | quess value e
F=X(1): options =
Vo= X(2); optimoptions('fsolve','Display','iter', "MaxFun
Ch = X(3); Evals', 1000000, 'MaxIter', 100000, '"TolFun’, le-
lambdal = X(4); 8);
lambda2 = X(5); X = fsolve(@CSTR Lagrangian,X guess,cptions);
L{l) = 5CAO + lambdal* (CAO-CA); ¥
L(2) = 0.3 - lambdal*0.1*CA +

%0 1HChs F 12182 m*/h
lambda2*0.1*CA; C =5C. F+03
L(3) = -lambdal*F- : 7 =yt +0-
lambdal*0.1#V+1ambda2*0.14V; V. 31455 m =11872.9 Rs/h
L(4) = (CRAO-CR)*F - 0.1*CA*V; ____.__________4.
L(5) = 0.1%CA*V - 10; (&, 0.0318 molfm*| ———
end
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So, this is the MATLAB code that you can use, to define a function known as CSTR
Lagrangian which defines all the equations that needs to be solved simultaneously and
then, we give a guess value initial guess value, we define options and then call f solve.
So, you define a function give the name CSTR underscore Lagrangian or whatever name
you want. So, you create an m file. So, the file will have extension dot m and then, these

statements either you can enter on the script file or enter on the command mode.

If you write a file, you give some name to it save it as dot m file and then, run the file. If
you run you will get these are solutions for flow rate volume and the concentration of A.
So, this will correspond to the minimum hourly cost of operation which for this case is
11872.9 rupees per hour. So, this is how you can solve the given optimization problem
related to hourly cost minimization of a CSTR when a target product specification is

given.
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Example-2

Optimization of Transportation Cost
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So, next problem, we take is Optimization of Transportation Cost.

IITKHARAGPUR
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Transportation Cost Optimization

A manufacturing company delivers a product from its three warehouses in P, Q and R to
seven distributor’s warehouses in A, B, C, ?},&E/F, and G.

e linprog solves:

Minimize f”x
Such that: A-x<h

A=b,

LB<x<UB
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Consider a manufacturing company it produces a product and it has 3 warehouses in P Q
and R and then, there are 7 distributors. So, there are 7 distributors’ warehouses in AB C
D E F G. So, the manufacturing company delivers a product from its 3 warehouses in P
Q R to 7 distributors warehouses in AB C D E F G, we have to minimize the total cost of
operation. Of course, the cost of transportation from P Q R to each of these 7 distributors

will be given.



We have already discussed that such problems will lead to a linear programming
problems and MATLABs linprog can be used to solve such problem. So, MATLABs
linprog solves an objective function f transpose x; where, f transpose where f vector
contains the cost coefficients and the constraints are A x less or equal to b which are
linear in equality type constrained and e equality x equal to b equality which is linear

equality type constraints and then lower bounds on the decision variables.

So, if you can cast your problem in this form you can solve using the solver linprog and
given linear programming problem you will be able to solve you will be able to cast in

the format specifiers.
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Transportation Cost Optimization: Data
The shipping costs of a product [from
company's warchouse to different distributor’s
warchouses are given in the table below:

Company | o | 0 | g Demand at difTerent p

i warehouse S B
:’:::":::; distributor’s warchouses:

Storage capacity of company’s
diferent warchouses:

3980

1785

A 15 160 100 A 1168 .
4856

B 160 12 | 260 B 1560
¢ 154|315 | 56 ¢ 1439 Solve the lincar programming
D U5 410 190 D 986 problem to find the optimal quantity
£ N ; of product to be delivered to cach

Lt e 1635 distributor’s warehouse so that the
F 125 | 427 | 204 F 2035 total transporiation cost will be
G 215375 160 G 1159 M.
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So, now let us look at the data associated with the transportation problem. The shipping
costs of a product from company’s warehouse to different distributor’s warehouses are

given in the table you now see on the screen.

So, we have to read as the cost of shipping from P to A is 15. So, this is the unit of cost;
in any unit of cost that is a rupees or dollar unit of cost. So, that is 15. P to B it is 160 and
so on and so forth. Similarly Q to A is 160 Q to D is 410 and so on and so forth.
Similarly from R to A will be 100. R to G will be 160 and so on and so forth.

So, the total data of shipping of a product from company’s warehouse to different

distributor’s warehouse are given. The next the demand at all the 7 distributor’s



warehouses are given. So, there are 7 distributors’ warehouses and each warehouse has a
demand associated with it and these are given. Then, the companies 3 different
warehouses have different capacity for storage. So, they are also specified. So,
companies three warehouses storage capacity as specified; 7 distributor warehouses
demands are given and cost of the product from company warehouse to each of the

distributors warehouses are given.

So, we have to solve the linear programming problem to find the optimal quantity of
product to be delivered to each distributor’s warehouse so that the total transportation
cost will be minimum. So, we have to formulate a linear programming problem and
solve the problem to find out what is the optimal quantity of product to be delivered to
each distributors warehouse from companies warehouses so that the total transportation

cost is minimum. So, this is a standard linear programming problem.

(Refer Slide Time: 25:05)

Transportation Cost Optimization: Formulation

Shipping Costs

A B c D £ F G é—-—-"
p C1=15 |C2=160  |C3=154 C4=245 [C5=130 |C6=125 |(7=215
Q (8 =160 [(9=12 C10=315 C11=410 [C12=290|C13=427 |(14=375
R C15=100|C16= 260 C17=56 C18=190[C19=58 [C20=204 |C21=160
| A B c D £ G G Total Out Stock
P al x2 LE] xd x5 16 Wl el Zendendenbinbend H 3980)
lﬂu A X0 110 11 ¥12 113 k14 uBexder 1041 1ex1205 130604 | < 1785|
|R uls 116 17 x18 119 120 il u15ec 0] TonlBeldondlend| < AB56)
Totalln  xlexBex1S x2exBxlB x3exd0bc7 xdixllenld xSex126819 xBrx130x20 x74x 14421

Il Il Il Il Il Il Il
[ T T T T T

Objective function Mini‘mize L'ml:i{‘l_rl b % ?- - ?:-\—
o
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So, the shipping cost are again shown in the table. So, P Q R are the company
warehouses and these are the distributors warehouses. So, the variables for the problem
are the quantity of the product that needs to be shipped from 3 company warehouses to 7

distributors warehouses. So, we have 3 into 7 equal to 21 decision variables.

So, those are x 1, x 2 up to x 21. So, now, let us look at this table. So, this table allows us
to define the constraints, we have 2 types of constraints; one is the storage and the other

is the demands. So, let us say the demands are exactly to be satisfied. So, we can write



like x 1 plus x 8 plus x 15. So, this corresponds to x 1 quantity received from company
warehouse P; x 8 quantity received from company warehouse Q and x 15 quantity

received from company warehouse R.

So, the distributor warehouse in A receives x 1 plus x 2 plus x 15. So, this should be
greater or equal to the demand at distributors A. Let us say we are first, we are first
saying that the demands will be exactly met. So, the quantity that is received in A will be

equal to the demand at A.
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Transportation Cost Optimization: Formulation

Shipping Costs

A B C 1t} £ F G

P C1=15 |C2=160  |C3=154 C4=245 [C5=130 [C6=125 |C7=215

4] (8 =160 |C9=12 C10=315% C11=410 [C12=290 |C13=427 |C14=375

R C15=100|C16= 260 C17=56 C18=190[C19=58 [C20=204|C21=160

A B c o £ G G Total Out Stock

P il 52 LE] wd x5 1f Lt ulnZendndenbinbend 1 3980)
Q A 0 x10 11 wl2 k13 k14 uBexdex 1041 1ex1203 130604 | 5 1785|
R 116 x17 x18 x19 x20 il 150G o BelGondlend| < AB56)

Total In aleeBoclSyadodelh 3107 xdex]lendd xSex124x19 xbexl3on0 x7ex1den2l
Il I Il Il Il

Il
B, g2 )W
Objective function Mini‘mize L'ml:Zf‘l.\q 11 7/
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So, we will write x 1 plus x 8 plus 15 is equal to 1168. So, x 1 plus x 8 plus x 15 is equal
to 1168. Note that you can also write greater or equal to 1168. Similarly, you can write
down the constraints for all the 7 warehouses. So, this is for demand. Now, each
company warehouse are limited or fixed storage specified storage capacity. So, x 1, x 2,
x 3,x4,x5,x 6 and x 7; these goes out from company’s warehouse P to 7 distributor’s
warehouses. So, some of these x 1, x 2, x 3, x4, x 5, x 6 and x 7 must be less or equal to

the storage capacity of company warehouse A.

So, that is why we write this first constraint. Similarly, we write second constraint as
well as third constraint. So, we have a linear programming problem, where these storage
capacity constraints are satisfied as less or equal to and the demand constraints are being
satisfied as equal to. The demand constraints can also be formulated as greater or equal

to and you will get the same solution.
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Transportation Cost Optimization: MATLAB Code

£ [15 160 154 245 130 125 215 160 12 315 410 250 427 375 100 260 56

=TV 190 50 20 160);

A=(11111110000000000000 0;

DO0DO00O0011111110000000;
0000000000000012111111);

b = [3980; 1785; 4856];

lb=[000000000000000C00000D0];

ub = 5000.*cnes(l,21);

Req [NO00OO0OOOLOO0OO0O0DO0O0D100O00OD00;
010000001000000100000;
001000000100000010000;
000100000010000001000;
000010000001000000100;
0000010000001200000010;
00000010000001000000 1];

beq [1168; 1560; 143%; 986; 1658; 2035; 1159];

[%, fval] = linprog(f,A,b,hAeq,beq, lb,ub)

—

o -
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So, now you can use the linprog solver of MATLAB. So, the cost coefficients as shown
in the table are written as a f vector then this is the matrix for the inequality constraints;

this is for the equality constraints and then you call the linprog solver.
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Transportation Cost Optimization: Solution

Shipments
A I8 ] 3 F G Total Out Stock
P { 1168 ('OH o) (3s]) (o) 203 of 38 < 3980
a 1560 ~1 0 o 1 < 1785
R a 1a39] 60| 1658 o 1159 g 485

TotalIn '!Inm /iseoj : 439\”955 1658 "zuas ”1159 ol W

I Il Il
|Requirement| 1168/ [ 1560l /[ 1a3e] | ome] 1658 203  11s9]

A e
', =861373

3
The optimal cost = ¢
i=l
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So, the solution you obtain is as follows. So, these are the solutions all 21. Note that the
equality constraints, the demand is specified as equality constraints are exactly satisfied.

Similarly, the storage capacity constraints are also satisfied.



So, this is how we can solve a transportation problem by formulating as a linear

programming problem and using the linprog solver of MATLAB.

With this we conclude lecture 54 here.



