Optimization in Chemical Engineering
Prof. Debasis Sarkar
Department of Chemical Engineering
Indian Institute of Technology, Kharagpur

Lecture — 52
Applications of Optimization (Contd.)

Welcome to lecture 52. This is week 11 and in this week we will be talking about
Applications of Optimization. In our previous lecture we have talked about the use f min
con and f solve, which are solvers available in mat labs optimization tool box. So, we
took an example of CSTR s in series and demonstrated the use of f min con and f solve

for solution of an optimization problem.

Specifically we had 3 CSTR s in series and a reaction of the type a to products was
taking place in each of these reactors. So, you want to find out the optimal values of the
volumes of the CSTR so that the concentration of the reactant a in the exit stream of
CSTR (Refer Time: 01:21) is minimized. In other words we wanted to convert the
maximum amount of a to products. So, today also we will take similar examples and

continue our discussion on applications of optimization.

(Refer Slide Time: 01:47)
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Example-1

Continuous Stirred Tank Reactors (CSTR) in Series:

What should be the number of reactors so that the cost is minimized?
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So, as first example, we are again taking the case of continuous stirred tank reactors in
series, but this time we are thinking that there are n number of reactors in series; each

reactor has the same volume and we want to find out the optimum number of the reactors



in the strain so that the total cost is minimized for a specific change in concentration of

the inlet reactant stream.

(Refer Slide Time: 02:33)
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Opfimum Number of Beacjors: The Problem
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Determine the optimum number of reactors so that the cost is minimum.
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,‘_,}. First order rate constant, k=12hr * .

! NPTEL ONLINE

IIT KHARAGPUR ‘ CERTIFICATION COURSES
T @ 3F

So, let us try to understand the problem first. So, we have n number of CSTR s in series.
So, an inlet stream with concentration C Al in enters CSTR 1. The first order reaction A
to products is taking place in each of this CSTR s. So, the outlet concentration of CSTR
1 is the inlet concentration of CSTR 2. The outlet concentration of CSTR 2 is the inlet

concentration to CSTR 3 and so on and so forth.

The design equation for the CSTR is given as C Ai out equal to C Ai in divided by 1 plus
kV by Q for i equal to 1 2 3 up to n. So, if we want to write let us say for the first reactor
CSTR, will write as C A 1 out equal to C A 1 in divided by 1 plus kV by Q similarly you
can write for CSTR 2, 3 so on and so forth.

Now, CA 1 out is the outlet concentration of CSTR 1; CA 1 in is the inlet concentration
to CSTR 1, k is the first order rate constrained which is given as k equal to 12 hour
inverse, V is the volume of each reactor b meter cube and Q is the volumetric flow rate
of these streams which is 0.9 meter cube per hour. So, the volumetric flow rate of the

stream Q equal to 0.9 meter cube per hour is fixed for all the reactors.



(Refer Slide Time: 05:37)

_I_

Optimum Number of Reactors: The Problem
Consider first order reaction @ ™ b ot Comd ot ot

A = Product 1
The design equation for the CSTR is
('« - C.ie(ini -------

Affod) kV LEll2omen
1+

0 Volumetric flow rate of liquid, Q= 0.9 m*/hr
First order rate constant , k = 12 hr !

The cost of a reactor depends on its
volume (V m?) and is expressed as: Desired concentration

Cost = I37000[V°") \)/ change:

Determine the optimum number of reactors so that the cost is minime

Aln)  _ 10000

An(out)

i I~ NPTEL ONLINE
IITKHARAGPUR CERTIFICATION COURSES

T @ 3N

So, that we understand the design equation for the CSTR. The cost of a reactor depends
on its volume and is expressed as cost equal to 137000 into V to the power 0.4. The
desired concentration changes C A 1 in by C A n out will be 10,000. So, this

concentration divided by this concentration will be equal to 10,000.

So, we want that, if we have n number of CSTR s in series. The outlet concentration the
concentration of a in the outlet stream will be 1 by 10000 of the inlet concentration of A
into the CSTR 1. So, this is my desired concentration change. So, I have to find out the
optimum number of reactors in the train so that the cost is minimum. So, find out the

optimum number of CSTR s.



(Refer Slide Time: 07:27)

Om

p’rlmum Number of Reactors: Formulation
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So, this was the design equation C A i out equal to C A1 in divided by 1e plus kV by Q;
now you understand that the outlet concentration of a CSTR is the inlet concentration to
the next CSTR. So, C A 1 out equal to CA 2 in; C A2 out equal to CA3 inupto C An

minus 1 out equal to C A in.

So, now combining this and this then we can write that C 1 out equal to C 1 in by 1 plus

kV by Q and this C A1 in.

(Refer Slide Time: 09:03)
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This C A1 in is basically C A 1 minus 1 out. We know that the inlet concentration to a
particular reactor number i is basically the outlet concentration of the reactant i minus 1.
So, C Aiin equal to C Aiminus 1 out. Note that this is valid for i equal to 2 3 up to n

starting from 2.

(Refer Slide Time: 10:01)
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So, now if we apply this recursively we will be able to write CA n out equal to 1 plus kV
by Q to the power minus n C A 1 in. What will happen basically is if you use these things
recursively, you will be able to write C A 1; note this how this C An out and C A 1 in are

related. This equation needs to be applied recursively.



(Refer Slide Time: 11:21)

If you do that what will get is C An out 1 by 1 plus kV by Q 1 plus kV by Q in such term
when you have here C A 1 in. So, this leads to 1 plus kV by Q to the power minus n C A

1 in. So, that is what you get this expression.

Now, what is the desired change? C A 1 in by C A n out equal to 10,000. So, from this to
you get 1 plus kV by Q whole to the power n equal to 10,000 note that n is the number of

CSTR units in series. Q is given as 0.9 meter cube per hour k is given as 12 hour inverse.

So, from this we can get an expression of V. So we get V equal to 40 by 3 square root n
10,000 minus 1. So, I have been able to space V as a function of n; note that this V is the

volume of each reactor.
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Now, the reactor cost is given as 137000 into V to the power 0.4 this is for each reactor.
So, for n reactors you must multiply this by n. So, the cost explanation is cost equal to n
into 137000, V to the power 0.4, now we have been able to relate V with n here. So, let

us substitute V so, that is what we are doing here. So, why substituting the relationship of

V and n were able to express the cost expression as a function of n alone.

So, to find the minimize cost, we now have to find the value of n that minimizes the cost
as represented by this expression. So, note we have an unconstrained function of single

variable. So, my objective function is minimize the cost function find out n and minimize

the cost function.



(Refer Slide Time: 15:35)

] Optimum Number of Reactors: MATLAB Program

Write the equation for cost function in a function file as follows:

function C = Cost(n)
C = 137000#n* { (40/3)* ( (10000)* (1/n)-1))*(2/5); ¥ Cest functiond
end

Now enter the following on MATLAB command window (or write a script):
n0 = 2; % Initial guess @——" \}.'/
options = optimset('Display’,'iter', 'TolFun', le-§) ;“

[n, fval] = fmir.search(@Cus:,ﬂ,cptions); é_.——'"'"" reactors =4

fprintf('n = %f \n', n)
fprintf ('The optimal cost f \n', fval)
)

Result; [n = 4,122 & = = (410000 -1)=120 m’

| . Optimum number of

The optimal cost = 3717878.815866 ‘-"""" ?
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So, we have this unconstrained minimization problem in single variable, we can use f
min search of MATLAB optimization toolbox to solve this problem. If you remember f
min search uses simplex algorithm to solve the problem. So, first thing, you write the
equation for the cost function in a function file as shown here. So, I define a function
called cost function c equal to cost of n, and there I am writing the expression for the cost
which is the function of n. And n is the decision variable; that means, the number of
CSTR units which are connected in series optimum number of CSTR’s. Now you write

these expressions on mat lab common window or write a script and run the script.

So, give the initial guess let us start with a guess that n equal to 2. So, n 0 equal to 2 you
can give the options to display the results of each iterations and to define the tolerance
and then you call f min search solver using f min search at cost. So, name of the function
where you are defining the cost n 0 is the initial case and options is instruction to the

solver to display the results and to set the tolerance at 10 to the power minus 8.

The output will be m which is the optimal number of CSTR units, and f 1 is the function
value at this optimal number of CSTR units; that means, the cost associated with the
optimal number of CSTR units. See if you run this program you will get n equal to 4.12
as the minimum optimal value of n. And the optimal cost associated with n equal to 4.12

is 3717000 something.



So, although the value is slightly greater than 4.12, we can let us say consider the
optimum number reactors that are required is 4. So, if you consider that the volume of
each reactor can be computed now, because we know the relationship between the
volume and the number of CSTR s in and this gives me the volume of CSTR as each
CSTR as 120 meter cube. So, this is how we could solve the unconstrained minimization

problem associated with the cost minimization of a CSTR train.

So, this number of CSTR (Refer Time: 19:54) series are known as a reactor trains. So,
we found out the optimum number of CSTRs required in the series. So, that the total cost

is minimized and we obtain the desired change in the inlet concentrations.

(Refer Slide Time: 20:25)
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Example-2

Optimal Diameter of a Pipe
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As an second example, let us find out the optimal diameter of a pipe.



(Refer Slide Time: 20:39)
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ptimal Pipe Diameter

In a chemical plant, the cost of pipes, their fittings, and pumping are important investment.
Consider the design of a pipeline L ft long that should carry fluid at the rate of () gpm. The
selection of economic pipe diameter /) (inch) is based on minimizing the annual cost of
pipe, pump, and pumping. Suppose the annual cost of & pipeline with a standard carbon
steel pipe and & motor-driven centrifugal pump can be expressed as:

Cost =0.45L+0.245LD" +3.25(hp)"” +61.6(hp)’ ™ +102 6——"‘

1
where | hp=44x10 "£+I.‘)Exli

JQI.
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D i
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In a chemical plant the cost of pipes their fittings and pumping are important
investment. Consider the design of a pipeline L feet long that should carry fluid at the
rate of Q gallon per minute. The selection of economic pipe diameter D in inches is
based on minimizing the annual cost of pipe pump and pumping. Suppose the annual
cost of a pipe line with the standard carbon steel pipe and a motor driven centrifugal

pump can be expressed as: this expression.

So, the annual cost is expressed as a function of the pipeline length L, the pipe diameter
D and hp associated with the motor, where hp is given by another expression, which is a

function of L the pipeline length, D the pipe diameter and the flow rate of the liquid Q.



(Refer Slide Time: 22:29)

Optimal Pipe Diameter

In a chemical plant, the cost of pipes, their fittings, and pumping are important investment.
Consider the design of a pipeline L ft long that should carry fluid at the rate of () gpm. The
selection of economic pipe diameter /) (inch) is based on minimizing the annual cost of
pipe, pump, and pumping. Suppose the annual cost of & pipeline with a standard carbon
steel pipe and a motor-driven centrifugal pump can be expressed as:

Cosi = 0451 +0.245LD" +3.25(hp)" +61.6(hp)""* +102
<!Q ]QJ(}

where iﬂxln == 141.92x( (\"r»)
et~
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So, basically the cost can becomes a function of L D and Q because hp is a function of L

D and Q. So, if this hp is substituted the cost becomes a function of L D and Q.

(Refer Slide Time: 23:01)

Optimal Pipe Diameter

In a chemical plant, the cost of pipes, their fittings, and pumping are important investment.
Consider the design of a pipeline /. ft long that should carry fluid at the rate of () gpm. The
selection of economic pipe diameter /) (inch) is based on minimizing the annual cost of
pipe, pump, and pumping. Suppose the annual cost of & pipeline with a standard carbon

steel pipe and a motor-driven centrifugal pump can be expressed as: / J

Cost = 0451 +0.245LD" +3.25(hp)'"* +61.6(hp)" "™ +102

where Jip=44x107° =~ { +|92x|ﬂ°mw QS‘} “A(Lﬂbﬁ)

Formulate the appropriate single-variable optimization problem for designing a pipe of

length 1000 ft with a fluid rate of 20 gpm so that the cos{;s 12 bum hegmme;er of the
pipe should be between 0.25 to 6 inch. e
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So, let us formulate an appropriate single variable optimization problem for designing a
pipe of length 1000 feet with a fluid rate of 20 gallon per minute so, that the cost is

minimum.

The diameter of the pipes should be between 0.25 to 6 inch. So, we found that the cost is
basically a function of L, D and Q. Now we are specifying the pipe length L at 1000 feet



and the Q the flow rate we are specifying at 20 gallon per minute. So, basically the cost
becomes now function of 5 diameter alone. So want to formulate an appropriate single
variable optimization problem for designing a pipe length of 1000 feet with a fluid rate
of 20 gallon per minute so, that the cost is minimum. And you also have a lower bound
and upper bound on the pipe diameter. So, the pipe diameter should be between 0.25 to 6

inch and the cost is given by this expression.

(Refer Slide Time: 24:45)

Optimal Pipe Diameter: Problem Formulation

Objective function:

bl i
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Subject to 2.5<D<6/
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So, there is now straight forward to identify the objective function, the objective function
is nothing, but the cost. So, after you have replaced the expression of hp into the
expression of cost and substituted L equal to 1000 and Q equal to 20 you will obtain this
expression as an expression for cost. And we have bounds on D because D has to lie

between 2.5 and 6.
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Optimal Pipe Diameter: MATLAB Program

Write the equation for cost in afunction file as follows:

|

function f = Pipedia(D)

L = 1000; % length of
Q = 20; flow rate (

hp=4.4e-8% (L*Q*3) /D5 + 1.92e-9% (L*Q"2.68) /(D*4.68); N4

f=0.45*L+0,245*L*D"1.5+3,25*hp*0.5+61.6*hp"0. 925+102; \Jd/
end
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So, to solve let us first write the equation for the cost in a function 5. So, let us write
down the function 5. So, I define a function call pipe dia. So, function f equal to pipe dia
argument is D; D is the pipe diameter. So, this is the expression for hp and this is the
expression for the cost. So, this is equal to f. So, output of this function is the cost for

given pipe diameter D.

(Refer Slide Time: 26:43)

Optimal Pipe Diameter: MATLAB Program

Now write this on MATLAB command window (or write a script):

ph = 0,3; initial guess value 5_,_.-——

A= [ “ Result:

bl = []:

e =[][]. D = 0.825033
be: = []'- The optimal cost
1b =0.25; U = 796.649325

ub = 6;

options=optimset('Algorithm', 'interior-
point', 'MaxIter',1000, 'MaxFunEvals', 10000, 'Display', 'iter');
y i e ; Diameter = 0.8250 in.

[D, fval] = fmincon(@Pipedia,D0,A,bl,Req,beg, lb,ub, [],options); \___J/
fprintf('D = %f \n', D)

fprintf('The optimal cost = %f \n', fval)
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So now, you can use f min con to solve this optimization problem define the. So, you
initial guess, we do not have any linear inequality or linear equality constraints, these are

the bounds on the decision variable D has to lie between 0.25 and 6 inch.

(Refer Slide Time: 27:41)

Optimal Pipe Diameter: Problem Formulation

Objective function:

i 18 2
minimize ('ﬂ-;=0.45(|nnm+0245(|uonﬁg‘-‘+%.25 4‘4“0&““‘“352“’ +|.93z10°“m?}.3n }
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Subject to 3&: D<b
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So, this is 0.25 then, I erase this that there is an upper bound and lower bound on the

decision variable.

(Refer Slide Time: 27:55)

Optimal Pipe Diameter: MATLAB Program

Now write this on MATLAB command window (or write a script): ‘f\

Do = 0.3; initial guess value &——" L \D

A=) 9‘1’ = ‘f‘ Result:

:i __[]['i. 1‘"\9‘1/ D = 0.825033

beg ; []'- P\% The optimal cost
! = 796.649325

1b =0.25; ”\
ub = §;

options=optimset('Algorithy”, 'inpéri /
oint', 'MaxIter',1000, 'ME¢Funibdl 0B Dibflay, titert); [
ol it . : L Diameter = 0.8250 in,

£[D; fval] = fmincon(@Pipedia,D0,A,bl,Req,beg, lb,ub, [J,opticns); \h_____/
fprintf('D = % \n', D) e —
fprintf('The optimal cost = %f \n', fval)
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So, you do not have any linear inequality or linear equality constraint, we have an upper

bound and lower bound on the decision variable x. So, now, you call the f min con solver



following the appropriate syntax. So, first is the name of the function file, which will

written the objective function value next stage the initial guess for the solution

So, initial guess for the pipe diameter next A and b 1 corresponds to A x less or equal to b
which I do not have. Then next two are for A equality x equal to b equality which again |
do not have and then we have lower bound and upper bound and we have defined those

as 1 b equal to 0.25 and b equal to 6.

I do not have non-linear constraints so, supplied null and then options. We have supplied
options to define maximum function evaluations 10,000 and to display the results at each
iteration. So, the output it gives is the optimal pipe diameter and the function value at
this optimal diameter; that means, cost at this optimal diameter. So, the result is D equal
to 0.825033, and the optimal cost is 796.64 in appropriate unit. So, the optimal diameter
is obtained as 0.8250.

So, this was an unconstrained single variable optimization problem. So, in this lecture we
talked about 2 single variable un constrained optimization problem. The first one is
solved using f min search that was a problem where you found out the optimal number of
CSTR s in the reactor train. And next again we solve a single variable un constrained

problem, but this time you solved using f min con.

(Refer Slide Time: 31:15)

Optimal Pipé Diameter: MATLAB Program

Now write this on MATLAB command window (or write a script):

pb = 0,3; itial quess value
=R Result:

bl = (1 L-.VL D = 0.825033

heq = []; ‘ sﬁ :
The optimal cost
beg = []; " r
1b =0.25; ,(Y(‘ = 796.649325
ub = 6;

options=optimset ('Algorithm', 'interior-

peint', '"MaxIter', 1000, '"MaxFunEvals', 10000, 'Display’, "iter');

[D, fval] = fmincen(@Pipedia,D0,A,bl,Req,beg, 1b,ub, [],cptiens); @
fprintf('D £ \n', D)

fprintf("l‘he optimal cost = %f \n', fval)
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So, you can also solve this problem using f min search, and I will suggest that you solve

this problem using f min search as well and compare the results.

(Refer Slide Time: 31:39)
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Optimal Pipe Diameter: Optimization Results

14000 1
Result:
12000 1
D = 0.825033

10000 The optimal cost
E 8000 | = 796.649325
Q

6000

Diameter = 0.8250 in.

g 8
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So, this is if you draw the cost buses the pipe diameter.

(Refer Slide Time: 31:55)
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Optimal Pipe Diameter: Problem Formulation

Objective function:

D) | g9,

minimize Cost = 04S(|nnn)+m4i(mom1)"+%95{44:10*“””m m"“"‘”’w’ }

v

6I6[44 |0*“”°§';‘2°’ 192 |u"“°"")’fi"’

Subjectto 25<)<6
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See you basically have an expression for cost versus diameter. So, what you can do is
between 0.25 to 6 inch, you can generate the D values and can obtain the corresponding

the cost values using this expression.



And then if you plot, you will get this plot. So, this plot is nothing, but the direct use of
the cost function expression for various values of the pipe diameter D. So, this is since
this is a single variable optimization problem, you can obtain the optimal value of D
simply by plotting. So, we can see that here also the value is above 0.82 so, the minimum

lies here.

So, we will have confidence in our results and we conclude the optimal pipe diameter is

0.8250 inch. So, with this we will come we conclude our lecture 52 here.



